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Preface

Introduction to Mathematics: Number, Space, and Structure is a gate, an architect, and
a docent.

Mathematics offers a wealth of riches for understanding the world. Unfortunately,
many of these riches are hidden in fortresses impenetrable by outsiders. Indeed, math-
ematics’ two biggest strengths—formal, precise language and abstraction—are also the
highest walls surrounding the subject. This text is a gate in those walls.

Mathematics has accumulated a tremendous variety of techniques, concerns, con-
cepts, andmethods. These are unified by the common concern of studying number and
space. This text is the architect who reveals the blueprint exhibiting how the building
blocks are assembled in pursuit of a coherent structural vision.

Mathematics is an architectural wonder of the world. It combines skyscrapers and
sprawling palatial complexes. Whether climbing the skyscraper of abstraction or cu-
riously exploring room after room of treasure, it helps to have a guide. This text is
the docent that gives you your first tour, explaining the underlying structure that gov-
erns not just the unity of architectural vision but also the girders that allow us to build
strong, flexible mathematical arguments.

Introduction to Mathematics: Number, Space, and Structure aims to:

• increase your ability to absorb new mathematical definitions, understand theo-
rem statements, and construct proofs of those statements using the definitions;

• provide ample opportunity for writing formal arguments to ensure (to the best of
our ability) the intellectual soundness of our arguments;

• provide a variety of examples demonstrating how formal arguments can be writ-
ten to ensure the greatest possible understanding in the mind of the reader;

• use a variety of images andmetaphors to convey an informal and intuitive under-
standing of the topics;

xi



xii Preface

• give a variety of useful applications showing how mathematics is useful in both
science and art;

• balance mathematics that will or might be encountered later in a student’s un-
dergraduatemathematics career (such as in real analysis or abstract algebra) with
material that the student might otherwise not encounter;

• explore sets and operations pertaining to both number systems and geometric/-
topological spaces;

• introduce important themes of mathematical culture, especially the role of axiom
systems and notions of infinity.

We pay particular attention to motivating topics and demonstrating their genuine
usefulness. Courses acting as a bridge from introductory calculus to upper-level math
courses must convince students that abstract mathematics is worth studying. This is
true regardless of whether you are more inclined to applied mathematics or to pure
mathematics. Some of us find abstraction very difficult. If that’s you, I hope that seeing
the applicability of the abstractions to concrete ideas is helpful in making the abstract
concrete. Others of us may relish abstraction for its own sake. If that’s you, I hope that
you see howabstraction, in addition to being fun, is amethod for understanding aspects
of the world. Furthermore, all students of mathematics should be able to explain to
nonmathematicianswhymathematics is worthwhile. Although a single text or a single
coursewill not transform a person into the super-hero ofmathematics communication,
I hope this text will help you on your journey.

Particular features of this text include:

• specific guides on how to structure the different kinds of proofs;
• an emphasis on modern mathematics, including:

– references to recent high profile mathematical successes,
– advanced views of elementary mathematics, uncovering subtleties previous-
ly hidden,

– applications showcasing the relevance of mathematics to computer science,
the natural sciences, the arts and humanities,

– nuanced handling of foundational issues inmathematics, including compar-
isons of the Zermelo-Fraenkel axioms and category theoretic axioms for set
theory,

– use of topics frommore advanced courses, presented at an appropriate level,
to demonstrate the relevance of the concepts beyond the current course;

• the use of analogies to explain mathematical topics, including a discussion of the
limitations of the analogies;

• proofs of significant resultswhich are left to the reader, aswell as outlines of proofs
with important steps left to be filled in by the reader;

• early introduction of interestingmathematical results. In some cases this necessi-
tates delaying important steps to later in the text. All such interdependencies are
carefully noted. This models the way professional mathematicians are willing to
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delay the proofs of important steps until they have thought through the entire
argument.

The emphasis of this text is on writing mathematics. Just as playing a musical in-
strument enables the player to be a better listener at a concert, so writing mathematics
enables students to be better readers of mathematics. Only after we have wrestled with
the organization of a proof or the proper order of quantifiers can we understand and
appreciate the meticulous writing of professional mathematicians and technical pro-
fessionals. Similarly, the act of converting intuition into formal mathematics helps us
also develop the ability to convert formal mathematics into intuition. Becoming adept
at this is, for most people, many years of work, but my hope is that this text provides
an excellent starting point.

Finally, in the midst of difficult mathematical work, it can be easy to lose sight
of the fact that mathematics is fun, creative, and inventive. I’ve incorporated a lot
of quotes and references reflecting my own interests and explorations. I hope they’ll
inspire you to read, explore, and make connections between mathematics and your
life and culture and then to share those connections with others. My friend Michael
Scholz generously provided whimsical illustrations of key ideas. When you see these,
be reminded that there are many different ways to conceive of mathematical objects,
and thatwe candrawonall of our senses (including our sense of humor!) to understand
them. Indeed, I challenge you to find your own original images or stories that embody
mathematical ideas.

Who is this book for?

This book has been written for students who want to develop the ability to read, write,
and construct mathematical proofs with a view to developing the mental flexibility,
intellectual rigor, and diligence necessary to enter into advanced mathematics. On a
few occasions, the book uses examples from multivariable calculus, but on the whole
the book should be accessible to anyonewith some small amount of calculus, computer
science, discrete math, or formal logic background. Most students with one year of
mathematics, statistics, or computer science at the university level should be amply
prepared to use this text.

The text is designed to be very readable; more advice on how to read it is given in
the chapter “To Students”. That said, I do assume that there is a teacher to give you
feedback on the proofs that you write and that you have someone with whom you can
discuss mathematical ideas. The book should work well for both lecture-style class-
rooms and flipped classrooms. My classes are a hybrid of the two methods.

Although not much college level mathematics is a prerequisite, this book is inten-
tionally challenging. You are expected to relish the challenge and work hard, while
being patient with yourself and exhibiting a growth mindset. The palaces and gardens
of advanced mathematics are not far away. This book will help you enter and enjoy.
Through your efforts, with the help of your teacher and classmates, you will be able to
create and understand far more mathematics than you ever thought possible. You will
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be empowered to independently learn and create new abstract mathematics. You will
become a mathematician.
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To the Student

Mathematics provides a language and a powerful set of tools for precisely describing,
modeling, and understanding the physical, conceptual, and aesthetic worlds. It is, of
course, the language in which much of the physical sciences are expressed. It also pro-
vides tools for modeling environmental, biological, and economic systems. Probability
and statistics are mathematical tools for analyzing data, and as such, are the primary
tools that scientists (both natural and social) use to demonstrate the trustworthiness
of conclusions drawn from experimental data. Mathematics, often via engineering or
statistics, also provides useful tools for analyzing artistic works and it provides useful
concepts for philosophers to wrestle with. Mathematical revolutions have contributed
to artistic revolutions (see, for example, [67]). More recently, we have witnessed an
explosion of mathematically influenced visual and performing arts. Advanced math-
ematical ideas appear in blockbuster superhero movies. Even apart from its intrinsic
interest, mathematics is worth studying. This text will give you, dear reader, the tools
necessary for entering into the world of professional mathematics and numerous ex-
amples for why it is worthwhile to do so.

Just as a person cannot claim to be fluent in a foreign language if they have never
used the language to convey and understand fresh ideas, so a person cannot claim to be
fluent in mathematics if they cannot write and understand mathematical ideas. This
text is designed to help you on your road to fluency—but you will not travel far down
that road if you do not invest significant time and effort to move yourself along. Many
of the theorems in this text are given without proof: you should provide proofs for
yourself. Of course, how do you know if you’ve written a correct and understandable
proof? Although there are sample proofs throughout the text, the only way to know if
you’ve written a correct and understandable proof is to have someone else read it and
give you feedback. Here are some suggestions for how to get the most of out of this
text.

• Go slowly. Readingmathematics is different from reading other kinds of writing.
Mathematics, through the process of abstraction, conveys a lot of information in
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xvi To the Student

very few symbols. You should spend time on each sentence in a paragraph and,
sometimes, each word in a sentence. If it is claimed that one sentence follows
logically from the previous one—think about it! Does it? Why? If a definition or
previous result is referred to, go back and check the definition or the result—is
it being used appropriately? have the hypotheses of the theorem been verified?
Studies (e.g., [6]) have shown that professional mathematicians read the same
material very differently from student mathematicians: experts move slower, re-
fer more to other locations on the page, and spend more time with sentences as
opposed to formulas than do students. Work toward becoming an expert.

• Read quickly. If you are feeling bogged down in a particular sentence, read
ahead a bit. Try to put the idea you are struggling with into context. Does more
explanation come after the sentence you are stuck on? Can you connect the dif-
ficult ideas to easier ideas? Often the best way to gain intuition for a new math
concept is not to get bogged down in the definition, but rather to focus on the
essential properties of the idea, which are usually contained in examples and the-
orems coming after the original definition. For example, the definition of “group”
is given by a list of axioms, but the best way to understand it is by keeping partic-
ular examples of groups (such as the integers, or the group of symmetries of some
shape) in mind.

If the previous two pieces of advice seem to conflict, we can only appeal to a
dictum of Pascal: “When we read too fast or too slowly, we understand nothing.”
(Penseé 69)

• Write. It is not enough to simply think through an argument in your head. Write
it down carefully. It is easy to convince yourself that you understand something
when you don’t. This is especially true if you feel like you have internalized the
informal, intuitive sense of a mathematical concept but have not internalized or
used the formal definition or statement. The informal, intuitive senses of mathe-
matical concepts are only approximations to the precise formulation. That’s why
mathematics holds surprises—things are not always as they seem! Most of the
theorems in this book do not have complete proofs given—that’s your job! Be
sure to take the time to work on understanding how each proof should be struc-
tured, developing the key mathematical ideas, and then writing them down as
clearly as possible.

• Rewrite. Mathematical writing, although it is more condensed and may contain
equations and formulas, is still writing. And goodwriting almost always starts out
as less-good writing. After you have written a mathematical argument, reread it.
How can you rewrite it to make the argument clearer? to reduce unnecessary
steps? to make it better organized? Good writers write for their readers, not for
themselves. In the past, perhaps, you’ve been used to writing mathematics so
that your instructor can verify that you understand it. Now is the time to write
so that others can understand and either verify or dispute your arguments and
conclusions. It is not enough that you understandwhat you havewritten, a reader
who is not asmathematically advanced as yourself must also be able to understand
what you havewritten. It is normal towrite several drafts of a proof, before settling
on the one that you will show other people.
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• Draw pictures. Rarely is a picture a substitute for a carefully written definition,
theorem, or proof. However, pictures are very useful for developing an intuition
for what formal mathematics encapsulates. Including pictures in your proofs—
again, while no subsitute for careful writing—aids the reader in understanding
the essence of the argument. When you encounter a new mathematical concept,
try to draw a picture of it, perhaps schematic. Better yet, attempt to draw several
very different ones. When you encounter a picture used in a proof that someone
else has written, attempt to draw a different one—does their argument still ap-
ply? When you are rereading a proof you have written, ask yourself if including
a picture will assist the reader in understanding what you have written. This es-
pecially true if you introduce a lot of notation—a single picture showing all the
notation is an exceedingly useful mental crutch for the reader.

• Work with others. Find one or two other people with whom you can share
your proofs or ideas for proofs. Have them read what you write and ask them for
detailed, constructive feedback. Being told either “It’s awesome!” or “It sucks!”
isn’t useful. If the person you’re working with only gives feedback of that sort,
find someone else. Conversely, find one or two people who are willing to share
their proofs with you. You should only read their proofs after you’ve thought
about the problem and attempted your own solution though! Give them detailed
constructive feedback. Where do they express an idea particularly clearly? Where
do they make an illegitimate logical leap? Where do they misapply a definition?
Where are they too vague? Where would a picture help their proof?

• Listen. As you work with others, be sure to both share your own ideas and to
listen carefully to those of others. Even if someone is saying something you think
is obvious, listen to them. First of all, you never know if you’ve thought of every-
thing, and there are often multiple approaches to a particular problem. Secondly,
it builds the other person up and helps them develop the confidence to become an
independent mathematician. The more mathematicians there are, the more peo-
ple there are who are capable of appreciating your mathematical ideas. Thirdly,
you can learn not just from what someone is saying, but from how they say it. Do
they find part of an argument easy when you found it hard? Why? Do they find
part of an argument hard when you find it easy? Why? People come into mathe-
matics frommany different backgrounds. By discussing mathematical ideas with
those from different backgrounds you learn not just more math but also more
about what it means to be human.

• Embrace hard work. Many of the theorems and exercises in this book have
solutions that can be found online, and those that aren’t currently there can easily
be put there. But using a stranger’s solution (which might not even be right!)
won’t help you learn how to prove theorems yourself. You can easily spend an
hour looking for a correct solution online—but wouldn’t it be better to spend that
hour thinking about the right way to organize your proof, reviewing the relevant
definitions, and looking for similar theorems that were proved in class or in the
text?
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• Give generous credit. All of us make use of the work of others. Maybe someone
gave us an idea for how to prove a theorem. Maybe someone told us what they
tried that didn’t work. Maybe someone simply provided a listening ear. Whoever
it is, give them credit. Maybe it’s your classmate or TA or maybe it was someone
with themoniker “AwesomeMathPerson27” on the internet. Whoever it was, give
them credit. It makes you into a better person, it encourages the other person, and
it contributes to making mathematics a positive, welcoming community of truth-
seekers.

• If you despair, journey on! Mathematics is difficult. Anyone who doesn’t find
it difficult hasn’t done it long enough. When you are totally stuck on a problem,
use it as an opportunity to learn humility, appreciate that there is more to the
world than you can understand at the moment, and to acknowledge that you are
a human being who needs other humans. When you grasp a concept easily and it
seems like second nature, ask yourself if you are making it too easy or have over-
looked something. Maybe you haven’t! In which case, ask yourself how you can
use your newfound knowledge to help others learn and appreciate mathematics
better.

When others seem to grasp ideas more quickly than you do, keep in mind
that any of the following might be true:
(1) They don’t actually understand things as much as they think they do. Some-

times the loudest people are the most wrong.
(2) They have a more mathematically oriented background than you do. In

which case, there’s no additional glory for them in simply making use of
things they already knew or skills they already have. It’s fine if you have
spent less time doing mathematics than someone else. The purpose of this
text is to give you more opportunities to do mathematics!

(3) They are brilliant. This is also fine. Not everyone has to be brilliant and not
every mathematician has to be brilliant. Do your best to learn from such a
person. If they have a hard time communicating with you in a way you can
understand, see (1). There are many roads to becoming a mathematician.
You’re taking a different road—that’s good and it makes the mathematical
community a more interesting one to be a part of.

• Encourage others. Mathematical terminology can be used to help convey ideas
efficiently or to intimidate others. Be the sort of mathematician who uses under-
standing and knowledge to contribute positively to the community. How easily
someone grasps mathematical ideas has nothing to do with their worth as a per-
son. There is more worth in striving and failing to understand a mathematical
concept than there is in readily grasping it and using it to bully others.



To the Teacher

In the past several decades, “Introduction to Proof” courses have become standard fare
atmost colleges and universities, and a veritable host of textbooks have risen up to help
teachers and students with this course. With those texts comes increasing (though by
no means universal) agreement on what mathematical topics should appear in such
courses. This book incorporates most of those topics:

• elementary logic,
• sets and set arithmetic,
• proof techniques,
• equivalence relations,
• functions,
• cardinality,
• introductory material frommore advanced classes, such as graph theory, abstract
algebra, and real analysis.

The challenge for courses of this sort is to not simply rattle off a laundry list of
topics a beginning mathmajor should “know”, but also to tie those topics together into
a well-motivated, coherent, and stimulating whole.1 Here is how this book does that.

• Emphasis on writing. Students are given many models of well-written proofs,
many theoremswhose proofs are only outlined, andmany theoremswhose proofs
need to be constructed from scratch. Beginning mathematics students need good
models for how to organize a proof and, especially, how to juggle the complicated
statements from analysis (in particular). Especially early on, the reader is asked
to make minor modifications to a given proof. Proofs that I judge to be beyond
the status of a difficult homework problem are provided, as are proofs that do not

1As with set theory, perhaps this another instantiation of the philosophical problem of “the one over many”.

xix
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contribute to the main thrust of the text. Some hints or partial solutions for par-
ticularly challenging proofs are given. The proofs left for the reader are not simply
busy-work, but are essential for learning to write mathematics that is relevant to
all future math classes. In addition to the proofs left to the reader, the text also
includes a plethora of examples and exercises. The exercises require more work
to complete than the examples, but less work than proving the theorems. Some of
the exercises aremore open-ended, providing an opportunity for considering why
certain choices, and not other choices, are made in definitions or writing style.
Quickly internalizing the basic framework of particular kinds of proofs is essen-
tial for freeing up the mental and emotional spaces needed for wrestling with the
ideas in the proofs. As befits the title, particular attention is paid to the structure
of mathematical proofs. For each of the typical proof forms, I provide an outline
that students are intended to follow when writing their own proofs. Taking the
burden off the organization of the proof lets students focus on the act of deciding
what kind of proof to write, constructing it, and polishing their write-ups.

• Creativemotivation. The expositionmotivates concepts and helping the reader
gain intuition using a wide variety of examples, analogies, and metaphors. Each
mathematical idea is situated in the context of mathematics as a discipline, and
explicit connections to more advanced mathematics classes are included. When-
ever possible, examples frommodernmathematical achievements are highlighted
and used as the basis for exercises. Material from more advanced courses is
woven throughout the text, with the connection to thematerial at hand explained
and emphasized.

• Number and space are unifying themes. Almost all concepts are illustrated
with both geometric and number (both integer and real) examples. Since Euclid,
mathematicians have developed an astonishing variety of number systems and
spaces. One of the auxilliary goals of this text is to give students a flavor of the
immense creativity and freedom that allow for the creation and discovery of gen-
uinely new mathematical ideas. In particular, new number systems give rise to
new spaces, and new spaces give rise to new number systems. The final chapter
gives some idea how this can be done. Chapter 12 shows how spaces (namely,
metric spaces) can be completed to fill in missing points. Applying this construc-
tion to the rationals using a certain nonstandard distance function creates the
𝑝-adic numbers. A very careful application to the rationals using the standard
(Euclidean) distance function creates the reals. It brings together concepts on
equivalence relations, sequences, and cardinality.

Throughout the book, I have tried to highlight proofs that involve geometric
ideas. There are two chief reasons for this. The primary reason is my perception
that students entering into a math major have had little experience with geomet-
ricmodes of thought (as compared to algebraic or analyticmodes). Many students
delight in the ability to bring geometric thinking to algebra and analysis; this text
provides a foundation for them to do so. Secondarily, metric spaces are a wonder-
ful context for bringing together combinatorial, analytic, and algebraic reasoning.

• Applications are highlighted. Mathematics students at all levels want to be
convinced that mathematics is worth doing. Certainly, its intrinsic beauty and
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elegance make the study of mathematics worthwhile. Highlighting the wide ap-
plicability of mathematics to other disciplines, both scientific and humanistic, is
another key way to motivate its study. For each major concept in the text, I have
included several applications. The tricky thing about applications, however, is
that deep understanding of them requires both deep understanding of mathemat-
ics and deep understanding of the domain discipline to which the mathematics is
being applied. At least as much time can be spent in learning biology, philosophy,
chemistry, art, physics, and religion, etc., as can be spent in learning the relevant
mathematics. The applications in this text, then, are of necessity presented in a
rather shallow fashion. The goal is to show that mathematics beyond calculus
is useful in a wide variety of contexts, and, furthermore, knowing mathematics
may enable one to make genuinely new contributions to other fields. Although I
have taken aminimalist approach to explaining each application, the applications
themselves are genuine and references to deeper expositions are provided. In the
context of a course, these applications make a good basis for projects.

• Sophisticated connections to advanced mathematics. University students
early in their education are absolutely capable of sophisticated reasoning about
mathematical concepts. This book aims to help them develop those reasoning
powers in ways that are authentically connected to more advanced mathematics
courses in graph theory, topology, geometry, analysis, and probability. The book
transitions students from a place where mathematics may be mostly about calcu-
lations to a place where mathematics is about creative ideas carefully expressed.
Apart from the final chapter, the book does not go into tremendous depth on any
of these topics, but it does interweave introductory material in a way that moti-
vates and situates the material at hand.

• Sophisticated looks at elementary mathematics. Using the historical con-
cern with mathematical foundations as a guide, we show how set theory and
equivalence relations can be used to develop elementary topics such as the nat-
ural numbers, rationals, and angle measurements. We hope to demonstrate that
despite students’ long familiarity with those topics, there are interesting ideas of
surprising depth and utility. My experience has been that students are apprecia-
tive of seeing how the hodge-podge of precollege mathematics can form a coher-
ent intellectual whole.

The book includes incorporates the following pedagogical features.

• Proof structures. These outlines explictly indicate how certain kinds of proofs
(proof by contradiction, induction, etc.) are usually structured. Relieving the
mental burden of how to organize a proof or what exactly is required to demon-
strate a certain statement is true, allows the student to focus on mathematical
ideas. These proof structures also build student confidence, by inculcating in
them the language of formal mathematics.

• Proof outlines. Many of the more sophisticated proofs are given in outline form,
with key steps left to the reader. These allow students to begin working on a proof
before coming to class, removing the “I have no idea how to start” obstruction.
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• Multiple proofs of the same theorem. In order to emphasize that mathemat-
ics is about ideas and communication, several important theorems are proved in
more than one way. Students are then asked to reflect on the advantages and
disadvantages of each proof.

• Close attention to the language ofmathematics. Drawing on recent research
on the differences between the use of mathematical concepts and natural lan-
guage uses (such as “if . . . then”), the book includes explict discussion of the sim-
ilarities and differences between how humans use the same language in multiple
ways in different contexts.

• Spiraling content. Important advanced mathematical ideas (e.g., number sys-
tems, graphs, groups, event spaces) are introduced early and then revisited several
times, each time with greater depth, as the text continues. This means that it is
okay for students to feel like they do not completely understand a topic before
moving on; it will be revisited later at which point students have a greater under-
standing of the context and importance of the idea.

• An emphasis on understanding through usage. Students are asked to work
with mathematical ideas in interesting ways early on, but with tremendous guid-
ance. For instance, shortly after the introduction of the definition of set intersec-
tion, students are asked to prove that the intersection of an arbitrary number of
convex sets is convex. By actually using the formal definition to prove an inter-
esting result, students must learn to rely on the definition rather than on pure
intuition. When combined with the explicit given proof structures, this builds in
students the confidence and capability for handling tasks that professional math-
ematicians consider routine. In many cases, these ideas are applied in more than
one context, and so students develop a strong understanding of the underlying
principles.

• An emphasis on visualization. All topics are illustrated, visually or metaphor-
ically, in ways that make the essential idea visceral. Particular attention is paid
to the visualization of functions, since broadening students’ conception of what a
function is, is a key goal of the course.

• An intentional development of intellectual flexibility. When they are con-
fronted with a new mathematical idea, math students should embrace it with ea-
gerness, confidence, and aplomb. I seek to help students develop these virtues by
presenting numerous new mathematical concepts, organized around the themes
of number and space. The first steps with any new mathematical idea should be
to figure out what can be done with it using only known tools. To that end, early
in the text there are a number of examples of results concerning advanced con-
cepts which use only basic set theoretic or logical arguments. As will be the case
when students move on to more advanced texts, students will encounter numer-
ous new definitions. Students should not be expected tomemorize and remember
all of them; rather they are intended to become comfortable facing new defini-
tions. Crucial definitions are listed at the start of each chapter; the other concepts
are intended to act as illustrations of the essential ideas.
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• An emphasis on equivalence relations. Equivalence relations explicitly play
a key role in more advanced math classes (such as algebra, analysis, and topol-
ogy) and implicitly play a key role in others (such as linear algebra and differen-
tial equations). Yet, they are often de-emphasized in introductory proof-writing
textbooks. Making them more central provides useful context for the study of
functions. In particular, defining functions on quotient sets is an opportunity to
deeply explore the notion of a function being “well defined”. They also provide an
ideal setting for practicing basic set theoretic proof techniques in a more abstract
setting. Finally, they provide a unifying theme for the latter half of the book by
allowing us to contruct interesting examples of numbers and spaces.

• An emphasis on the actual usage of induction arguments. Unfortunately,
many students in Introduction to Proofs courses only encounter induction argu-
ments where it is obvious what the quantity to be inducted on should be and
where the inductive step has a sense of inevitability. Drawing on examples from
graph theory and geometry, we present students with more significant induction
proofs, as well as a discussion of the conceptual basis underlying them.

• A studied comparison of finite and infinite cardinalities. Many “obvious”
results concerning the cardinalities of finite sets are strikingly challenging to
prove. The advantage of addressing them is that it balances the novelty of infi-
nite cardinalities with the dawning recognition that there is awe and wonder to
be found even in situations we think we know well. The conceptual shift needed
for discussing cardinality is handled by addressing properties, both elementary
and advanced, of injections and surjections prior to the introduction of cardinal-
ity.

• A balanced approach to advanced set theory. Any author introducing set
theory for beginning math students must decide how foundational issues will be
handled. The ZFC axioms for set theory are impenetrable unless one already has a
good feeling forwhat one should be able to dowith sets andwhy fastidiousness is a
virtue in set theory. A more modern approach to foundational issues is to use the
axioms from the Elementary Theory of the Category of Sets (ETCS) arising from
category theory. The most important of these axioms have the virtue of giving
primacy to functions rather than elements; however many standard proofs (such
as element arguments) in beginning mathematics unfortunately become convo-
luted when appealing to first principles. The approach taken in this text is to first
introduce the basic constructions of sets that most mathematicians consider a ne-
cessity (complements, unions, intersections, power sets, Cartesian products) and
then to briefly discuss both the ZFC and ETCS axiomatic approaches. More atten-
tion is paid to ZFC due to its historical importance and widespread acceptance in
themathematical community. However, the book is structured so that discussion
of foundational issues can be almost entirely avoided, if desired.

A book is defined not only by what it includes, but what it leaves out. Notable
topics mostly excluded from this text are partial orders, ordinal numbers, and many
standard topics of discrete mathematics and graph theory. I also wish it were possible
to include more examples from recreational mathematics. I can only apologize by way
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of admitting that the text already includes more material than can be fit into a single
semester and hoping that there is enough flexibility in the presentation that instruc-
tors can find ways substituting their favorite topics in place of something they are less
attracted to.

Prerequisites

The natural audience for this text is students who have studied somemultivariable cal-
culus. Other students who have studied some university level mathematics, computer
science, statistics, or philosophy should find most of the book useful and accessible.
Although explicit examples from calculus appear very rarely in the text, readers who
have encountered sequences of real numbers, the plane ℝ2, and real-valued functions
onℝ2 will find many of the examples and motivations more accessible than those who
have not. No linear algebra is assumed in the text, though it is referred to on a very few
occasions. There is, of course, ample opportunity for an instructor to make connec-
tions between the general discussion of injective and surjective functions in this text
with the way those concepts arise in linear algebra.

Advice for teaching from this book

The text certainly contains more material than should be fit into a single semester.
I highly recommend that students be assigned to read portions of the text covering
material which will not be discussed in class. The ability to independently learn and
read mathematics is an essential skill for mathematicians of all kinds; bridge courses
should help transition students to independence. Class time can be spent either dis-
cussing ideas students have a harder time learning on their own or having the students
practice devising and writing proofs of theorems found in the book.

In the internet age, ensuring that students complete work with a robust sense of
academic integrity is increasingly difficult and important. Many of the theorems in this
book have proofs available online, and if they are not already there, it is easy enough for
a student to get someone else to put them there. I recommend supplementing textbook
problems with problems custom written for your course as a way to mitigate the issue.
Above all, I encourage you to have a frank discussion with students about appropri-
ate and inappropriate uses of the internet, the purpose of assignments, and the value,
necessity, and methods for giving others credit. Students should always be required to
acknowledge collaborators and the use of internet (or other) sources.

Chapters 1–5 should be covered in order, though instructors are encouraged to em-
phasize and omit topics as appropriate for their students’ interests and future mathe-
matical work. Groups, graphs, and metric spaces are used as examples throughout
the text, and those concepts should not be omitted from Chapter 2. Chapter 6 can be
skipped or covered very briefly either in class or with independent reading. Chapters
7–9 should also be covered in order, although there are numerous opportunities for
abbreviating or cutting material. Each of those chapters include material that brings
together material from Chapters 1–5. Chapter 10 is traditional material for a transition
to highermathematics courses and should probably be covered, thoughmuchmaterial
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may be omitted or relegated to independent reading. The early parts of Chapter 11 dis-
cuss subsequences; the later parts give an introduction to basic concepts from analysis.
All of Chapter 11 is required for Chapter 12. I have had success in using the underlying
ideas from Chapter 12 as a fun final class day topic that I do not assess the students on.

Here is a general outline of how I teach my course from this book. As mentioned
previously, I do not cover all the material in the textbook (or even all the material from
any one chapter). Students should have their first encounter with newmaterial before
coming to class and are required to at least begin working on assigned problems prior
to class. My classes meet 3 times/week for 50 minutes each time.

• Weeks 1 and 2: Chapters 1 and 2. Introduce students to the course using an acces-
sible problem based on material that shows up later in the course (for instance,
circular billiards). I also show them LATEX and explain course policies. Break stu-
dents into small groups towork on projects. Projects are designed to introduce the
idea of number systems, graphs, or groups. Each project takes one class period,
plus a small amount of out-of-class work, and they hint at ideas of modular arith-
metic, sequences, or equivalence relations. Projects are graded on a credit/no-
credit basis, with lots of comments. The goal is to get students working together
and to introduce themes that will show up repeatedly as the semester continues.
Students work on Chapter 1 out-of-class with a small amount of in-class discus-
sion if needed. Exercise 1.17 usually requires in-class discussion.

• Week 3: Chapters 2–3. A small amount of class time is devoted to finishing up
material from Chapter 2 that was not covered by the projects. We then rapidly
cover Sections 3.1–3.6, mostly by independent reading. Class time is primarily
spent working on negations, which students tend to find very challenging.

• Week 4: Chapters 3–4. Sections 3.7 and 3.8 are covered by lecture in class. Chapter
4 is covered primarily by independent reading, though we discuss in class the
proofs of theorems of classical importance.

• Week 5: Chapters 4–5. If needed, a small amount of time is devoted to finishing
Chapter 4, but most of the time is spent on Chapter 5. Most of our time is spent
on Sections 5.3 (intersections) and 5.4 (unions). Aswe cover these, corresponding
material from Section 5.7 is integrated.

• Week 6: Chapters 5–6. We continue with Chapter 5, mostly the latter half of the
chapter. One day is spent on either Section 5.8 or 5.9. I usually give an exam about
now, and the day after the exam spend one day on Chapter 6. I generally do not
assess students on Chapter 6.

• Week 7: Chapter 7. Class time is spent working on problems. Students encoun-
tered themain ideas in their reading before class. Section 7.5 is the important one
here.

• Week 8: Chapters 7–8. Finish up Chapter 7 as needed and move on to Chapter 8.
Class time is spent on Sections 8.4–8.7. I usually do not cover algebraic andmetric
structures. I do usually cover Section 8.9, since it introduces permutations.

• Week 9: Chapters 8–9. Section 9.1 is covered fairly rapidly, with the focus being
on the geometric examples of induction. Students need a lot of practice simply
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writing inductive assumptions and tasks. A lot of time is spent on Section 9.2. I
usually give an exam in here too.

• Week 10: Chapter 9, focusing on Sections 9.3 and 9.4. Sometimes I cover Section
11.1 at this time as well.

• Week 11: Chapter 10. Usually, I cover this chapter in a somewhat reduced way, as
students are working on individual projects or writing assignments. I often end
the course by covering Lagrange’s theorem from group theory since it is a nice
example of how to use bijections for counting purposes and has applications to
symmetry. Typically, I cover Sections 10.2–10.4 and 10.10 with care and leave the
others for independent reading or inspirational final lectures.

• Week 12: Continue with Chapter 10, as needed. I sometimes hit some topics from
Chapter 11. If I am able to cover significant parts of Chapter 11, I end the course
with a one-day lecture on how to create the reals and 10-adics using equivalence
classes of sequences. Ending the course by investigating applications encountered
earlier in the semester also works well.



Chapter 1

Sets

“On your mark, get set, . . . go!”

Key Terms

• informal definitions of element and set
• important examples of sets, including the empty set
• formal definition of subset and proper subset
• uniqueness

Sets and functions are the fundamental structures of mathematics. We begin by
studying sets. As we shall see, although humans have very good intuition for how sets
with finitely many elements behave, our intuition for infinite sets is less good (possibly
even terrible!) One of the purposes of formal mathematics is to reduce dependence
on intuition so that we can be more confident in the conclusions we draw. A related
purpose is to develop our intuition by increasing its sophistication and ensuring its
connection to underlying truths. However, most of us require some time to get used
to the formality and logical structure of modern mathematics. To help the transition
be as painless as possible, this chapter introduces sets at a level that is likely between
the informality used in prior math classes and the strict formality required later in the
text. Chapter 6 discusses a more formal approach to set theory.

1
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Warning 1.0.1. You should think of this chapter as the mathematical equiva-
lent of the first week of French horn lessons. In the first week of horn lessons,
you are given an instrument, taught the correct posture and breathing tech-
niques, and then encouraged to make some awful noises. Over time, with lots
of practice and good advice from a teacher, those initial honks, sputters, and
blats are transformed into beautiful music.
In this chapter you are asked to begin writing proofs—but, chances are, you
don’t yet know how! Pay attention to the examples, try to follow the given ad-
vice, do your best, and get feedback on your progress. Periodically return to
what you’ve written and ask yourself how you might improve it.

Warning 1.0.2. Oh yes, since this chapter is where you begin writing proofs,
the expectations for what constitutes a clear and correct proof are lower than
in later chapters. Put another way, maybe you can get away with a faulty proof
now, but be prepared for expectations to increase as the text goes on!

Duly warned, let’s jump right in.

1.1. Sets, informally

We always have some kind of naive picture for things we are trying to de-
scribe by mathematical formalism. But the naive picture usually does not
match up perfectly with the precise formalism. There is a gap between the
two. We try to get them as close together as we can. That is one of the strug-
gles that moves mathematics forward.

—Lawvere and Rosebrugh1

The notion of set is a useful way of taking a “many” and thinking of it as a “one”.2

Definition 1.1 (Set and set equality (informal)). A set is a collection of distinct
elements. We write 𝑎 ∈ 𝐴 to mean that 𝑎 is an element of the set 𝐴. Set 𝐴 is
equal to set 𝐵 exactly when they have the same elements: every element of 𝐴
is also an element of 𝐵 and every element of 𝐵 is also an element of 𝐴. If 𝐴 and
𝐵 are sets that are not equal, we write 𝐴 ≠ 𝐵.

Our informal definition is less than satisfactory as we do not have a definition of
collection. Nevertheless, we can do a lot with this imperfect definition. We often think
of a set as being a bag and the things in the bag are its elements. Sometimes there is one
bag inside another bag as might have been the case just before the larger bag spilled as
in Figure 1.1. As wewill see, however, this intuition for what a set is has its limitations,

1William Lawvere (b. 1937) is the creator of the ETCS axiom system for set theory, discussed in Chapter 6. The quo-
tation is from Section 2.1 of Lawvere and Rosebrugh, Sets for Mathematics©2003, Cambridge University Press. Reproduced
with permission of Cambridge University Press through PLSclear. [84]

2Or as with the United States of America: E pluribus unum. This conception of a set is primarily due to the 19th
century mathematician Georg Cantor whose ideas will feature prominently in this book. The philosophical relationship
between “many” and “one” is of ancient concern, going back at least to Plato (429? BCE).
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Figure 1.1. We often think of a set as a bag containing items, some or all of which
might be other bags.

bothmathematically and conceptually. Therewill always be some incongruity between
an informal approach and a formal approach.

Sometimes we want to indicate what the elements of a set are. We can do that in
several ways:

We can list the elements of the set between curly braces: { and }. For example, the
elements of the set {1, 7, 10} are the numbers 1, 7, and 10.

We can use an unspecified variable in curly braces to indicate an arbitrary element
of the set and then specify a condition (called the entrance criterion) that an element
must satisfy to belong to the set. For example,

{𝑎 ∶ 𝑎 > 0}
is the set of positive numbers. The entrance condition is 𝑎 > 0. We read this as “the set
of 𝑎 such that 𝑎 is greater than zero”. We also insist that the set contains every element
which passes the entrance criterion and only those elements which pass the entrance
criterion.

We can list representative elements of the set between curly braces and indicate
that the list is not complete. For example, the elements of the set {2, 4, 6, 8, . . .} are all
the even natural numbers.

None of these three methods of writing sets is without issues. The first method
only works when we can write down every element of the set—so it only works for
sets with a finite (and relatively small!) number of elements. The second example is
problematic since in mathematics we are often interested in sets of elements that are
not numbers. In which case simply writing the variable 𝑎 doesn’t help the reader know
what kind of object 𝑎 is. The third method has the issue that it may not be clear what
the pattern is. Finally, all of these methods share another issue: Simply writing items
between curly braces does not imply that it is a set in the mathematical sense. Indeed, we
will see that {𝐴 ∶ 𝐴 is a set} is not itself a set. Before we address these issues, however,
we take a look at some sets you’ve likely encountered before.
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The set of natural numbers is the set of counting numbers. We denote it using
the letter “N” in the blackboard bold typeface.

ℕ = {1, 2, 3, 4, 5, 6, 7, 8, . . .}.
(See Appendix C: Typography for a list of various symbols, typefaces, letters, and fonts
you may not have encounted before.)

Warning 1.1.1 (Objects vs. representations). It is tempting to take the symbols
ℕ = {1, 2, 3, 4, 5, 6, 7, 8, . . .}

as the definition of the natural numbers. Doing so, however, misses the distinc-
tion between what a number is and how we represent it. We could equally well
use Roman numerals to represent natural numbers:

ℕ = {𝐼, 𝐼𝐼, 𝐼𝐼𝐼, 𝐼𝑉, 𝑉, 𝑉𝐼, 𝑉𝐼𝐼, 𝑉𝐼𝐼𝐼, . . .}.
Or we could use English words to represent the numbers:

ℕ = {one, two, three, four, five, six, seven, eight, . . .}.
These are just three different ways of representing the same set.

Warning 1.1.1 raises a question: If the natural numbers aren’t defined bywhat they
look like, what are they definedby? We’ll take this questionup in thenext chapterwhen
we discuss sets with structure. For now, we’ll continue with the working understanding
of the natural numbers you’ve developed over the course of your previousmathematics
education.

Some mathematicians include 0 in the set of natural numbers.3 We, however, will
let ℕ∗ (pronounced “N-star”) denote this set and will call it the set of extended natu-
rals. That is,

ℕ∗ = {0, 1, 2, 3, 4, . . .}.
The integers are the set of positive and negative whole numbers and zero. Refer-

encing the German word “Zahlen” for “numbers,” we denote the set of integers by
ℤ = {. . . , −3, −2, −1, 0, 1, 2, 3, . . .}.

The rationals are the set of fractions (or quotients) of integers, forbidding 0 from
the denominator. We denote it

ℚ = {𝑎/𝑏 ∶ 𝑎 ∈ ℤ and 𝑏 ∈ ℕ}.

The real numbers ℝ are all the numbers on the number line. They have several
more-or-less equivalent definitions, all too advanced to be given at present. We recall,
however, that every real number has a decimal representation. Rational numbers have
decimal representations which are eventually periodic: that is, eventually the same
string of digits is repeated forever. In our notation, we place a line over the repeating

3And thosewhodo, feel strongly about it! Our notationℕ∗ for the set of natural numbers that include 0 is nonstandard,
and perhaps somewhat misleading since in other more advanced contexts a set of numbers with a * attached means that 0
is removed from the set.
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digits. If the repeating digits are all 0, we usually omit them. For example,
721/495 = 1.45656565 = 1.456,

3/5 = .6000000 = .6.
The decimal representation of an irrational number (that is, a real number which
is not rational) is not eventually periodic. Some rational numbers have two distinct
decimal representations: one that ends in all 0s and one that ends in all 9s. So for
example,

1 = .999999,
2.4 = 2.399999,

and so forth. But this is the only situation in which a real number has two distinct dec-
imal representations. Making the notion of decimal representation precise and proving
(for example) that 1 = .9 is best done using the machinery of infinite series, that you
likely studied in calculus. The key point is that the notation uses place values—the po-
sition of a digit relative to the decimal place represents that number of a certain integer
power of 10. For example, 21.003 = 2 ⋅ 101 + 1 ⋅ 100 + 3 ⋅ 10−3. At various moments
in this text, we will also represent real numbers using a base other than 10. Those rep-
resentations work similarly: in base 𝑏, each place value represents a power of 𝑏. For
example, the number that we write as 50.25 in base 10, has the base 4 representation

302.41 = 3 ⋅ 42 + 0 ⋅ 4 + 2 ⋅ 40 + 1 ⋅ 4−1.
The 4 in the subscript indicates that we are working in base 4. A number that is written
in base 4 and terminates in all 3s is equal to one that terminates in all 0s, and vice versa.
For example:

302.41 = 302.403.

The complex numbers are the set
ℂ = {𝑥 + 𝑦𝑖 ∶ 𝑥 and 𝑦 are real numbers and 𝑖2 = −1}.

The complex numbers will not feature heavily in this text, but they are extremely im-
portant in mathematics. Complex numbers can be added, subtracted, multiplied, and
divided (as long as we don’t divide by 0 + 0𝑖).

The Cartesian plane is the set
ℝ2 = {(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ ℝ}.

These are ordered pairs of real numbers. Recall that (𝑎, 𝑏) = (𝑐, 𝑑) if and only if 𝑎 = 𝑐
and 𝑏 = 𝑑. For example, (3, 5) ≠ (5, 3). There is a natural correspondence between the
Cartesian plane and the set of complex numbers obtained by associating the complex
number 𝑥 + 𝑦𝑖 with the point (𝑥, 𝑦) ∈ ℝ2. Indeed, there is a sense in which the set of
complex numbers is the Cartesian plane, just with a particular way of doing arithmetic.

Cartesian 𝑛-dimensional space is the set
ℝ𝑛 = {(𝑥1, 𝑥2, . . . , 𝑥𝑛) ∶ 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ ℝ}.

As with the Cartesian plane, we have
(𝑥1, 𝑥2, . . . , 𝑥𝑛) = (𝑦1, 𝑦2, . . . , 𝑦𝑛)

if and only if 𝑥1 = 𝑦1, 𝑥2 = 𝑦2, and so forth.
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The empty set ∅ is the set with no elements.

Exercise 1.2. Identify ways in which the preceding sets are not precisely defined, and
take a stab at attempting to givemore precise definitions. Also, discuss differentways of
representing the elements of each set (similar to what we did for the natural numbers).

We conclude with an example of how the bag metaphor for sets breaks down.

Warning 1.1.2. Mathematical objects behave differently fromphysical objects.

Consider the backpack and lunch bag of Figure 1.1. In everyday life, if the lunch
bag contains an apple and if the lunch bag is contained in the backpack we would
say that the apple is also in the backpack. However, in math we would not say that
the apple is an element of the backpack. To continue the bag metaphor, we should
think of the phrase “𝑥 is an element of 𝑋” as meaning “𝑥 is loose inside 𝑋”. Thus, to
say “the apple is an element of the backpack” means that the apple is loose inside the
backpack. Returning to mathematics, let 𝑋 = {1, 2, 3, {4, 5}}; this is analogous to the
backpack. The set 𝐴 = {4, 5} is analogous to the lunch bag. We can write 𝐴 ∈ 𝑋 since
the lunch bag is loose inside the backpack. We can write 3 ∈ 𝑋 , since 3 is also loose
inside the backpack. We cannot, however, write 4 ∈ 𝑋 , since 4 is not loose inside the
backpack. It is loose inside the lunch bag, so we can write 4 ∈ 𝐴.

Now consider the case when 𝑋 = {1, 2, 3, {3, 4}} is the backpack and 𝐴 = {3, 4} is
the lunch bag. Again, 𝐴 ∈ 𝑋 . We also have 3 ∈ 𝑋 and 3 ∈ 𝐴 since 3 is loose inside 𝑋
and 3 is also loose inside 𝐴. At this point, the metaphor of backpacks and lunch bags
has broken down. For if there is an apple loose inside the lunch bag, it is physically
impossible for the very same apple to be loose inside the backpack, so we could not say
that the apple is an element of the lunch bag and also that the apple is an element of the
backpack. This thought experiment shows us that elements and sets are better models
for organizing abstract concepts than they are models for organizing physical objects.
Nevertheless, sets are extremely useful in both theoretical and applied mathematics.

1.2. Proving set membership

There is only one empty set, and it
exists around the world,
the set of loyal lovers and living
unicorns, honest politicians

and the contents of the intersection of
any two nonintersecting
circles. Sets are aggregates of things,
to be divided and united.

—Bonnie Jo Campbell, “Set Theory”4

4Excerpted from “Set Theory”, ©2016 by Bonnie Jo Campbell. Used with permission. [24]
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The most basic task in mathematics is to show that certain elements belong to
certain sets. In this section, we will look at some very simple examples, each of which
is a simple rephrasing of the sort of math you would have done before college. As you
read, focus on the overall structure of the proof. Ask yourself: How does the way the
solution is written differ from the way I would naturally answer it? What advantages
and disadvantages does this new way of writing have?

As you’ll see, in the proofs, we do rely on elementary arithmetic and algebra. Al-
though you’ve known how to do this for a long time, you have likely never seen a proof
that basic algebra and arithmetic operations are valid. By the end of this text, you will
have the essential ideas for how to construct such proofs. For now, however, we will
(unless otherwise indicated) assume that the basic arithmetic of integers and rational
numbers is valid. We will sometimes make use of more sophisticated properties (such
as the existence and uniqueness of prime factorizations or that real numbers have dec-
imal expansions or calculus), but if possible we prefer to not to have to appeal to those.
In Chapter 3, we’ll elaborate on the logic underlying the proofs in this first chapter. We
focus on just two examples, but more are given in Section 1.7.

Warning 1.2.1. If you are ever unsure as to whether a particular fact or opera-
tion from your previous mathematical education is usable in a particular proof,
it is better to list it as an unproven assumption than to simply hope that no one
notices that you’ve used it without proof!

Example 1.3. Let 𝑋 be the set whose elements are the real numbers that are solutions
to the equation 𝑥−√𝑥 = 2. Prove that every element of 𝑋 is also an element of the set
{1, 4}. ♦

We are asked to prove that if 𝑥 is some number such that 𝑥 − √𝑥 = 2, then 𝑥 = 1
or 𝑥 = 4. We are not claiming that both 1 and 4 are solutions to the equation. That is,
we are not claiming that every element of {1, 4} is also an element of 𝑋 . In fact, 1 ∉ 𝑋 .

We will write our argument so that it pertains to any one of the elements of 𝑋 ,
chosen without prejudice. Applying our argument to each element of 𝑋 individually,
allows us to conclude that the statement is true for every element of 𝑋 . Since we write
the argument out for only a single element 𝑥 in 𝑋 , but want to indicate that it applies to
every element of 𝑋 , we say that the element 𝑥 is “arbitrary” or “fixed, but unspecified”.

Proof. Let 𝑥 be an arbitrary element of 𝑋 . We must show that 𝑥 is either 1 or 4. By
the definition of 𝑋 , 𝑥 is a real number and 𝑥 − √𝑥 = 2. Use algebra to rewrite this as
𝑥 − 2 = √𝑥. Square both sides of the equation to see that

𝑥2 − 4𝑥 + 4 = 𝑥.
Hence, 𝑥2 − 5𝑥 + 4 = 0. Thus,

(𝑥 − 4)(𝑥 − 1) = 0.
Since the product of two numbers is 0 precisely when one of them is 0, either 𝑥−4 = 0
or 𝑥 − 1 = 0. If 𝑥 − 4 = 0, then 𝑥 = 4 and if 𝑥 − 1 = 0, then 𝑥 = 1. Thus, 𝑥 = 1 or
𝑥 = 4. Since 𝑥 was arbitrary, every element of 𝑋 is also an element of {1, 4}. □
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Here is a summary of how to organize a proof that every element of a set has a
particular property. A little later we’ll see a more general version of this argument.

Element Argument version 1

To show: Every element 𝑥 of a set 𝑋 has a particular property.
Structure of Proof:
Assume 𝑥 ∈ 𝑋 is arbitrary.

⟨ Do a bunch of work to show 𝑥 has the desired property. ⟩
Hence, 𝑥 has the desired property. Since 𝑥 was arbitrary, every element of 𝑋
has the desired property. □

As we remarked earlier, in Example 1.3 we have not shown that 1 and 4 are them-
selves elements of 𝑋 . In fact, hypothetically, 𝑋 may not have any elements at all. We
only showed that if some 𝑥 ∈ 𝑋 , then it is either 1 or 4. By way of analogy, our claim
and proof are analogous to a friend saying:

I’m not sure if Uriah Heep and Mr. Wickfield are in the office or not, but
whoever is in the office, if anybody, is Uriah Heep or Mr. Wickfield.

Observe that, in this context, the statement “If somebody is in the office, then that
person is Uriah Heep or Mr. Wickfield” would be a true statement if no one is in the
office or if just Uriah Heep or Mr. Wickfield were in the office, or even if both of them
were in the office. If three different people were in the office, however, it would not be
a true statement since at least one of them wouldn’t be Uriah Heep or Mr. Wickfield.

When we claim that every element 𝑥 ∈ 𝑋 has a particular property, we are not
claiming that 𝑋 has any elements. If 𝑋 has no elements (i.e., is the empty set), then
we say that the property is vacuously true for elements of 𝑋 . For example, let 𝑋 be
the set of all integers 𝑛 such that 0 < 𝑛 < 1. Although it’s slightly counterintuitive, we
would affirm that for every 𝑛 ∈ 𝑋 , the number 𝑛 is a multiple of 29. We would also
affirm that for every 𝑛 ∈ 𝑋 , 𝑛 is negative and that for every 𝑛 ∈ 𝑋 , 𝑛 is positive. These
statements, indeed all statements you might care to make about elements of 𝑋 , are all
true statements; however, there is nothing to apply those true statements to, since 𝑋
does not have any elements.

Definition 1.4 (Vacuously true). Statements of the form
For all 𝑥 ∈ ∅, ⟨ some statement about 𝑥 ⟩

or
If ⟨ a false statement ⟩, then ⟨ any statement whatsoever ⟩

are said to be vacuously true. That is, they are true statements, but they have
no interesting content.

We will elaborate more on why we consider vacuously true statements to be true
in Chapter 3.
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Example 1.5. Consider the statement:
For every natural number 𝑛 ∈ ℕ such that 𝑛2 < 0, we have 𝑛 > 0.

This is equivalent to the statement:

If 𝑛 ∈ ℕ has the property that 𝑛2 < 0, then 𝑛 < 0.
The first statement is vacuously true since the set {𝑛 ∈ ℕ ∶ 𝑛2 < 0} is the empty set.

The second statement is vacuously true since the statement “𝑛 ∈ ℕ has the property
that 𝑛2 < 0” is a false statement, no matter what 𝑛 is. ♦

Example 1.6. Consider the statement:
Every square with width greater than length is a triangle.

This statement is vacuously true since (by the definition of “square”) there is no
square with width greater than length. Similarly, the statement

If 𝑆 is a square with width greater than length, then 𝑆 is a triangle
is also vacuously true. ♦

Statements that are vacuously true contain no useful information. To do interest-
ing mathematics, we often have to show that a set does contain elements. Note the
difference between the next example and Example 1.3. In Example 1.3, we showed
that every element of 𝑋 did satisfy the entrance criterion for the set {1, 4}. But that does
not mean that 1 and 4 are elements of 𝑋 or even that 𝑋 has any elements at all. We
now show that 4 is an element of 𝑋 , but 1 is not.

Example 1.7. Let 𝑋 be the set whose elements are the real numbers that are solutions
to the equation 𝑥 − √𝑥 = 2. Then 4 ∈ 𝑋 and 1 ∉ 𝑋 . ♦

Proof. Let 𝑥0 = 4. Then
𝑥0 −√𝑥0 = 4 − √4 = 2.

Thus, 𝑥0 ∈ 𝑋 .
Let 𝑥1 = 1. Notice that

𝑥1 −√𝑥1 = 1 − √1 = 0 ≠ 2.
Thus, 𝑥1 ∉ 𝑋 .

Therefore, both 4 ∈ 𝑋 and 1 ∉ 𝑋 , as desired. □

Putting Examples 1.3 and 1.7 together, we see that if 𝑋 is the set whose elements
are the real numbers that are the solutions to the equation 𝑥 − √𝑥 = 2, then 𝑋 = {4}.
This follows, since Example 1.3 shows that every element of 𝑋 is also an element of
{1, 4}; Example 1.7 shows 1 ∉ 𝑋 , so actually every element of 𝑋 is also an element of
{4}. Example 1.7 also shows that 4 ∈ 𝑋 . Our (informal) definition of “set” asserts that
two sets are equal if and only if they have the same elements. Hence, 𝑋 = {4}.

Exercise 1.8. Think carefully about Examples 1.3 and 1.7. Are there any steps of the
proofs that you have no idea how to prove? What are they?
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1.3. Subsets

Pithy specificity is what we’re looking for, and we’ll know it when we
see it. Example: {raven, writing desk}. Now we’re not really asking
about this set itself. We’re asking about the set it’s a subset of.

—William Flesch5

Definition 1.9 (Subset). Suppose that 𝐴 and 𝐵 are sets. The set 𝐴 is a subset
of 𝐵 if every element of 𝐴 is also an element of 𝐵. We denote this by 𝐴 ⊂ 𝐵. If
𝐴 is a subset of 𝐵, then 𝐵 is a superset of 𝐴, and we write 𝐵 ⊃ 𝐴. 𝐴 is a proper
subset of 𝐵 if 𝐴 ⊂ 𝐵 and 𝐴 ≠ 𝐵.

Some mathematicians use 𝐴 ⊆ 𝐵 to mean that 𝐴 is a subset of 𝐵 and use 𝐴 ⊂ 𝐵 to
mean that 𝐴 is a proper subset of 𝐵. We, however, will use 𝐴 ⊊ 𝐵 to indicate that 𝐴 is
a proper subset of 𝐵.

Here are some commonly occuring sets, each of which is a subset of one of the sets
from Section 1.1.

An integer 𝑛 ∈ ℤ is even if it is a multiple of 2. That is, if there exists𝑚 ∈ ℤ such
that 𝑛 = 2𝑚, the set

2ℤ = {𝑛 ∈ ℤ ∶ 𝑛 is even }
of even integers is a subset of the integers. An integer is odd if it is not even.

A number 𝑝 ∈ ℕ is prime if 𝑝 ≠ 1 and if 𝑝 is a multiple only of itself and 1. More
formally, if 𝑝 ∈ ℕ, then 𝑝 is prime if 𝑝 ≠ 1, and if whenever𝑚, 𝑛 ∈ ℕ have the property
that 𝑝 = 𝑚𝑛, then one of𝑚, 𝑛 equals 1 and the other equals 𝑝. The set of primes

{𝑝 ∈ ℕ ∶ 𝑝 is a prime }
is a subset of of ℕ.

The unit circle in ℝ2

𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1}
is a subset of ℝ2.

Much of mathematics is concerned with subsets of the real numbers ℝ. Intervals
are particularly nice subsets of ℝ. Suppose that 𝑎, 𝑏 ∈ ℝ and 𝑎 < 𝑏. Then we define
the open intervals to be the sets

• (𝑎, 𝑏) = {𝑥 ∈ ℝ ∶ 𝑎 < 𝑥 < 𝑏}
• (𝑎,∞) = {𝑥 ∈ ℝ ∶ 𝑎 < 𝑥}
• (−∞, 𝑏) = {𝑥 ∈ ℝ ∶ 𝑥 < 𝑏}

Note that∞ is not a real number, just a symbol helping us specify certain subsets ofℝ.
We also define the closed intervals to be

• (∞, 𝑏] = {𝑥 ∈ ℝ ∶ 𝑥 ≤ 𝑏}
• [𝑎,∞) = {𝑥 ∈ ℝ ∶ 𝑎 ≤ 𝑥}
5As Flesch points out, this is a reference to a famous riddle fromAlice inWonderland. The quotation is from Set Theory

for Poets/Poetry for Set Theorists, 2019, and is used with permission. [47]
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• [𝑎, 𝑏] = {𝑥 ∈ ℝ ∶ 𝑎 ≤ 𝑥 ≤ 𝑏}
• [𝑎] = {𝑎}

We also have the intervals that are neither open nor closed:

• [𝑎, 𝑏) = {𝑥 ∈ ℝ ∶ 𝑎 ≤ 𝑥 < 𝑏}
• (𝑎, 𝑏] = {𝑥 ∈ ℝ ∶ 𝑎 < 𝑥 ≤ 𝑏}

Warning 1.3.1. Some notation is overused in mathematics. For example, out
of context we can’t tell whether (1, 2) is an element of the Cartesian planeℝ2 or
the open interval {𝑥 ∈ ℝ ∶ 1 < 𝑥 < 2}. We will have to live with this ambiguity
and rely on context to tell us which meaning to use.

One of the most common tasks in mathematics is to show that one set is a subset
of another. We begin by revisiting some earlier work.

Example 1.10 (Examples 1.3 and 1.7 revisited). Let 𝑋 denote the set whose elements
are the real number solutions to the equation 𝑥 −√𝑥 = 2. In Example 1.3, we showed
that if 𝑥 ∈ 𝑋 , then 𝑥 ∈ {1, 4}. Thus, 𝑋 ⊂ {1, 4}. In Example 1.7, we showed that 1 ∉ 𝑋 .
Thus, every element of 𝑋 is equal to 4, so 𝑋 ⊂ {4}. In Example 1.7, we also showed that
4 ∈ 𝑋 . Thus, {4} ⊂ 𝑋 . By the definition of set equality, since 𝑋 and {4} have exactly the
same elements, 𝑋 = {4}. ♦

The next example will be used (often without comment) throughout the text and
its proof is a typical example of how to show one set is a subset of another set.

Example 1.11 (Transitivity of subsets). We prove that if 𝐴 ⊂ 𝐵 and 𝐵 ⊂ 𝐶, then
𝐴 ⊂ 𝐶. ♦

Proof. Assume that 𝐴 ⊂ 𝐵 and that 𝐵 ⊂ 𝐶. We will show that 𝐴 ⊂ 𝐶.
To show that 𝐴 ⊂ 𝐶, we must show that every element of 𝐴 is also an element of

𝐶. To that end, let 𝑎 ∈ 𝐴 be arbitrary. Since 𝐴 ⊂ 𝐵, by the definition of subset, 𝑎 ∈ 𝐵.
Since 𝐵 ⊂ 𝐶, by the definition of subset, 𝑎 ∈ 𝐶. Since this is true for every element of
𝐴, the set 𝐴 is a subset of the set 𝐶. □

This type of proof is another example of an element argument. Here’s a summary
of how it works in general:

Element Argument version 2

To show: 𝑋 ⊂ 𝑌
Structure of Proof:
Assume 𝑥 ∈ 𝑋 is arbitrary.

⟨ Do a bunch of work. ⟩
Hence, 𝑥 ∈ 𝑌 . Since 𝑥 ∈ 𝑋 was arbitrary, 𝑋 ⊂ 𝑌 . □

Example 1.12. Show that the interval (2, 7) is a subset of the interval [−5, 12). ♦
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Proof. Let 𝑥 ∈ (2, 7) be arbitrary. We will show that 𝑥 ∈ [−5, 12).
By the definition of the interval (2, 7), we have 2 < 𝑥 and 𝑥 < 7. Since−5 < 2 < 𝑥,

we also have−5 < 𝑥. Hence,−5 ≤ 𝑥. Similarly, since 𝑥 < 7 < 12, we also have 𝑥 < 12.
Since−5 ≤ 𝑥 and 𝑥 < 12, we conclude that 𝑥 ∈ [−5, 12). Since 𝑥 ∈ (2, 7)was arbitrary,
(2, 7) ⊂ [−5, 12). □

The next theorem shows that every set is a subset of itself and that the empty set
is a subset of every set. As will often be the case in this book, part of the proof is done
for you and part you have to do!

Theorem 1.13. Let 𝑋 be any set. Then 𝑋 ⊂ 𝑋 and ∅ ⊂ 𝑋 .

Proof. We begin by explaining why 𝑋 ⊂ 𝑋 .

⟨ Explain why 𝑋 ⊂ 𝑋 . ⟩

We now explain why ∅ ⊂ 𝑋 . Since ∅ is the set with no elements, it is vacuously
true that every element of ∅ (there are none!) is also an element of 𝑋 . Thus, ∅ ⊂ 𝑋 . □

Warning 1.3.2. It is crucial to distinguish between elements of a set 𝑋 and
subsets of a set 𝑋 . What makes this challenging is that the English word “in” is
ambiguous: it can mean either “element of” or “subset of”. For example, the
sentence

{1, 2} is in the set 𝑋
could mean either {1, 2} ∈ 𝑋 (that is, the set {1, 2} is an element of the set 𝑋) or
{1, 2} ⊂ 𝑋 (that is, the set {1, 2} is a subset of 𝑋).

Example 1.14.
• {1, 2} is an element of the set 𝑋 = {7, 9, ∅, {1, 2}} but is not a subset of 𝑋 .
• {1, 2} is a subset of 𝑌 = {1, 2, 3, 4, 5} but is not an element of 𝑌 .
• {1, 2} is both an element and a subset of the set 𝑍 = {1, 2, {1, 2}}, but for different
reasons. ♦

Example 1.15. Let
𝒰 = {∅, {1, 2}, {1, 2, 3}, {𝑎}}.

Then 𝑎 ∉ 𝒰 but {𝑎} ∈ 𝒰. Similarly, {𝑎} ⊄ 𝒰 but {{𝑎}} ⊂ 𝒰. ♦
Exercise 1.16. Let 𝐴 = 1 and 𝐵 = {1}. Find an example of a set 𝐶 such that 𝐴 ∈ 𝐵 and
𝐵 ∈ 𝐶 but 𝐴 ∉ 𝐶.

We begin to see some of the limitations of the bag analogy for sets. If a set 𝐴 is an
element of a set 𝐵, the elements of 𝐴 may or may not be elements of the set 𝐵. If we
interpret “∈” as meaning “is inside,” we quickly run into problems since the elements
of 𝐴 will be inside 𝐴 and 𝐴 will be inside 𝐵, but the elements of 𝐴 may or may not be
inside 𝐵. The problem is not with our mathematics, but with our belief that ∈ exactly
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corresponds to our intuitive notion of what it means for one thing to be inside another
thing. When in doubt, follow the literal meanings, not the imprecise intuition. As an-
other example of this phenomenon, for single elements, we must distinguish between
an element 𝑥 and the set containing the element 𝑥, which is {𝑥}. If 𝑥 ∈ 𝑋 , it is always
the case that {𝑥} ⊂ 𝑋 , but it may or may not be the case that {𝑥} ∈ 𝑋 or that 𝑥 ⊂ 𝑋 .

Exercise 1.17. For each of the sets 𝒰 below, determine which of the following state-
ments are true. You may assume that 𝑎, 𝑏, 𝑐, 𝑑 are fixed objects (not variables) having
nothing to do with each other (so, for example, 𝑎 ≠ {𝑏}, etc.):

(i) 𝑎 ∈ 𝒰
(ii) {𝑎} ∈ 𝒰
(iii) 𝑎 ⊂ 𝒰

(iv) {𝑎} ⊂ 𝒰
(v) {𝑎, 𝑏} ∈ 𝒰
(vi) {𝑎, 𝑏} ⊂ 𝒰

(vii) {{𝑎, 𝑏}} ∈ 𝒰
(viii) {{𝑎, 𝑏}} ⊂ 𝒰
(ix) {𝑎, 𝑏, 𝑐, 𝑑} ⊂ 𝒰

(1) 𝒰 = {𝑎, 𝑏, {𝑐, 𝑑}}

(2) 𝒰 = {𝑐, 𝑑, {𝑎, 𝑏}}

(3) 𝒰 = {𝑎, 𝑏, {𝑎, 𝑏}}

(4) 𝒰 = {𝑎, {𝑎}, 𝑏, {𝑏}}

(5) 𝒰 = {{𝑎, 𝑏}}
(6) 𝒰 = {{𝑎}, {𝑏}, {𝑎, 𝑏}}
(7) 𝒰 = {{{𝑎}}, {𝑏}, {{𝑎}, 𝑏}}

(8) 𝒰 = {{𝑎}, {𝑎, 𝑏}, {{𝑎}}, {{𝑎, 𝑏}}}

1.4. Sets whose elements are sets

. . . and they four had one form, and their fashion and their work was
as one wheel in another wheel.

—The prophet Ezekiel6

In the previous section, we saw examples of sets, some ofwhose elementswere also
sets. Those examples were not very interesting, however, because they were created to
make a point rather than arising in a natural setting. But it is the case that many sets in
mathematics have elements that are sets. We will often denote such sets with a capital
letter in a script typeface, such as 𝒜, ℒ, or 𝒞.

Example 1.18. For each natural number 𝑞, let

𝑞ℕ = {𝑎 ∈ ℕ ∶ there is an𝑚 ∈ ℕ s.t. 𝑎 = 𝑚𝑞}

be the set whose elements are all the natural numbers which are multiples of 𝑞. The
set

𝒜 = {𝑞ℕ ∶ 𝑞 ∈ ℕ}
is an example of a set whose elements are sets. One of its elements is the set of all
multiples of 5. That is,

{5, 10, 15, 20, . . .} ∈ 𝒜. ♦

6This can be found in Ezekiel 1:16 in the 1599 Geneva translation of the Bible. The expression “wheels within wheels”
means “things are complicated”. It’s used most effectively by P.G. Wodehouse’s character Monty Bodkin [138].
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Remark 1.19. Wehave remarked before on the necessity of keeping straight the differ-
ence between elements and subsets. Example 1.18 provides a good opportunity to test
our observational powers. Notice that, while ∅ ⊂ 𝒜 because the empty set is a subset
of every set, ∅ ∉ 𝒜 because none of the sets 𝑞ℕ is the empty set.

Example 1.20. Let 𝑋 be a set. Then
𝒫(𝑋) = {𝐴 ∶ 𝐴 ⊂ 𝑋}

is the set such that 𝐴 ∈ 𝒫(𝑋) if and only if 𝐴 ⊂ 𝑋 . The set 𝒫(𝑋) is called the power
set of 𝑋 . We study it more in Section 5.5. ♦

Example 1.21. Let
𝒪 = {(𝑎, 𝑏) ∶ 𝑎 < 𝑏}

be the set of bounded open intervals in ℝ. That is, 𝐼 ∈ 𝒪 if and only if there exist
𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏 such that 𝐼 = (𝑎, 𝑏). Clearly, each element of 𝒪 is also a set. ♦

Example 1.22. For each𝑚 ∈ ℝ, let
𝐿𝑚 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 = 𝑚𝑥}

be the line in ℝ2 through the origin having slope𝑚. The set
ℒ = {𝐿𝑚 ∶ 𝑚 ∈ ℝ}

is the set such that 𝜆 ∈ ℒ if and only if 𝜆 is a nonvertical line inℝ2 passing through the
origin. Each element ofℒ is a subset ofℝ2. (But of course7 not every subset ofℝ2 is an
element of ℒ, since not every subset of ℝ2 is a line.) ♦

Exercise 1.23. For each of Examples 1.20, 1.21, and 1.22 consider whether or not ∅ is
an element of the set or is only a subset of the set.

We often need to refer to elements of a set using particular labels. We refer to the
set of labels as the index set. For instance, in Example 1.22 the setℝ is an index set for
the setℒ of nonvertical lines in ℝ2. This is because each element 𝐿𝑚 ∈ ℒ corresponds
to the real number 𝑚 ∈ ℝ and each real number 𝑚 ∈ ℝ corresponds to an element
𝐿𝑚 ∈ ℒ. Here are some more examples. We generally won’t make too big a deal out of
index sets—they simply provide a convenient way of referencing elements from a set
we care about. We will often use Λ to refer the index set and 𝜆 to refer to an index (or
label). As is our tendency in mathematics, we will sometimes use symbols other than
Λ, 𝜆, and 𝐴𝜆. What matters is the role each symbol plays, not what it looks like.

Example 1.24. Let 𝑋 = { 1𝑛 ∶ 𝑛 ∈ ℕ}. That is,

𝑋 = {1, 12 ,
1
3 , . . . }.

Then ℕ is an index set for 𝑋 , since each natural number 𝑛 ∈ ℕ corresponds to some
element (namely 1/𝑛) of 𝑋 and each element of 𝑋 corresponds to some element of
ℕ. ♦

7The phrase “of course” can be off-putting to some people. Whenever you see it in a mathematical text, the author is
trying to indicate that you shouldn’t have to think very hard about why the statement is true. Typically, however, you have
to think some! After you figure out whether the statement is true, it’s usually worth considering whether you agree with
the author that it didn’t require very much thought.
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Example 1.25. Let 𝑝1 = 2, 𝑝2 = 3, and 𝑝3 = 5. Then the set Λ = {1, 2, 3} is an index
set for the set

𝑋 = {𝑝1, 𝑝2, 𝑝3} = {2, 3, 5}. ♦

Example 1.26. Let 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1} be the unit circle. Let 𝑥𝜃 be the
point at the counter-clockwise angle 𝜃 radians from (1, 0). Then

𝑆1 = {𝑥𝜃 ∶ 𝜃 ∈ [0, 2𝜋)},
so [0, 2𝜋) is an index set for 𝑆1. ♦

We’ve intentionally been somewhat vague about what an index set for a set 𝑋 is.
The essential requirement is that each element 𝜆 of the index set Λ corresponds to
exactly one element of 𝑋 and every element of 𝑋 has at least one corresponding label
𝜆 ∈ Λ. Thus, the set [0, 2𝜋] is also an index set for 𝑆1, but in this case 𝜃 = 0 and 𝜃 = 2𝜋
correspond to the same element of 𝑆1. Similarly, we could also use ℝ as an index set,
since for each 𝜃 ∈ ℝ, there is exactly one corresponding element 𝑥𝜃 ∈ 𝑆1 (the point
at angle 𝜃 radians from (1, 0)) and if 𝑥 ∈ 𝑆1, then there exists some 𝜃 ∈ ℝ such that
𝑥 = 𝑥𝜃.

We will often use index sets for sets whose elements are also sets. Example 1.22
was one such example (since a line is a subset of ℝ2). Here are some more.

Example 1.27. For each 𝑞 ∈ ℕ, let
𝐴𝑞 = 𝑞ℕ = {𝑎 ∈ ℕ ∶ there is an𝑚 ∈ ℕ s.t. 𝑎 = 𝑚𝑞}

be the set whose elements are all the natural numbers that are multiples of 𝑞. Let
𝒜 = {𝐴𝑞 ∶ 𝑞 ∈ ℕ}.

Notice that for each 𝑞 ∈ ℕ, the set 𝐴𝑞 has the label 𝑞 and that 𝒜 consists precisely of
those sets which have such a label. Thus ℕ is an index set for 𝒜. ♦

Example 1.28. Let 𝒪 be the set of open intervals of length 2 in ℝ. For 𝑟 ∈ ℝ, let
𝐴𝑟 = (𝑟 − 1, 𝑟 + 1). We claim that ℝ is an index set for 𝒪. To see this, observe that
each 𝑟 ∈ ℝ, the interval 𝐴𝑟 is an element of 𝒪. On the other hand, if (𝑎, 𝑏) ∈ 𝒪 is an
open interval of length 2, we can define 𝑟 = (𝑎 + 𝑏)/2. In which case, 𝐴𝑟 = (𝑎, 𝑏). This
makes ℝ into an index set for 𝒪, since each 𝑟 ∈ ℝ corresponds to an element of 𝒪 and
every element of 𝒪 has a corresponding 𝑟 ∈ ℝ. ♦

Our final example will show up again in the next chapter.

Example 1.29. An oriented line in ℝ2 is a line, together with a direction (or arrow)
on it. Each oriented line has a left side and a right side, which is a half-plane to the
left or right of the line. Keeping the line the same but switching the direction changes
the left side into the right side and the right side into the left side. Let Λ be the set of
oriented lines in ℝ2. For each 𝜆 ∈ Λ, let 𝑅(𝜆) be its right side. See Figure 1.2 for an
example. Then the set

ℋ = {𝑅(𝜆) ∶ 𝜆 ∈ Λ}
of half-planes is indexed by Λ. ♦
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λ

R(λ)

Figure 1.2. An example of a half-plane indexed by the oriented line bounding it.

1.5. Proving set equality

A tautology seems obvious, but like a rose, it is not.
—Elizabeth Willis8

We will often have to show that two sets are equal. From our initial definition, we
know that two sets 𝐴 and 𝐵 are equal if every element of 𝐴 is also an element of 𝐵 and
every element of 𝐵 is also an element of 𝐴. This gives us the basic outline for how to
show two sets are equal.

Proving Set Equality

To show: 𝐴 = 𝐵 where 𝐴 and 𝐵 are sets.
Structure of Proof:
Claim 1: 𝐴 ⊂ 𝐵.
Assume 𝑎 ∈ 𝐴. We will show 𝑎 ∈ 𝐵.

⟨ Do it! ⟩
Claim 2: 𝐵 ⊂ 𝐴.
Assume 𝑏 ∈ 𝐵. We will show 𝑏 ∈ 𝐴.

⟨ Do it! ⟩
Since 𝐴 ⊂ 𝐵 and 𝐵 ⊂ 𝐴, we have shown 𝐴 = 𝐵. □

Example 1.30. Let𝑋 be the set whose elements are the real numbers that are solutions
to the equation 𝑥2 − 1 = 0. Then 𝑋 = {−1,+1}. ♦

Proof. We begin by showing 𝑋 ⊂ {−1,+1}.
Assume 𝑥 ∈ 𝑋 . Wewill show that 𝑥 ∈ {−1,+1}. By the definition of𝑋 , this implies

𝑥2−1 = 0. Basic algebra shows that (𝑥−1)(𝑥+1) = 0. The product of two real numbers
8A tautology is a statement that is true, simply by virtue of its logical form. Informally, it means saying the same thing

twice in different words. The quotation is from Alive: New and Selected Poems by Elizabeth Willis. Published by New York
Review of Books, April 14, 2015. ©2015 by Elizabeth Willis. Used with permission.
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is zero if and only if one of them is zero. Therefore, either (𝑥 − 1) = 0 or (𝑥 + 1) = 0.
Consequently, either 𝑥 = −1 or 𝑥 = +1. Thus, 𝑥 ∈ {−1,+1}.

Next we show that {−1, +1} ⊂ 𝑋 . Let 𝑦 ∈ {−1,+1}. We will show that 𝑦 ∈ 𝑋 .
Either 𝑦 = −1 or 𝑦 = +1. If 𝑦 = −1, we have

𝑦2 − 1 = (−1)2 − 1 = 0.
By the definition of 𝑋 , this implies that 𝑦 ∈ 𝑋 .

On the other hand, if 𝑦 = +1, then we have
𝑦2 − 1 = (1)2 − 1 = 0.

Again, by the definition of 𝑋 , we have 𝑦 ∈ 𝑋 . Since, no matter which 𝑦 ∈ {−1,+1} we
choose, we have 𝑦 ∈ 𝑋 , we conclude that {−1, +1} ⊂ 𝑋 .

Since {−1, +1} ⊂ 𝑋 and 𝑋 ⊂ {−1,+1}, we know that 𝑋 = {−1,+1}. □

Remark 1.31. Our definition of set equality has the interesting consequence that all
that matters is whether or not a particular element is an element of the set, not where
it lives in the set or how many times it appears when we represent the set. Because of
this, people often say that each element of a set appears in a set only once and that the
order of elements in a set doesn’t matter.

Example 1.32. We have {1, 2, 3} = {2, 3, 1}, since the sets have exactly the same ele-
ments. ♦

Example 1.33. We have {1, 1, 2, 3} = {1, 2, 3} since the sets have exactly the same ele-
ments. In particular, 1 ∈ {1, 1, 2, 3} and 1 ∈ {1, 2, 3}; 2 ∈ {1, 1, 2, 3} and 2 ∈ {1, 1, 2, 3};
and 3 ∈ {1, 1, 2, 3} and 3 ∈ {1, 2, 3}. Furthermore, neither {1, 1, 2, 3} nor {1, 2, 3} have
any elements besides 1, 2, and 3. ♦

1.6. Uniqueness of certain elements

“A Tour of the World in Eighty Days” is perhaps one of the most unique of
the many unique novels that have emanated from the unique pen of that
most unique of French Novelists, Jules Verne.

—Advertisement in The Lawrence Gazette, December 26, 1889

We have seen how element arguments can be used to show that some particular
element 𝑥 exists as an element of a set 𝑋 . Often paired with the question of whether
or not 𝑥 exists as an element of a certain set is the question of whether or not 𝑥 is the
unique element of the set, or is the unique element of the set with a given property.
More precisely, for a given property 𝑃, we say that 𝑥 ∈ 𝑋 is the unique element of 𝑋
with property 𝑃 if 𝑥 has property 𝑃, and whenever 𝑦 ∈ 𝑋 also has property 𝑃, then
𝑦 = 𝑥. In Figure 1.3, there is a unique fish swimming from right to left.

We won’t be able to do any really interesting examples until we have developed
more mathematics, but here is an initial example of how to write a uniqueness argu-
ment. As you read this, consider what work went into creating the proof before it was
written down. Does thewritten proof give any indication of how it was created? What’s
your view on whether that makes it good or bad writing?
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Figure 1.3. There exists a unique fish swimming from right to left.

Theorem 1.34. There is a unique element (𝑥0, 𝑦0) ∈ ℝ2 such that 𝑦0 = 2𝑥0 and
𝑦0 = 𝑥0 + 1.

Proof. We first present the element (𝑥0, 𝑦0) ∈ ℝ2 such that 𝑦0 = 2𝑥0 and 𝑦0 = 𝑥0+1.
We then prove that it is the unique element with that property.

Let 𝑥0 = 1 and let 𝑦0 = 2. Observe that (𝑥0, 𝑦0) ∈ ℝ2 has the property that
𝑦0 = 2 = 2 ⋅ 1 = 2𝑥0

and
𝑦0 = 2 = 1 + 1 = 𝑥0 + 1.

Thus, such an element (𝑥0, 𝑦0) ∈ ℝ2 exists.
Now suppose that (𝑥, 𝑦) ∈ ℝ2 is an element such that 𝑦 = 2𝑥 and 𝑦 = 𝑥 + 1. We

will show that (𝑥, 𝑦) = (𝑥0, 𝑦0). By algebra, we have
2𝑥 = 𝑥 + 1.

Subtracting 𝑥 from both sides gives
𝑥 = 1 = 𝑥0.

Since 𝑦 = 2𝑥, we also have 𝑦 = 2(1) = 𝑦0. Thus, (𝑥, 𝑦) = (𝑥0, 𝑦0). Consequently (1, 2)
is the unique element of ℝ2 satisfying 𝑦 = 2𝑥 and 𝑦 = 𝑥 + 1. □

In our proof, it is natural to wonder where the choice of 𝑥0 = 1 and 𝑦0 = 2 at
the beginning came from. The answer is that prior to writing the proof we worked the
algebra out on scratch paper. The algebra suggests that the unique element should be
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(1, 2), andwe then verify that it works. Whenwewrite the proof up formally, the reader
does not need to see the scratch work. On the other hand, it is kinder to the reader to
give some indication of how the answer was obtained; that exposition, however, is not
part of the proof and does not affect whether or not the proof is correct.

The typical outline for proving uniquess is as follows.

Proof of Uniqueness (version 1)

To show: The element 𝑎 ∈ 𝑋 is the unique element of 𝑋 satisfying property 𝑃.
Structure of Proof: First, we show that 𝑎 has the property 𝑃.

⟨ Do work to show that 𝑎 has property 𝑃. ⟩
Now we show there is a unique element of 𝑋 satisfying property 𝑃. Assume
that 𝑦 ∈ 𝑋 and 𝑧 ∈ 𝑋 both have property P.

⟨ Show that 𝑦 = 𝑧. ⟩ □

Alternatively, in the final step, we could simply show that if 𝑦 ∈ 𝑋 has property 𝑃,
then 𝑦 = 𝑎. We will discuss another way of proving uniqueness in Section 4.5.

1.7. Additional exercises

Do you often come across people for whom, all their lives, a “sub-
ject” remains a “subject”, divided by watertight bulkheads from all
other “subjects”, so that they experience very great difficulty in mak-
ing an immediate mental connection between let us say, algebra and
detective fiction, sewage disposal and the price of salmon—or, more
generally, between such spheres of knowledge as philosophy and eco-
nomics, or chemistry and art?

—Dorothy L. Sayers9

Here are some additional chances to begin learning how to write a proof by adapt-
ing proofs you’ve already encountered. As a reminder, the algebra involved in these
exercises is intended to be relatively easy. The key point is that you are now supposed
to frame the algebra with sentences explaining what you’re doing and how that is rele-
vant to what you are supposed to prove. When you write down your proofs, be sure to
get the structure of the proof correct.

(1) (See Section 1.2.) Let 𝑋 be the set whose elements are all pairs of real numbers
(𝑥, 𝑦) such that 𝑦 = 𝑥(𝑥 − 2)(𝑥 + 2) and 𝑥 = 𝑦3 − 28𝑦/3. Prove that (−1, 3) ∈ 𝑋
and (1, −3) ∈ 𝑋 .

(2) (See Section 1.2.) Let 𝑋 be the set of pairs of real numbers (𝑥, 𝑦) that are solutions
to both the equation𝑥2+𝑦2 = 1 and the equation𝑥2−𝑦2 = 1. Prove that (1, 0) ∈ 𝑋
and (−1, 0) ∈ 𝑋 .

9Dorothy L. Sayers (1893–1957) was a mystery writer, poet, and translator. The quotation is from The Lost Tools of
Learning by Dorothy L. Sayers (Methuen & Co., 1947), reproduced by permission of David Higham Associates.
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(3) (See Section 1.2.) Let 𝑋 be the set of pairs of real numbers (𝑥, 𝑦) that are solutions
to both the equations 𝑥2 + 𝑦2 = 1 and 𝑥2 − 𝑦2 = 1. Prove that (𝑥, 𝑦) of 𝑋 is either
(1, 0) or (−1, 0). Combined with the previous exercise, this shows that (𝑥, 𝑦) ∈ 𝑋
if and only if (𝑥, 𝑦) = (1, 0) or (𝑥, 𝑦) = (−1, 0).

(4) (See Section 1.2.) It is a fact that if 𝑥 is an odd integer, then there exists an integer
𝑛 such that 𝑥 = 2𝑛+1. Let𝕆 denote the set of odd integers. Use the fact to prove
that if 𝑥 ∈ 𝕆, then 𝑥2 is one more than a multiple of 4.

(5) (See Sections 1.2 and 1.3.) Let 𝐶2 be the set of all functions 𝑓∶ ℝ → ℝ that
have continuous second derivatives.10 Letℋ ⊂ 𝐶2 be the subset of all functions
𝑓∶ ℝ → ℝ with the property that 𝑓″(𝑥) = −4𝑓(𝑥) for all 𝑥 ∈ ℝ. (This is an
example of a differential equation describing “simple harmonicmotion”. It shows
up as a simple mathematical model of how a mass on a spring might move.)

For arbitrary 𝐴, 𝐵 ∈ ℝ, let 𝑔∶ ℝ → ℝ be the function defined by 𝑔(𝑥) =
𝐴 sin(2𝑥) + 𝐵 cos(2𝑥). Explain why 𝑔 ∈ ℋ.

(6) (See Section 1.3.) Explain why ∅ is a subset of every set but is not an element of
every set.

(7) (See Section 1.3.) Let 6ℤ = {𝑛 ∈ ℤ ∶ there exists𝑚 ∈ ℤ s.t. 𝑛 = 6𝑚}. Let
3ℤ = {𝑛 ∈ ℤ ∶ there exists𝑚 ∈ ℤ s.t. 𝑛 = 3𝑚}. Prove that 6ℤ ⊂ 3ℤ.

(8) (See Section 1.3.) Let 𝑆 be the set of real numbers that are solutions to the equation

𝑥 + 2 = 𝑥2 + 𝑥 − 2
𝑥 − 1 .

Let 𝑌 be the set of real numbers that are not equal to 1. Prove that 𝑆 ⊂ 𝑌 .
(9) (See Section 1.3.) Let 𝑆 be the set of real numbers that are solutions to the equation

𝑥 + 2 = 𝑥2 + 𝑥 − 2
𝑥 − 1 .

Let 𝑌 be the set of real numbers that are not equal to 1. Prove that 𝑌 ⊂ 𝑆.
(10) (See Exercise 1.17.) For each of the sets𝒰 below, determine if the following state-

ments are true. You may assume that 𝑎, 𝑏, 𝑐, 𝑑 are fixed objects (not variables)
having nothing to do with each other (so, for example, 𝑎 ≠ {𝑏}, etc.).

(i) 𝑎 ∈ 𝒰
(ii) {𝑎} ⊂ 𝒰
(iii) {𝑎} ∈ 𝒰

(iv) {{𝑎}} ⊂ 𝒰
(v) {{𝑎}} ∈ 𝒰
(vi) {𝑎, 𝑏} ⊂ 𝒰

(vii) {𝑎, 𝑏} ∈ 𝒰

(a) 𝒰 = {𝑎, {𝑎}, 𝑏, {𝑏}, {𝑎, 𝑏}}
(b) 𝒰 = {{𝑎, 𝑏}, {𝑎, {𝑏}}}
(c) 𝒰 = {{𝑏, 𝑎}, {𝑎, {𝑎}}}

(d) 𝒰 = {𝑎, 𝑏, {{𝑎}, {𝑏}}}
(e) 𝒰 = {{𝑎}, {{𝑎}}}

(11) (See Section 1.4.) Write down a set 𝒞 such that 𝑠 ∈ 𝒞 if and only if 𝑠 is a circle in
ℝ2 centered at the origin.

10The notation 𝑓∶ ℝ → ℝmeans that 𝑓 is a function with a graph that can be described as 𝑦 = 𝑓(𝑥) where both 𝑥
and 𝑦 are real numbers. These are the sorts of functions you studied in calculus.
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(12) (See Section 1.4.) Write down a set 𝒜 such that 𝑍 ∈ 𝒜 if and only if 𝑍 is an open
interval in ℝ.

(13) (See Section 1.4.) Give an example of a set 𝒩 such that ∅ ∈ 𝒩 and whenever
𝑋 ∈ 𝒩, then {𝑋} ∈ 𝒩.

(14) (See Section 1.4.) Give an example of a set 𝒬 such that all of the following hold:
(a) If 𝐴 ∈ 𝒬, then 𝐴 ⊂ ℕ.
(b) Every element 𝐴 ∈ 𝒬 has exactly three elements.
(c) For every element 𝑛 ∈ ℕ, there exists exactly one 𝐴 ∈ 𝒬 such that 𝑛 ∈ 𝐴.
The set𝒬 is an example of a partition ofℕ. We’ll discuss partitionsmore in Section
7.2.

(15) (See Section 1.4.) Let 𝑋 be a set and let 𝒮 = {{𝑥} ∶ 𝑥 ∈ 𝑋}. Explain why 𝑋 is an
index set for 𝒮.

(16) (See Section 1.4.) Let 𝒞 be the set of circles of radius 1 which are subsets of ℝ2.
Find an index set for 𝒞.

(17) (See Section 1.4.) Suppose that 𝒜 is a set such that every element of 𝒜 is a set.
Explain why𝒜 is an index set for itself.

(18) (See Section 1.5.) Let 𝑆 be the set of real numbers which are solutions to the
equation

𝑥 + 2 = 𝑥2 + 𝑥 − 2
𝑥 − 1 .

Let 𝑌 be the set of real numbers which are not equal to 1. Prove that 𝑆 = 𝑌 . (You
may appeal to previously proved results.)

(19) (See Section 1.5.) Let 𝐴 be the set of elements (𝑥, 𝑦) ∈ ℝ2 such that both 𝑦 = 𝑥2

and 𝑦 = 𝑥(𝑥 − 1)(𝑥 + 1). Let 𝐵 = {(0, 0), ( 1+√52 , 3+√52 ), ( 1−√52 , 3−√52 )}. Prove that
𝐴 = 𝐵.

(20) (See Section 1.5.) Let 𝑍 be the set of real numbers which are elements of both the
interval (2, 8) and the interval (5, 21). Prove that 𝑍 = (5, 8).

(21) (See Section 1.5.) Let 𝐶1 be the set of all functions 𝑓∶ ℝ → ℝ which have con-
tinuous first derivatives. Let ℱ ⊂ 𝐶1 be the subset of all functions 𝑓∶ ℝ → ℝ
with the property that 𝑓′(𝑥) = −4𝑓(𝑥) for all 𝑥 ∈ ℝ. (This is an example of a
differential equation describing “exponential decay”.)

Let ℰ be the set of all functions 𝑔𝐴 ∶ ℝ → ℝ defined by 𝑔(𝑥) = 𝐴𝑒−4𝑥 for
some 𝐴 ∈ ℝ and all 𝑥 ∈ ℝ. Explain why ℱ = ℰ.

(22) (See Section 1.6.) Let 𝐴 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 = 5𝑥}. Let 𝐵 = {(𝑥, 𝑦) ∈ ℝ2 ∶
𝑦 = 3𝑥 − 6}. Prove that there is a unique element of ℝ2 which is an element of
both 𝐴 and 𝐵.

(23) (See Section 1.6.) Fix some 𝑟 > 0. Let 𝐷 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2+𝑦2 ≤ 𝑟2} be the disc
in ℝ2 centered at the origin and having radius 𝑟. Let

𝐿 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 = −√3𝑥 + 2𝑟}.
Prove that there is a unique element of ℝ2 which is an element of both 𝐷 and 𝐿.





Chapter 2

Sets with Structure

Now, each structure carries with it its own language, freighted with spe-
cial intuitive references derived from the theories from which the axiomatic
analysis . . .has derived the structure. And, for the research worker who sud-
denly discovers this structure in the phenomena which [they are] studying,
it is like a sudden modulation which orients at one stroke in an unexpected
direction the intuitive course of [their] thought, and which illumines with a
new light the mathematical landscape . . . .

—Nicholas Bourbaki1

Key Concepts

Given an axiom system similar to the axioms for a group, metric space, or nat-
ural number system,

• be able to show that a given set satisfies the axioms;
• be able to use the axioms to prove theorems applicable to any set satisfying
the axioms.

Each branch of mathematics has sets of particular interest to that branch. For
example, the sets of numbers ℤ andℚ are of primary interest to number theorists, and
the three-dimensional space ℝ3 is of particular interest to geometers. What makes
each of these sets interesting, however, is how the elements of the set relate to each
other. For ℤ and ℚ, numbers are related to each other by addition and multiplication
(for instance). Inℝ3, elements are related to each other by how far apart they are from
each other. In this chapter, we’ll explore four examples of setswith additional structure.
Two of these structures (group axioms and natural number systems) aremodeled on the

1Nicholas Bourbaki was the pseudonym for a mathematics collective that had an enormous impact, both positive and
negative, onmathematics andmathematics education. Quotation fromNicholas Bourbaki, “TheArchitecture ofMathemat-
ics”,Amer. Math. Monthly (1950). ©Mathematical Association of America, 2023. All rights reserved. Usedwith permission.
[20]

23
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addition of integers. Another (metric space) is modeled on notions of distance. We also
explore networks (which we call graphs). These examples will recur throughout the
text.

For each example, we present a list of properties called axioms. Historically, an
axiomwas a statement that was accepted to be true, without the need for proof. More
recently, the word axiom is used to describe a property that may or may not hold for a
particular set. A collection of axioms can be thought of as a list of essential features.
Any theorem whose proof uses only those features applies to any object having those
features.

Warning 2.0.1. When you first read the definitions of group, metric space,
graph, and natural number system given below you will likely feel rather lost.
That’s okay! Only by jumping in and working through our unease can we get
to the point where we can internalize abstract definitions. We haven’t yet care-
fully discussed logic or proof structures, so your proofs of the theorems below
will almost certainly be incomplete and unsatisfactory. You should revisit your
proofs of these theorems again after working through the later chapters.

2.1. Groups

We try to get natural problems from the physicalworld, butwe also try
to create problems based on the development of our understanding of
nature. It’s like an artist who paints a picture. Some of the pictures are
realistic and you can see the world. But an artist can also see nature
and create an image related to it in an abstract way. We do that, too.

— Shing-Tung Yau2

2Shing-Tung Yau is one of the foremost differential geometers of the 20th and early 21st centuries. The quotation is
from [30] by Cook, Mariana,Mathematicians: An outer view of the inner world, American Mathematical Society, 2009. Used
by permission of the author.
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The notion of a group, our first example of a set with additional structure, is cho-
sen because there are very few axioms, and the axioms capture some of the behavior
of the familiar operations of addition, multiplication, and function composition. The
hope is that groups are unfamiliar enough so that you’ll see the need for abstract ap-
proaches, but close enough to familiar objects that you can draw on your previousmath
experience to explore them. In Section 2.5, we see how groups are used to describe
symmetries of geometric objects.

Definition 2.1 (Axioms for a group𝐺). Aset𝐺, togetherwith an element 𝟙 ∈ 𝐺
(called the identity of the group) and a way (denoted ∘) of combining elements
of the set, is a group if the following hold:
(G1) Closure. For every 𝑎 ∈ 𝐺 and 𝑏 ∈ 𝐺 there is a some element 𝑐 ∈ 𝐺 such

that 𝑐 = 𝑎 ∘ 𝑏. Furthermore, this combination is unique. In other words,
if 𝑎 = 𝑎′ and 𝑏 = 𝑏′, then

𝑎 ∘ 𝑏 = 𝑎′ ∘ 𝑏′.
(G2) Identity. The following hold.

• For every 𝑎 ∈ 𝐺, 𝑎 ∘ 𝟙 = 𝑎.
• For every 𝑎 ∈ 𝐺, 𝟙 ∘ 𝑎 = 𝑎.

(G3) Inverses. For every 𝑎 ∈ 𝐺 there exists 𝑏 ∈ 𝐺 (traditionally denoted 𝑎−1)
such that the following hold.
• 𝑎 ∘ 𝑏 = 𝟙.
• 𝑏 ∘ 𝑎 = 𝟙.

(G4) Associativity. For every 𝑎, 𝑏, 𝑐 ∈ 𝐺,
(𝑎 ∘ 𝑏) ∘ 𝑐 = 𝑎 ∘ (𝑏 ∘ 𝑐).

Before we begin exploring groups, we should observe that, given the definition, we
could try to do any of the following.

(1) Prove that certain choices of set 𝐺 and operation ∘ are examples of groups. Doing
this will help us mentally connect the abstract definition of a group with concrete
examples we’ve worked with before.

(2) Prove that certain choices of set𝐺 and operation ∘ are not examples of groups. Doing
this will help us know the limitations of the abstract definition.

(3) Prove theorems about groups, using only logic and the properties in Definition 2.1.
Doing this will provide true facts pertaining to any set 𝐺 and operation ∘ that are
groups, not just our favorite well-known ones.

(4) Find applications of group theory, either inside or outside of mathematics. This will
show the usefulness of group theory and requires us to understand the extent to
which group theory is appropriate for studying whatever it is we want to study.

In this section, we will get just a taste of tasks (1), (2), and (3). In future sections,
we will see some examples of (4).
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2.1.1. Examples and nonexamples of groups. It is crucial when discussing a
set 𝐺 that is (potentially) a group to specify not just what the set 𝐺 is but also the oper-
ation ∘. In the definition, the symbols 𝐺 and ∘ are not important—what is important
are their roles. In particular examples, the set might be denoted 𝑋 ,𝐺′,𝑄, or something
else, and the operation might be denoted +, ⋅, ⊕, ∗, or something else. Likewise, al-
though we are denoting the identity by 𝟙, even when 𝐺 is a set of numbers, 𝟙 need not
be the number one. On the other hand, when we are proving theorems that apply to
any group, we do not need specify𝐺, 𝟙, and ∘ precisely, since we aremaking statements
that apply no matter what 𝐺, 𝟙, and ∘ are (as long as they form a group.)

Notice that each of the axioms claims something along the lines of “For every 𝑎 ∈
𝐺” (or “every 𝑎 ∈ 𝐺 and 𝑏 ∈ 𝐺”, etc.). If the axiom holds, we can replace the 𝑎with any
other symbol representing an element of 𝐺. For example, it turns out that the integers
ℤ with addition + and identity equal to the number 0 is a group. If we set 𝑎 = 5 and
𝑏 = 7, Axiom (G2) guarantees that 𝑎+ 0 = 𝑎, (that is, 5+ 0 = 5), but it also guarantees
that 𝑏 + 0 = 𝑏 (that is, 7 + 0 = 7).

To show that a set 𝐺 with an identity 𝟙 and an operation ∘ is a group, we must
explain why (G1)–(G4) all hold. Axiom (G4) is usually themost irritating to verify and,
in this text, we will sometimes omit the proofs showing that axiom holds. To show that
a set 𝐺 with an operation ∘ is not a group, we must show that at least one of (G1)–(G4)
does not hold.

Example 2.2. For each of the following examples, verify that axioms (G1), (G2), and
(G3) hold.

• ℤ,ℚ, and ℝ, each with operation + and identity 0.
• ℝ ⧵ {0} (all real numbers except 0) with multiplication ⋅ as the operation and the
number 1 as the identity.

• The set {0, 1}with the operation+ defined by 0+0 = 1+1 = 0 and 0+1 = 1+0 = 1
and number 0 as the identity.

• More generally, for a given 𝑛 ∈ ℕ, let ℤ𝑛 = {0, 1, . . . , 𝑛 − 1} with an operation ∘
defined by letting 𝑎∘𝑏 be the remainder of (𝑎+𝑏)when divided by 𝑛. The identity
is the number 0. ♦

Exercise 2.3. For each of the following examples, determine which of (G2), (G3), or
(G4) do not hold. For each axiom which does not hold, specify particular elements of
the group that do not satisfy the equations in that axiom.

• {0, 1, 2, . . .} with operation + and identity 𝟙 = 0.
• ℝ with operation ⋅ (multiplication) and identity 𝟙 = 1.
• ℚ ⧵ {0} (all rational numbers except 0) with operation ÷ (division) and identity
𝟙 = 1.

Here are some more advanced examples of groups, each is important in linear al-
gebra.
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Example 2.4. Let 𝑀2(ℝ) be the set of all 2 × 2 arrays of real numbers. That is, 𝑀 ∈
𝑀2(ℝ) if and only if there are 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ such that

𝑀 = (𝑎 𝑏
𝑐 𝑑) .

We define an operation, denoted +, on𝑀2(ℝ) by defining

(𝑎 𝑏
𝑐 𝑑) + (𝑒 𝑓

𝑔 ℎ) = (𝑎 + 𝑒 𝑏 + 𝑓
𝑐 + 𝑔 𝑑 + ℎ) .

Then𝑀2(ℝ) with the operation + is a group having (0 0
0 0) as the identity. ♦

Example 2.5. Let 𝐺𝐿2(ℝ) be the set of all (
𝑎 𝑏
𝑐 𝑑) ∈ 𝑀2(ℝ) such that 𝑎𝑑 − 𝑏𝑐 ≠ 0.

Define

(𝑎
′ 𝑏′
𝑐′ 𝑑′) ⋅ (

𝑎 𝑏
𝑐 𝑑) = (𝑎

′𝑎 + 𝑏′𝑐 𝑎′𝑏 + 𝑏′𝑑
𝑐′𝑎 + 𝑑′𝑐 𝑐′𝑏 + 𝑑′𝑑) .

Then 𝐺𝐿2(ℝ) is a group3 with operation ⋅ and identity 𝟙 = (1 0
0 1). ♦

Exercise 2.6. Verify that𝐺𝐿2(ℝ) is a group by showing it satisfies all the group axioms.
Also if 𝑇 = (𝑎 𝑏

𝑐 𝑑), find 𝑇
−1 in terms of 𝑎, 𝑏, 𝑐, 𝑑.

Exercise 2.7. Let 𝑆𝐿2(ℤ) be the set of all (
𝑎 𝑏
𝑐 𝑑) ∈ 𝐺𝐿2(ℝ) such that 𝑎, 𝑏, 𝑐, 𝑑 are

integerswith 𝑎𝑑−𝑏𝑐 = 1. Define ⋅ and identity as in Example 2.5. Adapt your solution
to Exercise 2.6 to show that 𝑆𝐿2(ℤ) is a group.4

2.1.2. Two theorems about groups. The next two theorems concern the
uniqueness of the identity and the uniqueness of inverses in a group. Note how the
phrasing of the theorems parallels the definition of uniqueness given in Section 1.6.
Be sure to structure your proofs of these theorems accordingly. The first proof is set up
for you.

Theorem2.8 (Uniqueness of identity). Suppose that𝐺 is a groupwith operation
∘ and identity 𝟙. Suppose that 𝑎 ∈ 𝐺. If 𝑥 is an element such that 𝑎 ∘ 𝑥 = 𝑎 or
𝑥 ∘ 𝑎 = 𝑎, then 𝑥 = 𝟙.

Proof. Assume that 𝐺 is a group with operation ∘ and identity 𝟙. Suppose, also, that
𝑎, 𝑥 ∈ 𝐺 have the property that 𝑎 ∘ 𝑥 = 𝑎 or that 𝑥 ∘ 𝑎 = 𝑎. We will show that 𝑥 = 𝟙.

Case 1: 𝑎 ∘ 𝑥 = 𝑎.

3The “G” stands for “general” and the “L” for “linear”. The 2 and theℝ indicates that we are working with 2×2 arrays
of real numbers.

4This time the “S” stands for “special”.
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We will use Axioms (G1), (G2), (G3), and (G4). Since 𝑎 ∈ 𝐺, by Axiom (G3) there
exists an element 𝑏 ∈ 𝐺 such that 𝑏 ∘ 𝑎 = 𝟙. By Axiom (G1), (𝑎 ∘ 𝑥) ∈ 𝐺 and

𝑏 ∘ (𝑎 ∘ 𝑥) = 𝑏 ∘ 𝑎.

⟨ Use Axiom (G4) and the properties of 𝑏 to show that 𝟙 ∘ 𝑥 = 𝟙. ⟩
⟨ Use Axiom (G2) to show that 𝑥 = 𝟙. ⟩

Case 2: 𝑥 ∘ 𝑎 = 𝑎.

⟨ Complete this case in a similar way to Case 1. ⟩ □

One important consequence of Theorem 2.8 is that when claiming that something
is a group, we do not need to explicitly name which element we are considering to be
𝟙. If the set and operation satisfy the group axioms, there is only one element which
has the properties of 𝟙. However, it is usually kind to the reader to say which element
is the identity.

Theorem 2.9 (Uniqueness of inverses). Suppose that 𝐺 is a group with opera-
tion ∘ and identity 𝟙. Let 𝑎 ∈ 𝐺 with 𝑎−1 an inverse of 𝑎 in𝐺 given by Axiom (G3).
If 𝑥 ∈ 𝐺 is an element such that 𝑎 ∘ 𝑥 = 𝟙 or 𝑥 ∘ 𝑎 = 𝟙, then 𝑥 = 𝑎−1.

Finally, we conclude with a useful exercise.

Exercise 2.10. Suppose that 𝐺 is a group with operation ∘ and identity 𝟙. Prove that
for all 𝑎, 𝑏 ∈ 𝐺,

(𝑎 ∘ 𝑏)−1 = 𝑏−1 ∘ 𝑎−1.

2.2. Metric spaces

Distance comes
Across a face,
Then we cannot
Scale the space.

Barriers
More firm than stone
Leave us speechless,
And alone.

—Mabel Simpson5

The group axioms each attempt to formally capture some of the properties of cer-
tain sets of numbers, most notably the ability to add or multiply. The axioms for a
metric space, on the other hand, capture something of what we mean when we talk
about “distance”.

5The quotation is from “In Quietness”, Poetry, 1932.
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Definition 2.11 (Axioms for a metric space). A set 𝑋 is ametric space if the
following hold.
(M1) Positive. For every𝑥, 𝑦 ∈ 𝑋 , there exists a unique real number 𝑑(𝑥, 𝑦) ∈ ℝ

with 𝑑(𝑥, 𝑦) ≥ 0.
(M2) Definite. For every 𝑥, 𝑦 ∈ 𝑋 , 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦.
(M3) Symmetry. For every 𝑥, 𝑦 ∈ 𝑋 , 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥).
(M4) Triangle inequality. For every 𝑥, 𝑦, 𝑧 ∈ 𝑋 ,

𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧).
We call 𝑑 themetric.

When specifying a metric space, we must always specify not only the set 𝑋 but
also the real numbers 𝑑(𝑥, 𝑦). It is possible (and indeed is usually the case) that a set 𝑋
may have multiple, different metrics. The elements of 𝑋 are often called points. The
number 𝑑(𝑥, 𝑦) is called the distance from 𝑥 to 𝑦. The first axiom (M1) says that the
distance between two points is always nonnegative. The second axiom (M2) specifies
that for each 𝑥 ∈ 𝑋 , the only element of distance zero from 𝑥 is 𝑥 itself. The third axiom
(M3) says that the distance from a point 𝑥 to a point 𝑦 is the same as the distance from
𝑦 to 𝑥. Finally, (M4), the triangle inequality, says (informally) that the distance from 𝑥
to 𝑧 is never more than the distances obtained by going from 𝑥 to 𝑦 and then to 𝑧.

Given the definition of a metric space, as with the definition of a group, we may
embark on four tasks:

(1) Show that some particular choices of𝑋 and 𝑑 satisfy the definition of ametric space.
(2) Show that some particular choices of𝑋 and 𝑑 do not satisfy the definition of ametric

space.
(3) Prove theorems pertaining to any metric space.
(4) Find applications of metric spaces either inside or outside of mathematics.

Metric spaces are studied more thoroughly in analysis and topology classes. In
this book, we’ll just get a sense for what they are and how they are useful. Metric
spaces provide a helpful context for proving theorems using the definition and careful
reasoning, and they also help develop geometric intuition. In this section, we’ll just
address tasks (1), (2), and (3). Task (4) will be addressed in future sections.

2.2.1. Examples and nonexamples of metric spaces.

Exercise 2.12. Let 𝑋 be any set and define 𝑑(𝑥, 𝑦) = 1 for all 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦.
Also define 𝑑(𝑥, 𝑦) = 0 if 𝑥 = 𝑦. Prove that 𝑋 (with the metric 𝑑) is a metric space by
showing that (M1)–(M4) hold. We call 𝑑 the discrete metric on 𝑋 .

Exercise 2.13. Let 𝑋 = ℝ and let 𝑑(𝑥, 𝑦) = |𝑥−𝑦|. Prove that 𝑋 is a metric space (with
metric 𝑑). For the triangle inequality, recall that |𝑥 − 𝑦| = √(𝑥 − 𝑦)2 and use some
algebra.
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We may define a metric on ℝ𝑛 for any 𝑛 ∈ ℕ, by defining

𝑑((𝑥1, 𝑥2, . . . , 𝑥𝑛), (𝑦1, 𝑦2, . . . , 𝑦𝑛)) = √(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2 +⋯+ (𝑥𝑛 − 𝑦𝑛)2.

The metric 𝑑 is called the Euclidean metric on ℝ𝑛. The fact that the Euclidean met-
ric satisfies the positive, definite, and symmetry requirements is immediate from the
formula. The triangle inequality requires more work. After you study Chapter 9, you
might like to come up with your own proof using induction on 𝑛. For completeness,
we provide a quick proof using the properties of the dot product in the appendix in
Section 2.6. If you aren’t familiar with them, feel free to skip the appendix or consult a
multivariable calculus textbook first.

The following are examples of metric spaces, though proving they are such can be
rather tedious. There are many more examples of metrics on all kinds of different sets.
Metric spaces are ubiquitous in mathematics.

• 𝑋 = ℝ2 and 𝑑max is themaxmetric defined by

𝑑max((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max(|𝑥1 − 𝑥2|, |𝑦1 − 𝑦2|).

• 𝑋 = ℝ2 and 𝑑 is the metric defined by

𝑑((𝑥1, 𝑥2), (𝑦1, 𝑦2)) = |𝑥1 − 𝑦1| + |𝑥2 − 𝑦2|.

This is called the taxi cabmetric. Can you figure out why?
• 𝑋 = ℝ2 and 𝑑comb is the combmetric defined by

𝑑comb((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = {|𝑦1 − 𝑦2| if 𝑥1 = 𝑥2,
|𝑦1| + |𝑥1 − 𝑥2| + |𝑦2| if 𝑥1 ≠ 𝑥2.

Can you figure out where the name “comb metric” comes from?
• 𝐴 = [𝑎, 𝑏] ⊂ ℝ and 𝑋 is the set of continuous functions 𝑓∶ 𝐴 → ℝ. We define
themaxmetric on 𝑋 by declaring that

𝑑(𝑓, 𝑔) = max {𝑓(𝑥) − 𝑔(𝑥) ∶ 𝑥 ∈ 𝐴}.

The maximum is guaranteed to exist by the extreme value theorem from calculus.

Example 2.14. Show that the following are not metric spaces by showing that one of
the axioms for a metric space does not hold. For the second two, define the length of
𝑎 = (𝑎1, 𝑎2) ∈ ℝ2 to be ‖𝑎‖ = √𝑎21 + 𝑎22.

(1) The interval 𝑋 = (0,∞) ⊂ ℝ with “metric” defined by 𝑑(𝑥, 𝑦) = 𝑥
𝑦 .

(2) The set 𝑋 = ℝ2 with “metric” defined by

𝑑(𝑎, 𝑏) = {1 ‖𝑎‖ ≤ 1 and ‖𝑏‖ > 1
‖𝑎 − 𝑏‖ otherwise

for all 𝑎, 𝑏 ∈ ℝ2.
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(3) The set 𝑋 = ℝ2 with “metric” defined by

𝑑(𝑎, 𝑏) =
⎧
⎨
⎩

1 ‖𝑎‖ ≤ 1 and ‖𝑏‖ > 1
1 ‖𝑏‖ ≤ 1 and ‖𝑎‖ > 1
‖𝑎 − 𝑏‖ otherwise

for all 𝑎, 𝑏 ∈ ℝ2. ♦

2.2.2. Theorems concerning metric spaces. The most interesting theorems
for metric spaces require more mathematics than we have at present, but here are two
sample results to give you the chance to practice using the definitions. The first proof
is set up for you.

Theorem 2.15. Suppose that 𝑋 is a metric space with metric 𝑑. Let 𝑘 > 0 be a
real number. For all 𝑥, 𝑦 ∈ 𝑋 , define 𝑑′(𝑥, 𝑦) = 𝑘𝑑(𝑥, 𝑦). Then𝑋 is ametric space
with metric 𝑑′.

One way of interpreting the statement of Theorem 2.15 is that if 𝑑 is a metric that
we use to measure distances, and if we change our units of measurement by scaling,
then the new way of measuring distances is still a metric. For example, if 𝑑 measures
with feet, then choosing 𝑘 = 12, 𝑑′ measures in inches, and is still a metric.

Proof. Assume that𝑋 is ametric spacewithmetric 𝑑 and that 𝑘 > 0. Define 𝑑′(𝑥, 𝑦) =
𝑘𝑑(𝑥, 𝑦) for every 𝑥, 𝑦 ∈ 𝑋 . We will show that 𝑋 is a metric space with metric 𝑑′ by
showing that 𝑋 and 𝑑′ satisfy the axioms of a metric space. We will use the fact that
we already know that 𝑑 is a metric.

Axiom (M1): We must show that for every 𝑥, 𝑦 ∈ 𝑋 , there exists a unique real
number 𝑑′(𝑥, 𝑦) with 𝑑′(𝑥, 𝑦) ≥ 0.

Let 𝑥, 𝑦 ∈ 𝑋 be arbitrary. Since 𝑑 is a metric, there exists a unique real number
𝑑(𝑥, 𝑦). Thus, 𝑑′(𝑥, 𝑦) = 𝑘𝑑(𝑥, 𝑦) is a real number. It is unique, since the product of
two real numbers is a unique real number.

Axiom (M2): We must show that for every 𝑥, 𝑦 ∈ 𝑋 , 𝑑′(𝑥, 𝑦) = 0 if and only if
𝑥 = 𝑦.

Let 𝑥, 𝑦 ∈ 𝑋 be arbitrary. We must show that if 𝑥 = 𝑦, then 𝑑′(𝑥, 𝑦) = 0, and we
must also show that if 𝑑′(𝑥, 𝑦) = 0, then 𝑥 = 𝑦.

⟨ Assume that 𝑥 = 𝑦. Use the fact that 𝑑(𝑥, 𝑦) = 0 to show that
𝑑′(𝑥, 𝑦) = 0. ⟩
⟨ Assume that 𝑑′(𝑥, 𝑦) = 0. Use the fact that 𝑘 ≠ 0 to show that
𝑑(𝑥, 𝑦) = 0. Then use the fact that 𝑑 is a metric to conclude that 𝑥 = 𝑦.⟩

Axiom (M3): We must show that for every 𝑥, 𝑦 ∈ 𝑋 , we have 𝑑′(𝑥, 𝑦) = 𝑑′(𝑦, 𝑥).

⟨ Do it! ⟩

Axiom (M4): We must show that for every 𝑥, 𝑦, 𝑧 ∈ 𝑋 , we have
𝑑′(𝑥, 𝑧) ≤ 𝑑′(𝑥, 𝑦) + 𝑑′(𝑦, 𝑧).

⟨ Do it! ⟩ □
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The next theorem gives one way of combining two different metrics into a single
metric. You should organize the proof similarly to how the previous proof was orga-
nized.

Theorem 2.16. Suppose that 𝑋 is a set and that 𝑑1 and 𝑑2 are both metrics on
𝑋 . For all 𝑥, 𝑦 ∈ 𝑋 , define

𝑑(𝑥, 𝑦) = 𝑑1(𝑥, 𝑦) + 𝑑2(𝑥, 𝑦).
Then 𝑑 is also a metric on 𝑋 .

2.3. Graphs

What does it take to be a mathematician? My experience has been
that the key ingredient is the fascination with the theory and the ma-
nipulations of its structure. It does not take brilliance, but love of a
great game!

—Karen Keskulla Uhlenbeck6

In mathematics the term “graph” has (at least) two meanings: It can mean the
“graph of a function,” as in calculus courses. It can also, however, be used to refer to
a network of nodes (called “vertices”) and connections (called “edges”). Throughout
applied mathematics, computer science, and engineering this latter type of graph is
used to model all kinds of networks.

Definition 2.17. A graph consists of a set 𝑉 (the set of vertices) and a set 𝐸
(the set of edges) such that the following holds.

• For every edge 𝑒 ∈ 𝐸, there are two (not necessarily distinct) vertices
𝑣, 𝑤 ∈ 𝐸 called the endpoints of 𝑒. We write ends(𝑒) = {𝑣, 𝑤}.

Two graphs are the same exactly when they have the same set of vertices and
the same set of edges.

Figure 2.1 shows a common way of visualizing graphs. We’ll say more about visu-
alizing graphs later.

Using the formal definition of a graph, we can construct a few examples.

Example 2.18 (The empty graph). Let both the vertex set and the edge set be empty.
The graph is called the null graph. ♦

Example 2.19. Let 𝑉 be any set. The graph with vertex set 𝑉 and edge set ∅ is a graph
with no edges; it consists of isolated nodes and no connections between them. ♦

Example 2.20 (The web graph). We can use graphs to model the World Wide Web.
Let 𝑉 be the set of webpages and let 𝐸 be the set of edges such that for every pair of
webpages 𝑣, 𝑤 ∈ 𝑉 , the set {𝑣, 𝑤} ∈ 𝐸 if and only if there is link in the webpage 𝑣

6Karen Uhlenbeck does research in partial differential equations and was the first woman to be awarded the presti-
gious Abel prize for mathematics. The quotation is from [30], Cook, Mariana, Mathematicians: An outer view of the inner
world, American Mathematical Society, 2009. Used by permission of the author.
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v1

v2

v3

v4

v5
v6

v7

{v1, v2}

{v2, v4}

{v4}

{v4, v5}

{v5, v3}
{v7, v8}{v2, v3}

{v1, v3}

Figure 2.1. A graph with seven vertices and eight edges. We have given each vertex
a label and marked each edge with the set of its endpoints. Note that the graph isn’t
“connected” and that there’s a loop based at one vertex.

linking 𝑣 to 𝑤 or vice versa. The graph is called the web graph. This graph changes
over time. ♦

As an indication of the complexity of the web graph, at [91] you can download a
subset of the 2012 Web Graph, consisting of 3.5 billion vertices and 128 billion edges.
Exercise 2.21. Pick your favorite or least favorite social network (e.g., Facebook, Twit-
ter, LinkedIn) and describe how to model it using a graph.

As we did in Figures 2.1 and 2.2, we can attempt to visualize some graphs (𝑉, 𝐸) as
follows. For each vertex 𝑣 ∈ 𝑉 , choose a point in the plane. If ends(𝑒) = {𝑣, 𝑤} ∈ 𝐸,
draw a path from the point corresponding to 𝑣 to the point corresponding to 𝑤.

Typically, we try to draw the paths as “nicely” as possible. Ideally, distinct edges
should be drawn so that they do not intersect (except possibly at their endpoints). If
such a picture is possible, then the graph is said to be planar. It can be very difficult
to tell if a graph is or is not planar. To see why, try playing the game Planarity [124].

Definition 2.22 (Complete graph). Let 𝑉 be a set. The complete graph on
𝑉 is the graph 𝐾(𝑉) with 𝑉 the set of vertices and with edge set consisting of
exactly one edge between each pair of distinct vertices. If 𝑉 has 𝑛 elements, we
often write 𝐾(𝑛) instead of 𝐾(𝑉).

Complete graphs with very few edges are planar, as in Figure 2.2.

Definition 2.23 (Complete bipartite graph). Let 𝑉 be a set with two nonempty
subsets 𝐵,𝑊 ⊂ 𝑉 such that 𝐵 and𝑊 have no elements in common and every
element of 𝑉 is either in 𝐵 or in𝑊 . The complete bipartite graph 𝐾(𝐵,𝑊) is
the graph with vertices 𝑉 and with an edge between every vertex of 𝐵 and every
vertex of𝑊 (and no other edges). If 𝐵 has 𝑛 vertices and𝑊 has𝑚 vertices, we
often write 𝐾(𝑛,𝑚) instead of 𝐾(𝐵,𝑊).

Figure 2.3 shows some examples of complete bipartite graphs with few edges.
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Figure 2.2. Pictures of the complete graphs 𝐾(3) and 𝐾(4)

Figure 2.3. Pictures of the complete bipartite graphs 𝐾(2, 3) and 𝐾(3, 3)

Exercise 2.24. Let 𝐵 and 𝑊 be nonempty sets. Give a more formal definition of
𝐾(𝐵,𝑊) by coming up with a description of the edge set of 𝐾(𝐵,𝑊) as a set whose
elements are sets.

Not surprisingly, most complete graphs and complete bipartite graphs are nonpla-
nar. It should be easy to convince yourself (though maybe not so easy to write down a
proof!) that 𝐾(5) and 𝐾(3, 3) are nonplanar.
Exercise 2.25. Find a way of drawing 𝐾(2, 3) so that no edges cross (i.e., show that
𝐾(2, 3) is a planar graph).

Most of the graphs we consider in this text are undirected, meaning that edges do
not having a starting vertex or an ending vertex. In the context of networks (such as
the Web) it might be more natural to consider directed graphs. For instance a directed
edgemight point from the webpage 𝑣 containing the link to the webpage 𝑤 to which 𝑣
is linked. If there was no link in 𝑤 linking back to 𝑣, then there would be no directed
edge from𝑤 to 𝑣. If we wanted to consider directed edges, there are ways to modify the
definition to do that. Start with an undirected graph 𝐺 having vertex set 𝑉 and edge
set 𝐸, and direct one or more of its edges. Informally, we place an arrow on one or
more of the edges, as in Figure 2.4. This means that for each edge 𝑒 we want to direct,
if ends(𝑒) = {𝑣, 𝑤}, we declare one of 𝑣 and 𝑤 to be the initial endpoint of 𝑒 and
the other one to be the terminal endpoint of 𝑒. The directed edge 𝑒 goes from its
initial endpoint to its terminal endpoint. If every edge is directed, the graph is called a
digraph.
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Figure 2.4. An example of a digraph. To turn a graph into a digraph, put an arrow on
each edge so that it points from the initial endpoint to the terminal endpoint.

2.4. The natural numbers

It was easier to know it than to explain why I know it. If you were asked to
prove that two and two made four, you might find some difficulty, and yet
you are quite sure of the fact.

—Sir Arthur Conan Doyle7

The set of natural numbers ℕ = {1, 2, 3, . . .} is the set of counting numbers, but
it is its properties rather than the particular names of its elements that establish its
importance in mathematics. For example, rather than counting 1, 2, 3, 4, . . ., we could
count 𝐼, 𝐼𝐼, 𝐼𝐼𝐼, 𝐼𝑉, . . . or 𝑎, 𝑏, 𝑐, 𝑑, . . .. For that matter, we could count 0, 1, 2, 3, . . .. In
1889, the Italian mathematician Giuseppe Peano, published properties (i.e., axioms)
of a set which will guarantee that it is functionally equivalent to ℕ. That is, if a set
𝑁 satisfies the three axioms below, then any statement about ℕ can be rephrased into
a statement about 𝑁 and vice versa. The axioms encapsulate the fact that after every
natural number comes some other natural number.

For various reasons, historical and other, it is customary to state the axioms for
the set of natural numbers together with 0 (that is, ℕ∗). For convenience, we define
a successor function 𝑆 on a set 𝑁 to be an assignment of each 𝑛 ∈ 𝑁 to a unique
𝑆(𝑛) ∈ 𝑁, called its successor. If𝑚 = 𝑆(𝑛), we also say that 𝑛 is a predecessor of𝑚.
To make sense of the terminology, we can picture a set 𝑁 with a successor function 𝑆
as a digraph. The vertices of the digraph are the elements of𝑁, and we draw a directed
edges from 𝑛 to 𝑚 if 𝑚 = 𝑆(𝑛). Our rules for 𝑆 guarantee that each vertex has exactly
one outgoing edge. We pick one element 𝟎 ∈ 𝑁 to be an initial object. We use a
boldface font for 𝟎 to indicate that (when all is said and done) the element has the
same (or similar) properties to the familiar integer 0, but may not be literally equal
to it. Figure 2.5 shows an example of a digraph representing a set with a successor
function, as well as one possible choice for 𝟎.

Observe in Figure 2.5 that we can start at 𝟎 and “count” by following arrows. Once
we choose our starting point, our counting path is completely determined, although in

7Arthur Conan Doyle (1859–1930) is the creator of the great Sherlock Holmes, who says these words in A Study in
Scarlet, 1887.
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0

Figure 2.5. A digraph representing a set with a successor function. The arrows with-
out two endpoints indicate an infinite progression of vertices and arrows. One of the
elements is marked as an initial object.

Figure 2.5 there will bemany vertices that are never counted. The Peano axioms are in-
tended to make the counting exactly coincide with our intuitive notions of how count-
ing through the elements of ℕ should work. When you first encounter the axioms,
notice, however, that they do not require that we already know about the existence of
numbers or counting. For instance, as in Figure 2.6, we can define the number 𝟏 to be
the successor of the initial object and define 𝟐 = 𝑆(𝟏) and define 𝟑 = 𝑆(𝟐) and so forth.

0

1

2 3

Figure 2.6. A digraph representing a set with a successor function. The arrows with-
out two endpoints indicate an infinite progression of vertices and arrows. One of the
elements is marked as an initial object 𝟎. We label the successor of 𝟎 as 𝟏; the successor
of 𝟏 as 𝟐; and so forth.

If a set 𝑁 has a successor function 𝑆, a nonempty subset 𝐴 ⊂ 𝑁 is a counting
subset of𝑁 if for all 𝑛 ∈ 𝐴, 𝑆(𝑛) ∈ 𝐴. Counting subsets of𝑁 have the property that we
can start at any element of the subset and count as long as we like, while remaining in
the subset.

Exercise 2.26. In the examples in Figures 2.5 and 2.6, identify four different counting
subsets. Can you find one that does not contain 𝟎?
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We are now ready for the Peano axioms.

Definition 2.27 (The Peano axioms for a set 𝑁). Suppose that 𝑁 is a set, that
𝟎 ∈ 𝑁 is a particular element (called the initial object), and that 𝑆 is a succes-
sor function on𝑁. We say that the triple (𝑁, 𝟎, 𝑆) is anatural number system
if the following axioms are satisfied.
(P1) The initial object 𝟎 does not have a predecessor. That is, there does not

exist 𝑛 ∈ 𝑁 such that 𝑆(𝑛) = 𝟎.
(P2) No element has more than one predecessor. That is, for every 𝑛,𝑚 ∈ 𝑁,

if 𝑆(𝑚) = 𝑆(𝑛), then𝑚 = 𝑛.
(P3) If 𝐴 ⊂ 𝑁 is a counting subset such that 𝟎 ∈ 𝐴, then 𝐴 = 𝑁.

Exercise 2.28. What do Axioms (P1) and (P2) imply about the structure of the digraph
created from a natural number system? Can such a digraph have a cycle? (That is, does
it have a sequence of elements 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑁 such that 𝑥2 = 𝑆(𝑥1), 𝑥3 = 𝑆(𝑥2), . . .,
𝑥𝑛 = 𝑆(𝑥𝑛−1) and 𝑥1 = 𝑆(𝑥𝑛)?) Can such a digraph have any vertices with more than
one incoming edge?

Axiom (P3) is the most mysterious of the axioms, and it will likely remain myste-
rious for the duration of the chapter. Informally, it says that 𝑁 has no proper subset
that both contains the initial object and is closed under taking successors. Axiom (P3)
is the basis for the method of proof known as “induction”. We explore that more in
Chapter 9.
Exercise 2.29. For the example in Figure 2.5, determine which of the Peano axioms
are satisfied and which are not. Draw a digraph that satisfies (P1) and (P2) but not
(P3). This shows that Axiom (P3) is independent of Axioms (P1) and (P2); that is,
Axiom (P3) cannot be proved using only Axioms (P1) and (P2), the rules of logic, and
the definitions.
Exercise 2.30. Observe that if we set 𝑁 = ℕ, 𝟎 = 1, and 𝑆(𝑛) = 𝑛 + 1 for every 𝑛 ∈ ℕ,
then elementary algebra confirms that ℕ satisfies Axioms (P1) and (P2). Can you con-
vince yourself that Axiom (P3) is also satisfied? Similarly, if we set 𝑁 = {0, 1, 2, 3, . . .},
𝟎 = 0, and 𝑆(𝑛) = 𝑛 + 1, then (𝑁, 𝟎, 𝑆) also satisfies the Peano axioms.

Of course, Exercise 2.30 required that you already know that there is a set ℕ =
{1, 2, 3, . . .} and also required you to understand basic arithmetic. Thewhole point of the
axioms, however, is to enable us todeduce the existence of such a set using the axioms as
initial assumptions. The next exercises give you the opportunity to play around with
the axioms to learn aspects of how each axiom captures some feature of the natural
numbers, and they can be used to exclude sets (or choice of 𝟎 or 𝑆) which can’t be used
in place of the natural numbers.
Exercise 2.31. For the set 𝑁 = ℕ∗ with 𝟎 = 0, define a successor function 𝑆 such that
Axiom (P1) is satisfied but Axiom (P2) is not satisfied. You need to say exactly what
𝑆(𝑛) is for each 𝑛 ∈ ℕ.
Exercise 2.32. For the set 𝑁 = ℕ∗ with 𝟎 = 0, define a successor function 𝑆 such that
Axioms (P1) and (P2) are satisfied but Axiom (P3) is not satisfied. Producing such an
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example shows that Axiom (P3) cannot be proved using the first two axioms alone. I
suggest you follow these steps.

(1) Specify 𝑆(𝑛) for each 𝑛 ∈ 𝑁 (perhaps by writing down a formula).
(2) Show that your choices satisfy Axioms (P1) and (P2). (If you can’t do this, then

you need make different choices for 𝑆.)
(3) Write out the elements of 𝐴 = {𝟎, 𝑆(𝟎), 𝑆(𝑆(𝟎)), . . .} so that you can see a pattern,

explain why 𝐴 is a counting subset, and explain why 𝐴 ≠ 𝑁. (If you can’t do this,
then you need make a different choice for 𝑆.)

The next exercise shows that if we have one choice of (𝑁, 𝟎, 𝑆) satisfying the Peano
axioms, then we can create other choices.

Exercise 2.33. Suppose that (𝑁, 𝟎, 𝑆) satisfies the Peano axioms. Let 𝑁′ = {𝑛 ∈ 𝑁 ∶
𝑛 ≠ 𝟎}. Prove that (𝑁′, 𝑆(𝟎), 𝑆) also satisfies the Peano axioms.

Mathematicians differ as to whether or not 0 should be considered a natural num-
ber. In this text, we do not consider 0 as a natural number (so ℕ = {1, 2, 3, . . .} not
{0, 1, 2, 3, . . .}.) The previous exercise shows that whether or not we consider 0 to be a
natural number doesn’t really matter, as long as we are consistent. To help us be con-
sistent throughout the text, we let ℕ∗ = {0, 1, 2, 3, . . .}. Henceforth, we will assume that
there is a set ℕ∗ (called the extended naturals), an element 0 ∈ ℕ∗, and a choice of
successor function 𝑆 such that (ℕ∗, 0, 𝑆) is a natural number system; though in Chap-
ter 6, we will show that this assumption is actually a consequence of other axioms. We
define ℕ = {𝑛 ∈ ℕ∗ ∶ 𝑛 ≠ 0} and 1 = 𝑆(0) and observe (via the previous exercise) that
(ℕ, 1, 𝑆) is a natural number system.

In what follows, we outline how the most important properties of ℕ∗ and ℕ follow
from the Peano axioms. In particular, any statement which is true for ℕ∗ or ℕ can be
converted into a true statement for any other natural number system. What matters is
not what we call the numbers, but what their properties are! Since the content of these
proofs is not tremendously important for what follows and since we have not yet ex-
plained basic logic or how proofs are written, you are encouraged to just give the best
explanations you can for the following results and to return to them later when you
have a better understanding of proof techniques. We give some hints as to how your
explanation might be structured.

In ℕ∗, every number except for 0 is one more than another element of ℕ∗. Here is
the analogous statement for any natural number system.

Theorem 2.34 (All nonzero elements have predecessors). Let (𝑁, 𝟎, 𝑆) be a
natural number system. Every𝑚 ∈ 𝑁, other than the initial object, has a unique
predecessor. That is, if 𝑚 ∈ 𝑁 with 𝑚 ≠ 𝟎, then there exists a unique element
𝑛 ∈ 𝑁 such that 𝑆(𝑛) = 𝑚.

The first part of the proof shows that such a predecessor exists, and the second
part shows that it is unique. The kind of proof used in the first part is called a “proof
by contradiction”. We will study this more in Chapter 4. The basic idea is to assume
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that what we are trying to prove is false and then do some work to encounter a logical
contradiction. The logical contradiction implies that our initial assumption must be
false, and so what we are trying to prove must be true.

Proof. We prove existence using a proof by contradiction. Assume that there is an
element 𝑚 ∈ 𝑁 such that 𝑚 ≠ 𝟎 and such that there is no element 𝑛 ∈ 𝑁 with
𝑆(𝑛) = 𝑚. We will contradict Axiom (P3), by constructing a counting subset 𝐴 ⊂ 𝑁
such that 𝟎 ∈ 𝐴 and 𝐴 ≠ 𝑁.

Define 𝐴 = {𝑛 ∈ 𝑁 ∶ 𝑛 ≠ 𝑚}. Notice that since𝑚 ∈ 𝑁 and𝑚 ∉ 𝐴, 𝐴 ≠ 𝑁.

⟨ Explain why 𝐴 is a counting subset of 𝑁. ⟩

Since 𝐴 satisfies the hypotheses of Axiom (P3), by that axiom, 𝐴 = 𝑁. Since the
statements 𝐴 ≠ 𝑁 and 𝐴 = 𝑁 contradict each other, our initial assumption must be
false. Thus, for every𝑚 ∈ 𝑁, either𝑚 = 𝟎 or there exists 𝑛 ∈ 𝑁 such that 𝑆(𝑛) = 𝑚.

Finally, let𝑚 ∈ 𝑁 and suppose that there exist elements 𝑎, 𝑏 ∈ 𝑁 such that 𝑆(𝑎) =
𝑚 and 𝑆(𝑏) = 𝑚.

⟨ Explain how one of the Peano axioms implies 𝑎 = 𝑏. ⟩

Thus, for each 𝑚 ∈ 𝑁, other than 𝟎, there is a unique element 𝑛 ∈ 𝑁 such that
𝑆(𝑛) = 𝑚. □

Theorem 2.34 shows that every element of 𝑁, except for 𝟎, has a unique prede-
cessor. Given some 𝑚 ∈ 𝑁, other than 𝟎, we can find its predecessor. Either that
predecessor is 𝟎, or it also has a predecessor. We might worry that it is possible to find
an infinite regress of predecessors for some element of 𝑁. If it were, 𝑁 would be very
different from our familiar ℕ∗. The next result shows that this is not possible. In other
words, every element of 𝑁 can be obtained from 𝟎 by applying the successor function
repeatedly.

Theorem 2.35. Suppose that (𝑁, 𝟎, 𝑆) is a natural number system. There is no
nonempty subset 𝐵 ⊂ 𝑁 such that for each 𝑏 ∈ 𝐵, the element 𝑏 has a predecessor
that is also an element of 𝐵.

Again, we do a proof by contradiction.

Proof. Assume, to achieve a contradiction, that there is such a subset 𝐵. Let 𝐴 =
{𝑛 ∈ 𝑁 ∶ 𝑛 ∉ 𝐵}.

⟨ Show that 𝐴 is a counting subset of 𝑁. ⟩

Thus, by Axiom (P3), 𝐴 = 𝑁. Hence, 𝐵 = ∅, which contradicts the assumption
that 𝐵 is nonempty. Therefore, there is no nonempty subset 𝐵 of 𝑁 such that for each
𝑏 ∈ 𝐵, 𝑏 ≠ 𝟎 and 𝑃(𝑏) ∈ 𝐵. □
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2.4.1. Arithmetic with natural number systems. Our results so far show that
we can get to every element of 𝑁 by starting with 𝟎 and repeatedly taking successors.
As an indication of how to show that every natural number system (𝑁, 𝟎, 𝑆) has the
same properties as𝑁, we explain how to add numbers in𝑁, using only the information
available to us from the Peano axioms. This program was first developed by Richard
Dedekind8 in 1888 [54]. We use boldface to denote elements of𝑁; theymay not literally
be elements of ℕ∗, though they have identical roles.

Warning 2.4.1. This section does not teach you anything about the natural
numbers you don’t already know—you’ve been adding for a long time! What it
does do is emphasize how addition is related to taking successors and how it is
the structure of the natural numbers that is important, rather thanwhat we call
its elements. Additionally, it gives us further practice in constructing proofs of
facts we consider “obvious”. Sometimes, that’s really hard!

First we define what it means to add with 𝟎:

Definition 2.36 (Adding zero). For every 𝑛 ∈ 𝑁, define 𝑛 + 𝟎 = 𝑛.

This definition tells us that adding by zero on the right does what we expect. We
haven’t yet defined what it means to add by zero on the left. Having defined what it
means to add zero, we now define what it means to add one. For convenience, we also
define subtraction by 1. Recall that by Theorem 2.34, all elements 𝑛 of 𝑁 other than 𝟎
have a predecessor 𝑃(𝑛).

Definition 2.37 (Adding one). Define 𝟏 = 𝑆(𝟎) and for 𝑛 ∈ 𝑁, define
𝑛 + 𝟏 = 𝑆(𝑛).

That is, adding one is the same as finding the successor. Similarly, for 𝑛 ≠ 𝟎,
define

𝑛 − 𝟏
to be the predecessor of 𝑛.

Observe that𝟎+𝟏 is defined to be𝑆(𝟎) inDefinition 2.36 and𝑆(𝟎) = 𝟏 byDefinition
2.37. Thus, 𝟎 + 𝟏 = 𝟏, which is what we want.

Exercise 2.38. Use the definitions to show that for every 𝑛 ∈ 𝑁,

(𝑛 + 𝟏) − 𝟏 = 𝑛,

and for all 𝑛 ∈ 𝑁, such that 𝑛 ≠ 𝟎,

(𝑛 − 𝟏) + 𝟏 = 𝑛.

8RichardDedekind (1831–1916) developed and promoted Cantor’s set theory, and he also did significant foundational
work in number theory.
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We can now give names to other elements of 𝑁. This is what we did earlier when
we began at an element of 𝑁 and followed arrows. Define the following:

• 𝟐 = 𝑆(𝟏) = 𝟏 + 𝟏,
• 𝟑 = 𝑆(𝟐) = 𝟐 + 𝟏,
• 𝟒 = 𝑆(𝟑) = 𝟑 + 𝟏,
• etc.

Finally, we define the addition of numbers other than 𝟎 and 𝟏.

Definition 2.39. For 𝑎, 𝑏 ∈ 𝑁 with 𝑏 ≠ 𝟎, 𝟏, define
𝑎 + 𝑏 = (𝑎 + (𝑏 − 𝟏)) + 𝟏.

Notice that our definition of 𝑎 + 𝑏 requires that we already know how to define
(𝑎 + (𝑏 − 𝟏)). This is an example of a recursive definition. We’ll explore these more in
Chapter 9. We don’t yet know that “+” (as defined for elements of𝑁) is commutative or
associative. Before thinking about those properties, we work a few examples to build
our intuition.

Example 2.40. We calculate 𝟓 + 𝟐. Since 𝟐 is not 𝟎 or 𝟏, we use Definition 2.39. Ap-
plying that definition, we see

𝟓 + 𝟐 = (𝟓 + (𝟐 − 𝟏)) + 𝟏.
Recall that since 𝑆(𝟏) = 𝟐, we have

𝟐 − 𝟏 = 𝟏.
Thus,

𝟓 + 𝟐 = (𝟓 + (𝟐 − 𝟏)) + 𝟏
= (𝟓 + 𝟏) + 𝟏.

By definition, 𝟔 = 𝟓 + 𝟏, so
𝟓 + 𝟐 = 𝟔 + 𝟏.

By definition, 𝟕 = 𝟔 + 𝟏. Thus,
𝟓 + 𝟐 = 𝟕,

as expected! ♦

Example 2.41. We calculate 𝟓+𝟑. Since 𝟑 is not 𝟎 or 𝟏, we use Definition 2.39. Recall
that since 𝑆(𝟐) = 𝟑, we have 𝟑 − 𝟏 = 𝟐. Thus,

𝟓 + 𝟑 = (𝟓 + (𝟑 − 𝟏)) + 𝟏
= (𝟓 + 𝟐) + 𝟏.

In the previous example, we showed that 𝟓 + 𝟐 = 𝟕. Thus,
𝟓 + 𝟑 = 𝟕 + 𝟏,

which equals 𝟖 by the definition of 𝟖. ♦

Exercise 2.42. Prove that 𝟐 + 𝟐 = 𝟒.
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If we were keen to show that all the elementary school math we’ve learned follows
from these axioms, we would go on to prove that addition is commutative (i.e., that for
all 𝑎, 𝑏 ∈ 𝑁, 𝑎 + 𝑏 = 𝑏 + 𝑎) and associative (i.e., that for all 𝑎, 𝑏, 𝑐 ∈ 𝑁, (𝑎 + 𝑏) + 𝑐 =
𝑎+(𝑏+𝑐)). For 𝑎, 𝑏 ∈ 𝑁, we can define 𝑎 ≤ 𝑏 if there is an𝑚 ∈ 𝑁 such that 𝑎+𝑚 = 𝑏.
If there is such an 𝑚, we say that 𝑏 − 𝑎 = 𝑚. We would then want to show that if
𝑎 ≤ 𝑏 and if 𝑐 ∈ 𝑁, then 𝑎 + 𝑐 ≤ 𝑏 + 𝑐. Similarly, if 𝑎 + 𝑐 ≤ 𝑏 + 𝑐, then 𝑎 ≤ 𝑏. As you
can imagine, those proofs can be quite involved and should really wait until after we’ve
explained logic and proof techniques more thoroughly! In this text, however, we won’t
spend any more time developing basic arithmetic from axioms—we have better things
to do! I assure you, however, that it can be done! See [39, Chapter 1.2] or [101, Chapter
1], where these issues are put into a larger philosophical context.

2.5. Application: Symmetry groups

All of mathematics is the study of symmetry, or how to change a thing with-
out really changing it. . . . It is symmetry, then, in its various forms, which
underlies the orderliness, laws, and rationality of the universe, and thereby
also the language of mathematics.

—H.S.M. Coxeter9

What does it mean for an object to be symmetric? Is there more than one way for
an object to be symmetric? How many symmetries does a square have? How many
symmetries does a circle have? Does a sphere have more symmetries than a circle? Is
it more symmetric? In what sense? We can use the notion of a group to investigate
symmetries mathematically.10

To give the most general definition of a symmetry, we need to leave mathematics11
to give a definition in which not every term is precisely defined:

Definition 2.43 (Informal definition of symmetry). Suppose that 𝑋 is an ob-
ject with some sort of structure. A symmetry of 𝑋 is an invertible structure-
preserving transformation of 𝑋 . Two symmetries are the same if they trans-
form each point of 𝑋 in exactly the same way. By saying that a transformation
is invertible, we mean that there is always another structure-preserving trans-
formation returning the object to its original state.

Metric spaces provide a natural setting for discussing symmetries, as we can con-
sider all invertible transformations of the metric space that preserve distance. We’ll
wait until we have discussed abstract functions in more detail before taking up that
idea. For now, we will consider only transformations of subsets of the plane ℝ2 which
preserve Euclidean distance. For example, the symmetries of a square consist of four

9H.S.M. Coxeter (1907–2003) was responsible for mathematicians’ rediscovery of the joy of Euclidean geometry and
symmetry. He wrote and published research papers up until his death, proving by example that age need not be an obstruc-
tion to being a mathematician. The quote is reproduced in [107].

10In what follows, we’ll assume some familarity with functions whose domain and codomain are the plane ℝ2 and
with function composition. Anyone who has taken two semesters of calculus should be okay. Otherwise, come back to this
section after reading Chapter 8.

11Don’t worry! We’ll be back momentarily.
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Figure 2.7. The four bilateral symmetries of a square

counterclockwise rotations (by 0∘, 90∘, 180∘, and 270∘) and four reflections, as in Figure
2.7.

Symmetries play an important role in chemistry. For example, if a molecule ad-
mits a reflection as a symmetry than it is achiral.12 Molecules that are not achiral are
chiral. A chiral molecule may have very different properties from the molecule which
is its mirror image. For example, the mirror image of a sugar molecule is used as a
sugar substitute. The symmetries and asymmetries of naturally occuring and synthetic
molecules play an important role in the Dorothy L. Sayers mystery, The Documents in
the Case.

Example 2.44. Symmetry also plays an important role in art, both decorative and oth-
erwise. What symmetries are present in Figures 2.8 and 2.9? ♦

While symmetry in decorative art can lend a pleasing calmness, too much symme-
try in nondecorative art leads to monotony. Artists will naturally find ways to suggest
the presence of symmetry and then break the pattern. For example, Figure 2.10 is a
cartoon depiction of circular ripples expanding outward. The expanding ripples seem
to imbue the picture with a sense of symmetry. The symmetry of the ripples is “broken”
by the perspective of the illustration, so that the ripples do not appear as circles (with
their many symmetries) but rather as ellipses (with their many fewer symmetries).

Observe thatwhatever our object𝑋 is, if we “do nothing,” wehave a transformation
preserving the structure of 𝑋 . It is its own inverse. If 𝑆 and 𝑇 are symmetries of 𝑋 ,
then the transformation 𝑆 ∘ 𝑇, obtained by first performing the symmetry 𝑇 and then
performing the symmetry 𝑆, will also preserve the structure of 𝑋 . Finally, notice that
we are only considering invertible transformations of 𝑋 and so Axioms (G1)–(G3) hold
for the set Sym(𝑋) of symmetries of 𝑋 . Once we formalize this by discussing functions,

12More precisely, if a reflected version of the molecule can be translated and rotated through space to coincide with
the original, then the molecule is achiral.
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Figure 2.8. “Amish Easter Baskets” by Elsie Vredenburg, 1987 (84” × 110”). Courtesy
of the National Quilt Museum, Paducah, Kentucky.

Figure 2.9. “Butterfly Fandango” by Scott Murkin, 2004 (19.5” × 19.5”). Courtesy of
the National Quilt Museum, Paducah, Kentucky.

we will also be able to conclude that the operation “∘” is associative, and so Sym(𝑋) is
a group with operation ∘.
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Figure 2.10. Concentric circles can exhibit symmetry under scaling.

Example 2.45. Let 𝑋 be the subset of ℝ2 consisting exactly of all the points which lie
on a circle centered at the origin and of radius 2𝑛 for some 𝑛 ∈ ℤ. A portion of the set𝑋
is depicted (using perspective) in Figure 2.10. Every symmetry of 𝑋 is either a rotation
of ℝ2 about the origin, a reflection of ℝ2 across a line through the origin, or a function
of the form 𝑓(𝑥, 𝑦) = (2𝑛𝑥, 2𝑛𝑦) for some 𝑛 ∈ ℤ, or a combination of these. ♦
Exercise 2.46. Let 𝐺 be the set of functions of ℝ2 to itself of the form 𝑓(𝑥, 𝑦) =
(2𝑛𝑥, 2𝑛𝑦) for some 𝑛 ∈ ℤ. Verify that 𝐺 is a group with function composition as the
operation. (For the purposes of this exercise, you may omit verifying that associativity
holds.) The group 𝐺 is a subgroup of the group of symmetries of the set 𝑋 from the
previous example.

Given an object 𝑋 (perhaps a work of art or piece of music or a molecule), we can
attempt to determine the group of the symmetries of 𝑋 . But we can also use groups to
create interesting objects. For example, if 𝐺 is a group whose elements are functions of
ℝ2 to itself (with group operation function composition), then we can create a design
by starting with a point (𝑥0, 𝑦0) ∈ 𝑋 and then defining the set 𝑋 whose elements are
all points (𝑥, 𝑦) ∈ ℝ2 such that there is some function 𝑔 ∈ 𝐺 with 𝑔(𝑥0, 𝑦0) = (𝑥, 𝑦).
Example 2.47. Let 𝐺 be the set of functions of ℝ2 to itself, such that if 𝑔 ∈ 𝐺, then
there exist 𝑛,𝑚 ∈ ℤ such that 𝑔(𝑥, 𝑦) = (𝑥+𝑛, 𝑦+𝑚). Letting (𝑥0, 𝑦0) = (0, 0), observe
that, for all 𝑛,𝑚 ∈ ℤ, 𝑔(𝑥0, 𝑦0) = (𝑛,𝑚). Then 𝑋 = ℤ×ℤ ⊂ ℝ2, as on the left of Figure
2.11. ♦

Of course, this image of 𝑋 is not terribly interesting. But then we have not chosen
a particularly interesting group. Example 2.48 gives a hint of what we can obtain if we
choose amore interesting group. The resulting design gives the sense of symmetry, but
does not admit any of the usual translation, reflection, or rotation symmetris of ℝ2.

Example 2.48. Define the following functions. Let 𝑓 be the function that rotates ℝ2

by an angle of 𝜋/12 about the origin, and then scales in the 𝑥 coordinate by .9 and in
the 𝑦 coordinate by .85. Let 𝑔 be the rotation about the origin by an angle of 𝜋/12. We
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Figure 2.11. On the left is the integer lattice 𝑋 inℝ2 from Example 2.47. On the right
is a design obtained by applying 𝑓 and 𝑔 from Example 2.48 to a small circle some
distance from the origin.

let 𝐺 be group whose elements consist of all functions that are the composition of the
result of composing 𝑓, 𝑔, and their inverses some number of times. A portion of the
resulting design 𝑋 , using a circle in place of the initial starting point (𝑥0, 𝑦0), is shown
on the right of Figure 2.11. ♦

2.6. Appendix: Euclidean metric

We prove that the Euclidean metric satisfies the triangle inequality. Let 𝑑 denote the
Euclidean metric on ℝ𝑛 and let 𝟎 = (0, . . . , 0) ∈ ℝ𝑛 be the zero vector. We start by
establishing an inequality concerning the dot product.

Recall that if 𝐚 = (𝑎1, . . . , 𝑎𝑛) and 𝐛 = (𝑏1, . . . , 𝑏𝑛) are vectors in ℝ𝑛, then their dot
product is defined by

𝐚 ⋅ 𝐛 = 𝑎1𝑏1 + 𝑎2𝑏2 +⋯+ 𝑎𝑛𝑏𝑛.
Let ‖𝐚‖ = √𝐚 ⋅ 𝐚. It follows immediately from the definitions that for 𝐚, 𝐛 ∈ ℝ𝑛, we
have

𝑑(𝐚, 𝐛)2 = ‖𝐚 − 𝐛‖2 = (𝐚 − 𝐛) ⋅ (𝐚 − 𝐛).
The dot product also satisfies the following properties for all 𝐚, 𝐛, 𝐜 ∈ ℝ𝑛 and 𝑘 ∈ ℝ.
(1) 𝐚 ⋅ 𝐛 = 𝐛 ⋅ 𝐚
(2) (𝑘𝐚) ⋅ 𝐛 = 𝑘(𝐚 ⋅ 𝐛)
(3) 𝐚 ⋅ (𝐛 + 𝐜) = 𝐚 ⋅ 𝐛 + 𝐚 ⋅ 𝐜
(4) 𝐚 ⋅ 𝐛 = ‖𝐚‖‖𝐛‖ cos 𝜃, where 𝜃 ∈ [0, 𝜋] is the angle between 𝐚 and 𝐛
(5) −‖𝐚‖‖𝐛‖ ≤ 𝐚 ⋅ 𝐛 ≤ ‖𝐚‖‖𝐛‖
The second-to-last property is challenging to see from the definition of the dot product;
it relies on the law of cosines from trignometry. The last property follows from the fact
that cos 𝜃 ∈ [−1, 1].

Thus, we calculate
(𝐚 − 𝐛) ⋅ (𝐚 − 𝐛) = 𝐚 ⋅ 𝐚 − 2𝐚 ⋅ 𝐛 + 𝐛 ⋅ 𝐛

≤ 𝐚 ⋅ 𝐚 + 2‖𝐚‖ ‖𝐛‖ + 𝐛 ⋅ 𝐛
= (‖𝐚‖ + ‖𝐛‖)2.
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Hence, ‖𝐚 − 𝐛‖ ≤ ‖𝐚‖ + ‖𝐛‖ for any choice of 𝐚, 𝐛 ∈ ℝ𝑛.
Now we can turn to the triangle inequality. Let 𝐱, 𝐲, 𝐳 ∈ ℝ𝑛. Let 𝐚 = 𝐱 − 𝐲 and

𝐛 = 𝐳 − 𝐲. From the formula for the Euclidean metric and our previous calculation,
we conclude

𝑑(𝐱, 𝐳) = ‖𝐱 − 𝐳‖
= ‖𝐚 − 𝐛‖
≤ ‖𝐚‖ + ‖𝐛‖
= 𝑑(𝐱, 𝐲) + 𝑑(𝐲, 𝐳).

Thus, the Euclidean metric 𝑑 satisfies the triangle inequality. □





Chapter 3

Logic, Briefly

Key Terms

• statement, predicate, free variable
• existential and universal quantifiers
• negation, conjunction, disjunction
• implication, hypothesis, conclusion, contrapositive, converse, equivalent
statements

• Russell’s paradox

Logic inquires into the form of thought, as separable from and inde-
pendent of the matter thought on.

—Augustus De Morgan1

In the previous chapter we encountered some of the basic structures of mathe-
matics: sets, the natural numbers, groups, metric spaces, and graphs. As we began to
explore those structures, we encountered words like “unique” and phrases like “if . . .
then . . .”. Before we can go any further in our explorations, we need to set out the basic
elements constituting a logical argument. In this chapter we briefly summarize the
essential concepts from logic that we need. In the interests of clarity for the beginning
mathematician, we do not give completely thorough definitions.

1Much of our modern conception of the relationship between mathematics and logic can be traced back to Augustus
De Morgan (1806–1871). He apparently coined the term “mathematical induction,” which will be discussed in Chapter 9.
This quotation is from [35].

49
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Warning 3.0.1. Even after carefully working through this chapter, you will
likely not feel completely solid on how logic works. That’s okay! It’s possible
to spend an entire semester on logic and still not be able to prove an interesting
theorem. The best approach is to have a brief introduction, a small amount of
practice, and then get to work actually using logic to do interesting mathemat-
ics. Have faith—even if logical insecurities remain, they will work themselves
out as you start to use the ideas in practice.

3.1. Statements, predicates, and quantifiers

To put this idle time to use and at the same time to occupy faculty
members who were themselves idle, many of the troops were sent to
colleges . . .One day, one of them had a question: “I don’t understand
what 𝑥 is”. The question was far more profound than he suspected,
but I did not attempt to explain why.
—AndréWeil,2 describing teaching elementarymathematics in the
US in 1943–1944

A statement is a sentence that is unambiguously true or false but not both. A
free variable is a symbol that can take on different meanings (usually representing
the possible elements of a particular specified set). If we remove ambiguity from the
free variables by saying exactly what they are, we say that we specify or bind the free
variables. A sentence with free variables that becomes a statement once the free vari-
ables are bound is called a predicate or conditional statement.
Example 3.1 (Examples of statements and predicates). The sentence “Colby College
is an academic institution” is a statement (subject to some potential minor ambiguity
about what the words “academic” or “institution” mean). The sentence “Colby attends
school” is a predicate since there are many children named Colby.3 However, if the
speaker has a particular person named Colby in mind, then the variable “Colby” is
bound to that individual.

The sentence, “The number 5 is even” is a statement. The sentence “The number
𝑥 is even” is a predicate.

The sentence, “Thenumber 17 is ugly” is not a statement or a predicate since “ugly”
is ambiguous.

The sentence, “The numbers 𝑥 and 𝑦 differ by 5” is a predicate with two free vari-
ables. If we bind 𝑥 = 4 and 𝑦 = 9, it becomes a true statement. If we bind 𝑥 = 3 and
𝑦 = 9, it is a false statement. ♦

If 𝑥 is a free variable, thenwe can denote a predicate with free variable 𝑥 bywriting
𝑃(𝑥) (or 𝑄(𝑥), etc.). Apart from specifying a particular value for a free variable, there

2André Weil (1906–1998) was one of the most influential mathematicians of the 20th centry. Weil himself went to
great lengths to avoid serving in the military during the war, so his disdain for teaching those who did sits poorly. His
sister Simone Weil was a well-known philosopher and mystic. She is quoted elsewhere in this text. This quotation is used
with permission of Springer, fromAndréWeil, The apprenticeship of a mathematician©1991; permission conveyed through
Copyright Clearance Center, Inc. [133]

3In 2020, 436 children in the U.S. were given the first name Colby.
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are two other common ways of binding a free variable: the universal quantifier ∀
(pronounced “for all”) and the existential quantifier ∃ (pronounced “there exists”).
If 𝑃(𝑥) is predicate, then “∀𝑥, 𝑃(𝑥)” is the statement that, nomatter howwe bind 𝑥, the
statement 𝑃(𝑥) is true. If 𝑃(𝑥) is a predicate, then “∃𝑥 such that 𝑃(𝑥)” is the statement
that there is some 𝑥 such that 𝑃(𝑥) is true.

Example 3.2 (Universal and existential quantifiers). The statement, “For all real num-
bers 𝑥, 𝑥2 ≥ 0” is a true statement that contains the universal quantifier. We can
rephrase it by saying “For every real number 𝑥, 𝑥2 ≥ 0”.

The statement “There is a real number 𝑥, such that 𝑥2 = 0” is a true statement that
contains the existential quantifier. We can rephrase it as “Some real number 𝑥 has the
property that 𝑥2 = 0”.

The statement “Every natural number is the sum of three prime numbers” is a
statement that contains the universal quantifier. It is false, since the number 𝑛 = 1 is
a natural number that is not the sum of three prime numbers.

The statement “Some natural number 𝑛 has the property that 𝑛2 < 0” is a state-
ment with an existential quantifier. It is false, since every natural number 𝑛 has the
property that 𝑛2 ≥ 0. ♦

3.2. Conjunctions and disjunctions

Now logic while it is the science of reasoning in general is in a more
especial sense the science of reasoning by signs. It investigates the
forms and expressions towhich correct reasoningmay be reduced and
the laws upon which it is founded.

—George Boole4

Given one or more statements, we can combine them to create new statements.

• If 𝑃 and 𝑄 are statements, the statement 𝑃 ∧ 𝑄 (read 𝑃 and 𝑄) is the statement
that is true exactly when both 𝑃 and 𝑄 are true. (This is called the conjunction
of 𝑃 and 𝑄).

• If 𝑃 and 𝑄 are statements, the statement 𝑃 ∨𝑄 (read 𝑃 or 𝑄) is the statement that
is true exactly when at least one and possibly both of 𝑃 and 𝑄 are true. (This is
called the disjunction of 𝑃 and 𝑄.)

Example 3.3. Let 𝑃 be the statement,5 “The basilisk is the king of the serpents,” and
let 𝑄 be the statement, “The basilisk is conquered by a weasel”.

• The conjunction of 𝑃 and 𝑄 is “The basilisk is the king of the serpents and the
basilisk is conquered by a weasel”. We can condense the wording to “The basilisk
is the king of the serpents and is conquered by a weasel”.

4George Boole (1815–1864) studied the nature of logic and developed analogies with arithmetic. His work forms the
basis of the theory underlying electronic circuits, such as those in computers. The quotation can be found in the 1848 essay
The Nature of Logic, republished in [19].

5See [136] for more ancient and medieval meditations on animals.
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• Thedisjunction of𝑃 and𝑄 is “The basilisk is the king of the serpents or the basilisk
is conquered by a weasel”. We can condense the wording to “The basilisk is the
king of the serpents or is conquered by a weasel”. ♦

Example 3.4. Let 𝑃 be the statement, “Some sperm whales eat giant squid,” and let 𝑄
be the statement, “Some scientists eat giant squid”. Both 𝑃 and 𝑄 are true statements.

• Thus the conjunction 𝑃 ∧ 𝑄, which is “Some sperm whales eat giant squid and
some scientists eat giant squid,” is a true statement.

• Also, the disjunction 𝑃∨𝑄, which is “Some spermwhales eat giant squid or some
scientists eat giant squid,” is a true statement. ♦

Example 3.5. Let 𝑃 be the statement, “Some tube worms live in environments toxic to
humans”. Let 𝑄 be the statement, “The author of this textbook has eaten a tube worm
for breakfast”. The statement 𝑃 is true while the statement 𝑄 is false.

• The conjunction 𝑃∧𝑄 is “Some tube worms live in environments toxic to humans
and the author of this textbook has eaten a tube worm for breakfast”. It is a false
statement since 𝑄 is false.

• The disjunction 𝑃∨𝑄 is “Some tube worms live in environments toxic to humans
or the author of this textbook has eaten a tube worm for breakfast”. It is a true
statement since 𝑃 is true. ♦

Example 3.6. Let 𝑃 be the statement, “All porpoises live in an aquarium”. Let 𝑄 be
the statement, “Some porpoises write self-help books”. Both 𝑃 and 𝑄 are false.

• The conjunction 𝑃 ∧ 𝑄 is “All porpoises live in an aquarium and some porpoises
write self-help books”. It is a false statement since 𝑃 is false. We could equally
well say it is a false statement since 𝑄 is false.

• The disjunction 𝑃 ∨ 𝑄 is “All porpoises live in an aquarium or some porpoises
write self-help books”. It is also a false statement since both 𝑃 and𝑄 are false. ♦

We can summarize the relationship between the truth values of the original state-
ments and the truth values of the new statements in a table (called a truth table). In a
truth table we list all possible truth values of the original statements and then deduce
the corresponding truth values of the composite statements. Observe that no matter
what the statements 𝑃 and 𝑄 are, the truth value of 𝑃 ∧ 𝑄 will be the the same as the
truth value of 𝑄 ∧ 𝑃, and the truth value of 𝑃 ∨ 𝑄 will be the same as the truth value
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of 𝑄 ∨ 𝑃. This helps us be slightly more concise when analyzing truth values. In the
truth table below, we consider the combinations of three statements, 𝑃, 𝑄, and 𝑅.

𝑃 T T T T F F F F
𝑄 T T F F T T F F
𝑅 T F T F T F T F

𝑃 ∧ 𝑄 T T F F F F F F
𝑃 ∧ 𝑅 T F T F F F F F
𝑄 ∧ 𝑅
𝑃 ∨ 𝑄 T T T T T T F F
𝑃 ∨ 𝑅 T T T T T F T F
𝑄 ∨ 𝑅

(𝑃 ∧ 𝑄) ∨ 𝑅
(𝑃 ∨ 𝑅) ∧ (𝑄 ∨ 𝑅)

(𝑃 ∨ 𝑄) ∧ 𝑅
(𝑃 ∧ 𝑅) ∨ (𝑄 ∧ 𝑅)

Exercise 3.7. Fill in the missing spots in the truth table above.

In completing the previous exercise, you should have discovered that (𝑃 ∧ 𝑄) ∨ 𝑅
and (𝑃 ∨ 𝑅) ∧ (𝑄 ∨ 𝑅) always have the same truth values as each other, no matter
what the truth values of 𝑃, 𝑄, and 𝑅 are. We say that the statements (𝑃 ∧ 𝑄) ∨ 𝑅 and
(𝑃 ∨ 𝑅) ∧ (𝑄 ∨ 𝑅) are logically equivalent.

Exercise 3.8. In the previous truth table, find another pair of logically equivalent state-
ments.

Exercise 3.9. Determine the truth value of the following statements and give as com-
plete an explanation as you can for your answer.

(1) −7 < 0 and 72 > 0.
(2) −7 ≥ 0 or 72 ≤ 0.
(3) For all real numbers 𝑥, −𝑥 < 0 and 𝑥2 > 0.
(4) 7 < 0 or 72 > 0.
(5) For all real numbers 𝑥, 𝑥 < 0 or 𝑥2 > 0.
(6) There exists a real number 𝑥 such that 𝑥 < 0 and 𝑥2 > 0.

Exercise 3.10. Do the following two statements have the same truth values? Why or
why not? What does this say about the relationship between quantifiers and conjunc-
tions and disjunctions?

• There exists 𝑛 ∈ ℕ such that 𝑛 is even and 𝑛 is odd.
• There exists 𝑛 ∈ ℕ such that 𝑛 is even and there exists 𝑛 ∈ ℕ such that 𝑛 is odd.
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Warning 3.2.1. We have the following statement:
• There exists 𝑛 ∈ ℕ such that 𝑛 is even, and there exists 𝑛 ∈ ℕ such that 𝑛
is odd.

Here, the two occurences of 𝑛 can refer to different numbers. It would bemuch
better to use different symbols to refer to them. Like so:

• There exists 𝑛 ∈ ℕ such that 𝑛 is even, and there exists 𝑚 ∈ ℕ such that
𝑚 is odd.

This will help ensure that if we use the statement later, we don’t get confused
and start working with some 𝑛 that we believe to be both even and odd.

Exercise 3.11. Do the following two statements have the same truth values? Why or
why not? What does this say about the relationship between quantifiers and conjunc-
tions and disjunctions?

• For every 𝑥 ∈ ℝ, 𝑥 > 0 or 𝑥 ≤ 0.
• For every 𝑥 ∈ ℝ, 𝑥 > 0 or for every 𝑥 ∈ ℝ, 𝑥 ≤ 0.

We conclude with one other warning about the word “and”.

Warning 3.2.2. Not every use of the word “and” indicates the conjunction of
two statements.

Example 3.12. Consider the statement:

• For every 𝑎, 𝑏, and 𝑐 that are elements of ℝ, 𝑎 + 𝑏 + 𝑐 is an element of ℝ.

This statement can be rephrased as

• For every 𝑎, 𝑏, 𝑐 ∈ ℝ, 𝑎 + 𝑏 + 𝑐 is an element of ℝ.

We can even rewrite it as

• ∀𝑎, 𝑏, 𝑐 ∈ ℝ, 𝑎 + 𝑏 + 𝑐 ∈ ℝ.

Either of these ways of rewriting the original indicate that the “and” was not signifying
the conjunction of two statements. Furthermore, the phrase “For every 𝑎, 𝑏” is not a
statement nor is

𝑐 ∈ ℝ, 𝑎 + 𝑏 + 𝑐 ∈ ℝ.

This is another indication that the “and” is not the conjunction of two statements. ♦

On the other hand, sometimes an “and” does indicate a conjunction, even if the
phrases to its left and right are not statements.
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Example 3.13. Consider the statement (𝑓 is some fixed function, not a free variable):

The function 𝑓 is increasing and differentiable.

The word “differentiable” is not by itself a statement, so at first glance it seems that the
“and” does not indicate a conjunction. However, the statement can be rephrased as

The function 𝑓 is increasing and the function 𝑓 is differentiable,

which indicates that our original statement is the conjunction of two other statements.
♦

The previous two examples concern the relationship between the English word
“and” and the logical notion of “conjunction”. They show that thought is always re-
quired when working mathematically or logically with statements phrased in English.
There is no hard-and-fast rule for determining when the English word “and” indicates
a conjunction, but the following rules-of-thumb may help.

• Can the statement be rephrased without the use of “and”? If so, it might not be a
conjunction.

• Does the “and” show up after a quantifier, indicating the last item of a list? If so,
it might not be a conjunction.

• How would the statement be disproved? Consider the statement (in which 𝑓 is
some unspecified but fixed function):

The function 𝑓 is increasing and differentiable.

If 𝑓 strictly decreases at some point, the statement would be false. If 𝑓 is not
differentiable at some point, the statement would also be false. It could be that 𝑓
is both nonincreasing and nondifferentiable, in which case the statement is also
false. Since a conjunction 𝑃 ∧ 𝑄 is false whenever at least one of 𝑃 or 𝑄 is false,
this indicates that the “and” indicates a conjunction.

Exercise 3.14. Determine if the “and”s in the following statements indicate conjunc-
tions, determine the truth values of each statement, and give a reason for your answer
of “true” or “false”.

(1) There exist real numbers 𝑥 and 𝑦 such that 𝑥2 + 𝑦2 = 0.
(2) There exist 𝑥, 𝑦 ∈ ℝ such that 𝑥 > 0 and 𝑥𝑦 ≤ 0.
(3) 7 > 0, −3 < 0, and 7 + (−3) < 0.
(4) There exist real numbers 𝑥 and 𝑦 such that 𝑥 > 0, 𝑦 < 0, and 𝑥 + 𝑦 < 0.
(5) For every choice of real numbers 𝑥 and 𝑦, such that 𝑥 > 0 and 𝑦 < 0, we have

𝑥 + 𝑦 < 0.
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3.3. Negations

Question 1: Do youwant to reject the parts of a new law that would delay the
use of ranked-choice voting in the election of candidates for any state or fed-
eral office until 2022, and then retain the method only if the constitution is
amended by December 1, 2021, to allow ranked-choice voting for candidates
in state elections?

—Ballot question in Maine on June 12, 2018 [3]

3.3.1. Negations of simple statements. If 𝑃 is a statement, then thenegation
of𝑃, denoted¬𝑃 and pronounced “not𝑃”, is the statementwith the opposite truth value
of 𝑃.

Example 3.15. Let 𝑃 be the statement,

• The Loch Ness Monster lives in the Mississippi River.

The statement ¬𝑃 is the statement,

• It is not the case that the Loch Ness Monster lives in the Mississippi River.

We can rephrase ¬𝑃 slightly more helpfully as

• The Loch Ness Monster does not live in the Mississippi River. ♦
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Exercise 3.16. Complete the following truth table.

𝑃 T T F F
𝑄 T F T F
¬𝑃
¬𝑄
𝑃 ∧ 𝑄 T F F F
𝑃 ∨ 𝑄 T T T F

¬(𝑃 ∧ 𝑄)
¬(𝑃 ∨ 𝑄)

(¬𝑃) ∧ (¬𝑄)
(¬𝑃) ∨ (¬𝑄)

3.3.2. Negations of conjunctions and disjunctions. In many mathematical
arguments, we need to be able to write the negation of a statement in a useful way. For
example, if we claim that it is not the case that there exists an 𝑥 such that 𝑥 > 0 and
𝑥 < 7, then we might do better to simply claim that for every 𝑥, 𝑥 ≤ 0 or 𝑥 ≥ 7. We
note the following:

• If 𝑃 and𝑄 are statements, then the statement “¬(𝑃 and 𝑄)” is logically equivalent
to the statement “(¬𝑃) or (¬𝑄)”.

• If 𝑃 and 𝑄 are statements, then the statement “¬(𝑃 or 𝑄)” is logically equivalent
to the statement “(¬𝑃) and (¬𝑄)”.

In other words, negating a statement toggles the “and”s and “or”s. This should be evi-
dent in your answers to Exercise 3.16. Generally, we will say that rephrasing ¬(𝑃 ∧ 𝑄)
as (¬𝑃) ∨ (¬𝑄) is writing “the negation of 𝑃 ∧ 𝑄 as positively as possible”. Likewise,
rephrasing ¬(𝑃 ∨ 𝑄) as (¬𝑃) ∧ (¬𝑄) is writing “the negation of 𝑃 ∨ 𝑄 as positively as
possible”.

Example 3.17. Consider the statement
• 𝑅: 27 > 0 and the function 𝑓 is increasing,

where 𝑓 is some fixed function. Writing the negation as positively as possible we obtain

• ¬𝑅: 27 ≤ 0 or the function 𝑓 is nonincreasing. ♦

Exercise 3.18. Write the negations of the following statements as positively as possi-
ble. You do not have to know what all the mathematical terms refer to.

(1) 26 is positive and (−2, 16) is in the first quadrant of the Cartesian plane.
(2) 6821 is prime or 6823 is composite.
(3) The function 𝑓(𝑥) = sin 𝑥 has period 𝜋/2, and the function 𝑔(𝑥) = cos 𝑥 has

period 2𝜋.
(4) The function 𝑓(𝑥) = 𝑥2 is concave up and increasing.
(5) The unit disc is an open subset of the Cartesian plane or the unit disc is compact.
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(6) The real numbers 𝑒, 𝜋, and√2 are irrational, but the real number 27/3 is rational.
(7) (26 > 0 or 25 < 0) and√2 is rational.

3.3.3. Negationswith quantifiers. While truth tables are helpful for analyzing
the effect of negating conjunctions and disjunctions, they do not do a great job of cap-
turing the effect of negating statements with quantifiers. Nevertheless, some thought
will show that negating also toggles “there exists” with “for all”.

• If 𝑃(𝑥) is a predicate, then ¬(∀𝑥, 𝑃(𝑥)) is the statement ∃𝑥(¬𝑃(𝑥)).
• If 𝑃(𝑥) is a predicate, then ¬(∃𝑥 s.t. 𝑃(𝑥)) is the statement ∀𝑥, (¬𝑃(𝑥)).

Warning 3.3.1. In everyday speech, people are often sloppy with the place-
ment of the word “not” with respect to quantifiers. Consider the following two
statements:

• All rectangles are not squares.
• Not all rectangles are squares.

The first statement is false because some rectangles are squares. The second
statement is equivalent to the statement “There exists a rectangle that is not a
square”. It is a true statement.

Example 3.19. Let 𝑃 be the statement,
• Every real number 𝑥 is positive.

The statement ¬𝑃 is
• Some real number 𝑥 is not positive. ♦

Example 3.20. Let 𝑃 be the statement,
• There is a prime number larger than 20000.

The statement ¬𝑃 is
• All prime numbers are not larger than 20000. ♦

Exercise 3.21. Negate the following statements, phrasing your answer as positively as
possible. Consider 𝑥 to be some fixed element.
(1) 𝑥 ∈ 𝐴 and 𝑥 ∈ 𝐵.
(2) 𝑥 ∈ 𝐴 or 𝑥 ∈ 𝐵.
(3) For all 𝐴 ∈ 𝒜, 𝑎 ∈ 𝐴.
(4) There exists 𝐴 ∈ 𝒜, such that 𝑎 ∈ 𝐴.

When negating a statement with multiple quantifiers, work from left to right, tog-
gling the quantifiers.
Example 3.22. Negate the statement

For every 𝑥 ∈ 𝑋 there exists 𝑦 ∈ 𝑌 such that for all 𝑧 ∈ 𝑍, |𝑥𝑦| < 𝑧.
(Assume that 𝑋 , 𝑌 , and 𝑍 are particular subsets of ℝ.)
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Solution.

There exists 𝑥 ∈ 𝑋 such that for all 𝑦 ∈ 𝑌 , there exists 𝑧 ∈ 𝑍 so that |𝑥𝑦| ≥ 𝑧. ♦

Notice that the words “such that” are attached to “there exists”; indeed you should
consider “there exists . . . such that . . . ” to be one phrase. The words “for all” are not
paired with “such that”.

Example 3.23. Negate the statement

For every 𝑥 > 0 there exists 𝑦 < 0 such that for all 𝑧 > 0, |𝑥𝑦| < 𝑧.
Solution.

There exists 𝑥 > 0 such that for all 𝑦 < 0, there exists 𝑧 > 0 so that |𝑥𝑦| ≥ 𝑧. ♦

Warning 3.3.2. When you negate a statement with a quantifier, the kind of
object being quantified does not change. In the Solution to Example 3.22, the
element 𝑥 is still an element of 𝑋 , the element 𝑦 is still an element of 𝑌 , and the
element 𝑧 is still an element of 𝑍. Likewise, in the Solution to Example 3.23,
we still have 𝑥 > 0, 𝑦 < 0 and 𝑧 > 0.

When negating compound statements, work from the outside to the inside. Here
are two examples involving both quantifiers and conjunctions and disjunctions.

Example 3.24. Negate the statement
For every 𝑥 ∈ 𝑋 , there exists 𝑦 ∈ 𝑌 such that 𝑥𝑦 = 0,
and there exists 𝑎 ∈ 𝑋 such that 𝑎2 > 100.

Of course, simply prefacing the previous statement with the words, “It is not the
case that,” gives a valid negation. To get something more useful, however, we progress
in stages.

First attempt: We observe that the given statement is of the form 𝑃 ∧ 𝑄 where 𝑃
is the statement:

𝑃: For every 𝑥 ∈ 𝑋 , there exists 𝑦 ∈ 𝑌 such that 𝑥𝑦 = 0,
and 𝑄 is the statement,

𝑄: There exists 𝑎 ∈ 𝑋 such that 𝑎2 > 100.
Since the negation of 𝑃 ∧ 𝑄 is ¬𝑃 ∨ ¬𝑄, we arrive at

(It is not the case that for every 𝑥 ∈ 𝑋 , there exists 𝑦 ∈ 𝑌 such that 𝑥𝑦 = 0),
or (it is not the case that there exists 𝑎 ∈ 𝑋 such that 𝑎2 > 100.)
Of course, the sentence is unwieldy, so we improve it by writing more useful nega-

tions of 𝑃 and 𝑄.
Second attempt:

There exists 𝑥 ∈ 𝑋 such that for all 𝑦 ∈ 𝑌 , 𝑥𝑦 ≠ 0, or for all 𝑎 ∈ 𝑋 , 𝑎2 ≤ 100.
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We can improve the readability by signalling to the reader at the beginning of the
sentence that there will be an “or” later on. Making it read a little more naturally in
English, we end up with

Either there is 𝑥 ∈ 𝑋 such that for every 𝑦 ∈ 𝑌 , 𝑥𝑦 ≠ 0,
or 𝑎2 ≤ 100, for every 𝑎 ∈ 𝑋 . ♦

Example 3.25. Negate the statement

Either there exists 𝑛,𝑚 ∈ ℕ such that 𝑛 + 𝑚 = 1000,
or 1

𝑛 < 15 for every 𝑛 ∈ ℕ; additionally for every 𝑛 ∈ ℕ, 𝑛2 < 0.

Solution. The given statement is convoluted. To clarify the logical structure, we write
it using logical symbols. The given statement is then

((∃ 𝑛,𝑚 ∈ ℕ, 𝑛 + 𝑚 = 1000) ∨ (∀𝑛 ∈ ℕ, 1𝑛 < 15)) ∧ (∀𝑛 ∈ ℕ, 𝑛2 < 0).

Negating, using logical symbols, we arrive at

((∀ 𝑛,𝑚 ∈ ℕ, 𝑛 + 𝑚 ≠ 1000) ∧ (∃𝑛 ∈ ℕ, 1𝑛 ≥ 15)) ∨ (∃𝑛 ∈ ℕ, 𝑛2 ≥ 0).

Translating back into English, we arrive at

Either, for every 𝑛,𝑚 ∈ ℕ, 𝑛 + 𝑚 is not equal to 1000
and there is some 𝑛 ∈ 𝑁 such that 1

𝑛 ≥ 15,
or there is some 𝑛 ∈ 𝑁 such that 𝑛2 is at least 0

which is unwieldy, but understandable. ♦

Example 3.26. The point of this example is that when checking if an “and” is join-
ing two statements, you may need to think about how the English sentence can be
reworded to make it plain that the “and” is a conjunction. Consider

Some increasing function is continuous and differentiable.

Obviously, the word “differentiable” is not, by itself a statement, but the statement can
be reworded to make its logical structure plain:

There exists an increasing function 𝑓
such that 𝑓 is continuous and 𝑓 is differentiable.

The negation of the statement is, therefore,

For every increasing function 𝑓,
either 𝑓 is not continuous or 𝑓 is not differentiable. ♦

Exercise 3.27. Negate the following statements.

(1) For all 𝑥 ∈ 𝑋 , there exists 𝐻 ∈ ℋ, such that 𝑥 ∈ 𝐻.
(2) For all 𝑥 ∈ 𝑋 and for all 𝐻 ∈ ℋ, we have 𝑥 ∈ 𝐻.
(3) There exists 𝑥 ∈ 𝑋 such that for all 𝐻 ∈ ℋ, 𝑥 ∈ 𝐻.
(4) There exists 𝑥 ∈ 𝑋 and there exists 𝐻 ∈ ℋ, such that 𝑥 ∈ 𝐻.
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3.4. Implications

I should also point out, however, that most of the ideas that I have
and the things that I try do not work, and I suspect that the same
is probably true of many other mathematicians. Of course this just
means that perseverance is a crucial part of the entire process, and
that it is very important not to just give up too easily!

—Adebisi Agboola6

Almost of all mathematics, both pure and applied, is about deducing the conse-
quences of certain assumptions. While investigating the consequences of certain as-
sumptions, we work under the presumption that those assumptions are true. If our
work brings to light a consequence of our assumptions that is a false statement, then
we may conclude that at least one of our assumptions was false. On the other hand,
even if we deduce true statements, there is no guarantee that the assumptions them-
selves were true. For example, suppose, using tremendous feats of logic, we were able
to deduce from the assumption “The moose is the largest of all aquatic creatures” the
statement “The moose is a mammal”. Although we have reached a true conclusion,
our assumption is still false. But if we know that our assumption is true and that our
assumption implies some conclusion, then we may be certain that our conclusion is
also true.

We formalize this process with the notion of an implication. Implications are an-
other way (besides conjunctions and disjunctions) of combining two statements to cre-
ate a third.

3.4.1. Implications and their negations. If 𝑃 and 𝑄 are statements, the state-
ment 𝑃 ⇒ 𝑄 (called an implication) is the statement that is false exactly when 𝑃 is
true and 𝑄 is false. For the implication 𝑃 ⇒ 𝑄, the statement 𝑃 is the hypothesis (or
premise) and the statement 𝑄 is the conclusion.

The implication 𝑃 ⇒ 𝑄 can be read in a variety of ways:

• 𝑃 implies 𝑄.
• If 𝑃, then 𝑄.
• 𝑃 only if 𝑄.
• 𝑃 is sufficient for 𝑄.
• 𝑄 is necessary for 𝑃.
As we will see in the next chapter, manymathematical proofs have steps where we

know a certain statement 𝑃 is true and we also know that an implication 𝑃 ⇒ 𝑄 is true.
We then know that the conclusion 𝑄 is true.

The contrapositive of 𝑃 ⇒ 𝑄 is ¬𝑄 ⇒ ¬𝑃. If 𝑃 and 𝑄 are statements, the con-
verse of 𝑃 ⇒ 𝑄 is 𝑄 ⇒ 𝑃.

6Adebisi Agboola is a mathematics professor at University of California, Santa Barbara. The quotation is from Cook,
Mariana, Mathematicians: An outer view of the inner world. American Mathematical Society, 2009. Used by permission of
the author. [30]
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Exercise 3.28. Complete the following truth table.

𝑃 T T F F
𝑄 T F T F
¬𝑃 F F T T
¬𝑄 F T F T

𝑃 ⇒ 𝑄
𝑄 ⇒ 𝑃

¬𝑄 ⇒ ¬𝑃
¬(𝑃 ⇒ 𝑄)
𝑃 ∧ (¬𝑄)

Warning 3.4.1. From your work on the truth table note the following:
(1) The contrapositive of an implication is logically equivalent to the implica-

tion; they have the same truth values.
(2) The statement ¬(𝑃 ⇒ 𝑄) always has the same truth values as 𝑃 ∧ (¬𝑄).

In particular, the negation of an implication is not an implication; it is a
conjunction!

Example 3.29. Let 𝑃 be the statement “The ostrich sees the Pleiades”, and let𝑄 be the
statement “The ostrich lays its eggs”.

• The implication 𝑃 ⇒ 𝑄 is “If the ostrich sees the Pleiades, then the ostrich lays its
eggs” or “The ostrich sees the Pleiades only if the ostrich lays its eggs”.

• The contrapositive of 𝑃 ⇒ 𝑄 is “If the ostrich doesn’t lay its eggs, then the ostrich
doesn’t see the Pleiades”.

• The converse of 𝑃 ⇒ 𝑄 is “If the ostrich lays its eggs, then the ostrich sees the
Pleiades”.

• The negation of 𝑃 ⇒ 𝑄 is “The ostrich sees the Pleiades and the ostrich doesn’t
lay its eggs”. ♦

Example 3.30. In Terry Pratchett’s novel,Monstrous Regiment, a character named Ser-
geant Jackrum argues that he is capable of carrying out a diversionary attack: “If I
can’t raise a little diversionary attack, my name’s not Sergeant Jackrum. And since it
is Sergeant Jackrum, that proves it” [88]. The first sentence of the quote is the contra-
positive of the implication, “If my name is Sergeant Jackrum, then I can raise a little
diversionary attack”. In the second sentence, the sergeant is asserts that the hypothesis
of the implication is true. ♦

Exercise 3.31. As we discussed in Definition 1.4, an implication 𝑃 ⇒ 𝑄 is vacuously
true if the hypothesis 𝑃 is false. In other words, the truth value of an implication per-
tains to the relationship of the truth values between 𝑃 and𝑄, but by itself tells us noth-
ing about the truth value of either 𝑃 or 𝑄 by themselves. To help convince yourself
that this is correct, show that 𝑃 ⇒ 𝑄 always has exactly the same truth values as the
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statement (¬𝑃) ∨ 𝑄. One good way to do this is to show that (¬𝑃) ∨ 𝑄 is the negation
of ¬(𝑃 ⇒ 𝑄).
Exercise 3.32. For each of the following implications, determine the truth value and
write the converse and the contrapositive.
(1) If 20 > 0, then 32 + 42 = 52.
(2) If 20 < 0, then 32 + 42 = 52.
(3) If 20 > 0, then 32 + 42 ≠ 52.
(4) If 20 < 0, then 32 + 42 ≠ 52.
Exercise 3.33. Determine the truth values of the following statements and write their
negations.
(1) 27 > 0 implies 19 is odd.
(2) The fact that the function 𝑓(𝑥) = 𝑥 is an increasing function implies that 𝑔(𝑥) =

cos 𝑥 is differentiable. (You may assume that 𝑓 and 𝑔 are defined on all of ℝ and
have the well-known properties from calculus.)

(3) If opossums are mythical, then 19 is a prime number.
(4) If 19 is a prime number, then opossums are mythical.

3.4.2. Implication and predicates. In math, we often say things like
The statement “If 𝑝 is prime, then 𝑝 is odd” is false.

And yet, at face-value this is a ludicrous thing to say, since the sentence
If 𝑝 is prime, then 𝑝 is odd

is not a statement, but a predicate with a free variable 𝑝. If we specify that 𝑝 = 3, then
it becomes a true statement, and if we specify that 𝑝 = 2, then the statement is false.
Thinking about normal usage, it becomes apparent that when a mathematician says

If 𝑝 is prime, then 𝑝 is odd
what she means is really something along the lines of

For every natural number 𝑝, if 𝑝 is prime, then 𝑝 is odd.
The statement is false, as 𝑝 = 2 is a counterexample. We (as most mathematicians)
will thus make the following convention.

Warning 3.4.2. If 𝑃 and 𝑄 are predicates, then 𝑃 ⇒ 𝑄 is, by convention, the
statement obtained by using the universal quantifier to bind all the variables of
𝑃 and𝑄. That is, 𝑃(𝑥) ⇒ 𝑄(𝑥)means ∀𝑥, 𝑃(𝑥) ⇒ 𝑄(𝑥). For example, (𝑥 ≥ 0) ⇒
(𝑥3 ≥ 0) is shorthand for the statement

∀𝑥 ∈ ℝ, (𝑥 ≥ 0) ⇒ (𝑥3 ≥ 0),
which is true.
Consequently, the negation of an implication involving predicates will be a con-
junction containing an existential quantifier.
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Example 3.34. The negation of the statement,
If a fish escapes from a pot, then the fish is a wrasse

is
There is a fish that escapes from a pot and is not a wrasse. ♦

Exercise 3.35. Write negations of the following implications. You do not need to know
what all the terms mean.
(1) If 𝑓 is an increasing function, then 𝑓 is differentiable.
(2) If 𝑥2 < 0, then 𝑥 is not a real number.
(3) If lines 𝐿 and 𝑀 are not parallel, then 𝐿 and 𝑀 intersect in exactly one point or

𝐿 = 𝑀.
(4) If 𝐼 ⊂ ℝ is a closed and bounded interval, then every continuous function 𝑓∶ 𝐼 →

𝐼 has a fixed point.

3.4.3. Implications and natural language. Example 3.34 is a good reminder
that we use the language of implications frequently in every-day speech:7

• If I stay up late, then I fall asleep in class.
• If the Earth is flat, then I am taking a math class.
• If I finish my homework, then I will call you.
But as is always the case, wemust be very carefulwhen thinking about the relation-

ship between mathematics and the natural world. In particular, the conventions for
handling implications in everyday language can be very different from the conventions
in logic. Take the previous three statements in turn.

• “If I stay up late, then I fall asleep in class”. This sentence in everday language
communicates a causal relationship between staying up late and falling asleep in
class. Inmathematics and logic, however, the use of “if . . . then . . . ” is not intended
to communicate a causal relationship, only a logical one. Thus, a logician who
ignores everyone else’s speech conventions would say that the statement, “If I

7I am heavily indebted to the excellent article [41] for these observations.
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stay up late, then I fall asleep in class”, is true even in the situation where she
falls asleep in class whether or not she stays up late. Similarly, she would admit
“If I stay up late tomorrow night, then I fell asleep in class yesterday” as a valid
statement which might be true or might be false.

• “If the Earth is flat, then I am taking a math class.” In everyday speech, this sen-
tence is close to nonsensical since the flatness (or not) of the Earth has nothing
to do with whether or not I am taking a math class. A logician, however, would
say that the statement is true (indeed vacuously true) since the hypothesis is false
and any implication with a false hypothesis is a true statement.

• “If I finishmy homework, then I will call you.” In addition to the issues of causal-
ity and temporality mentioned in our first example, in everyday speech this state-
mentmightwell be taken to also include the sentiment, “If I don’t finishmyhome-
work, then I won’t call you.” That is, in everyday speech, implications stated in
the form “𝑃 ⇒ 𝑄” are often understood to be logical equivalences 𝑃 ⇔ 𝑄. Unfor-
tunately, in mathematics, this convention has lingered in the way definitions are
often presented. For instance:
We define 𝑞 to be rational if there exists 𝑎 ∈ ℤ and 𝑏 ∈ ℕ such that 𝑞 = 𝑎/𝑏.

What we mean to say, however, is
We define 𝑞 to be rational if and only if there exists 𝑎 ∈ ℤ and 𝑏 ∈ ℕ
such that 𝑞 = 𝑎/𝑏.

3.4.4. How to prove an implication is true. The next observation helps in
proving implications.

Example 3.36. Suppose that 𝑃 and 𝑄 are statements. The statement “𝑃 ⇒ 𝑄” is logi-
cally equivalent to “¬𝑃 or 𝑄”. ♦

Proof. We can show that “𝑃 ⇒ 𝑄” and “¬𝑃 or 𝑄” always have exactly the same truth
values by using a truth table where we list all the possible truth values for the two
statements according to the truth values of 𝑃 and 𝑄.

𝑃 T T F F
𝑄 T F T F

𝑃 ⇒ 𝑄
(¬𝑃) ∨ 𝑄

⟨ Fill in the missing entries. ⟩

Since the last two rows always take the same value, the two statements are logically
equivalent. □

The fact that 𝑃 ⇒ 𝑄 is logically equivalent to (¬𝑃) ∨ 𝑄 helps explain why the
negation of 𝑃 ⇒ 𝑄 is 𝑃 ∧ (¬𝑄). Furthermore, if we want to show that 𝑃 ⇒ 𝑄, we need
only show that ¬𝑃 ∨ 𝑄. If ¬𝑃 is true, we are done, so it suffices to assume 𝑃 is true and
show that, from that assumption, we can deduce that 𝑄 is true. There are, however,
other ways of proving an implication. We will explore these in the next chapter, but
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Figure 3.1. Portions of two lines 𝐿1 and 𝐿2 in ℝ2. Theorem 3.37 claims that since the
lines 𝐿1 and 𝐿2 have different slopes, they will intersect at a unique point (𝑥0, 𝑦0).

here is an example from algebra to tide you over. Informally, it says that lines in ℝ2 of
different slopes share a unique point. See Figure 3.1 for an example.

Theorem 3.37. Let 𝑚, 𝑏, 𝑎, 𝑐 ∈ ℝ, let 𝐿1 be the line in ℝ2 with the equation
𝑦 = 𝑚𝑥 + 𝑏, and let 𝐿2 be the line in ℝ2 with the equation 𝑦 = 𝑎𝑥 + 𝑐. If 𝑎 ≠ 𝑚,
then there is a unique point (𝑥0, 𝑦0) ∈ ℝ2 belonging to both 𝐿1 and 𝐿2.

Proof. Assume that 𝑎 ≠ 𝑚. Let 𝑥0 = 𝑐−𝑏
𝑚−𝑎 and 𝑦0 =

𝑚𝑐−𝑏𝑎
𝑚−𝑎 . We claim that (𝑥0, 𝑦0)

belongs to both 𝐿1 and 𝐿2.
To see that (𝑥0, 𝑦0) ∈ 𝐿1, observe

𝑚𝑥0 + 𝑏 = 𝑚(𝑐−𝑏)
𝑚−𝑎 + 𝑏

= 𝑚(𝑐−𝑏)+𝑏(𝑚−𝑎)
𝑚−𝑎

= 𝑚𝑐−𝑏𝑎
𝑚−𝑎

= 𝑦0,
since (𝑥0, 𝑦0) satisfies the equation of 𝐿1, (𝑥0, 𝑦0) ∈ 𝐿1.

To see that (𝑥0, 𝑦0) ∈ 𝐿2, observe

𝑎𝑥0 + 𝑐 = 𝑎(𝑐−𝑏)
𝑚−𝑎 + 𝑐

= 𝑎(𝑐−𝑏)+𝑐(𝑚−𝑎)
𝑚−𝑎

= −𝑎𝑏+𝑐𝑚
𝑚−𝑎

= 𝑦0.
Thus, (𝑥0, 𝑦0) ∈ 𝐿2.
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Finally, we need to confirm that (𝑥0, 𝑦0) is the unique point of ℝ2 belonging to
both 𝐿1 and 𝐿2. To that end, assume (𝑥, 𝑦) belongs to both 𝐿1 and 𝐿2. We will show
that (𝑥, 𝑦) = (𝑥0, 𝑦0).

⟨ Do it! ⟩ □

Exercise 3.38. Suppose that 𝐶1 is the circle with equation 𝑥2 + 𝑦2 = 1. Let 𝐶2 be the
circle with equation (𝑥 − 𝑎)2 + 𝑦2 = 1 for some 𝑎 ∈ ℝ. Prove that if 𝑎 ∈ [0, 1], then
there exists a point (𝑥0, 𝑦0) belonging to both 𝐶1 and 𝐶2. For what values of 𝑎 ∈ [0, 1],
is the point (𝑥0, 𝑦0) unique?

3.4.5. Equivalent statements. Previously we said that two statements 𝑃 and 𝑄
were equivalent if they have the same truth values. Another way of saying this is that
𝑃 ⇒ 𝑄 and 𝑄 ⇒ 𝑃. We combine this to say that 𝑃 and 𝑄 are equivalent statements if
𝑃 ⇔ 𝑄. We can read this as “𝑃 if and only if 𝑄” or “𝑃 is necessary and sufficient for 𝑄”.
The phrase “if and only if” is often abbreviated when writing as “iff”.

To prove that two statements 𝑃 and 𝑄 are equivalent, we usually show that 𝑃 ⇒ 𝑄
and 𝑄 ⇒ 𝑃.

3.5. A remark on uniqueness

The power which language gives us of generalizing our reasonings
concerning individuals by the aid of general terms, is nowhere more
eminent than in themathematical sciences, nor is it carried to so great
an extent in any other part of human knowledge.

—Charles Babbage8

Finally, we observe that the uniqueness of a certain kind of a element in a set can
be expressed in logical terms. Look back over the proof of Theorem 3.37 for an example
of how this definition is used in proofs.

Definition 3.39. If 𝑎 is an element of a set 𝑋 , then to say 𝑎 is the unique
element of 𝑋 satisfying a predicate 𝑃(𝑥)means

• 𝑃(𝑎) is true, and
• if 𝑏 ∈ 𝑋 and 𝑃(𝑏) is true, then 𝑎 = 𝑏.

The negation of the statement,

𝑄: 𝑥0 ∈ 𝑋 is the unique element of 𝑋 with property 𝑃

(where 𝑥0 is some fixed element of 𝑋) is thus

¬𝑄: Either 𝑥0 does not have property 𝑃 or there exists 𝑦0 ∈ 𝑋
such that 𝑦0 has property 𝑃 and 𝑥0 ≠ 𝑦0.

8Charles Babbage (1791–1871) is widely credited as the inventor of the computer, though he never saw a working one
built. The quote can be found in [11].
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3.6. Basic exercises in logic

Logicians have but ill defined
As rational, the human kind;
Reason, they say, belongs to man,
But let them prove it, if they can.

—Jonathan Swift9

We could spend a great deal of time discussing all the various ways of writing and
rewriting statements and predicates, but the best thing to do is to simply do a number
of practice problems and then trust your careful thinking and good judgement when
encountering new situations.
(1) Show that if 𝑃(𝑥) and𝑄(𝑥) are predicates, then ¬(𝑃(𝑥) ⇒ 𝑄(𝑥)) is logically equiv-

alent to ∃𝑥 s.t. 𝑃(𝑥) ∧ (¬𝑄(𝑥)).
(2) Invent and write down three examples of implications from life outside of math-

ematics. Identify the hypothesis and the conclusion and discuss the truth value
of each statement.

(3) Invent and write down three examples of mathematical statements that are im-
plications. Identify the hypothesis and conclusion of each and discuss the truth
value of each statement.

(4) Find an example of a (possibly nonmathematical) predicate 𝑄(𝑥, 𝑦) in two free
variables 𝑥 and 𝑦 such that ∀𝑥∃𝑦𝑄(𝑥, 𝑦) is a true statement but ∃𝑦∀𝑥𝑄(𝑥, 𝑦) is a
false statement.

(5) For each of the following implications, write down the (i) negation, (ii) the con-
verse, and (iii) the contrapositive (each phrased as positively as possible). Finally,
(iv) attempt to determine the truth value of the original implication. Explanatory
comments are in parentheses and are not part of the statement you are to work
with.
(a) If 𝑛 is positive, then√𝑛 = 𝑛.
(b) (𝑥 is a fixed real number.) If 𝑥2 ≥ 2, then 𝑥 ≥ 1.
(c) If 𝑛 is a natural number and 𝑛2 is even, then 𝑛 is even.
(d) If 𝑛 is a natural number, then 5𝑛2 + 5𝑛 + 1 is a prime number.

(Hint for (iv): Look at a table of prime numbers. You can find one online.)
(e) If 𝑇1 and 𝑇2 are triangles with the same area, then their sides are the same

length.
(f) If 𝑓∶ [0, 1] → ℝ is a function, then there is a real number 𝑀 such that for

all 𝑥 ∈ [0, 1], we have 𝑓(𝑥) ≤ 𝑀”. (Here, [0, 1] is the interval {𝑥 ∈ ℝ ∶ 0 ≤
𝑥 ≤ 1}.)
(Hint for (iv): If a function is continuous on a closed and bounded interval,
the extreme value theorem from calculus can be applied to it. Thus, if you try
to show that the statement is true, you are, in essence, attempting to extend
the extreme value theorem to all functions. If you try to show the statement
is false, on the other hand, you need to show that there is a discontinuous

9Jonathan Swift (1667–1745) was a satirist, most famous for Gulliver’s Travels. This is from his poem “Logicians
Refuted” [122].
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function for which the conclusion of the extreme value theorem does not
hold.)

(6) Which of the following statements10 (if either) is true? Are they logically equiva-
lent? Why or why not?
𝑃: There is a positive real number 𝑏 such that for all positive numbers 𝑎, 𝑏 < 𝑎.
𝑄: For all positive real numbers 𝑎, there is a positive number 𝑏 such that 𝑏 < 𝑎.

(7) For each of the following implications (which are variants of statements else-
where in this text) write the (i) converse, (ii) contrapositive, and (iii) negation
(remembering that the negation of an implication is a conjunction). You do not
need to know all the terms in the statements and not all of the statements are
true. Explanatory comments are in parentheses and you do not need to manipu-
late them when writing the converse, contrapositive, or negation.
(a) If 𝐴 is a subset of 𝐵, then 𝐵𝑐 is a subset of 𝐴𝑐.
(b) If 𝑋 = ∅ and 𝑌 is a set, then 𝑋 × 𝑌 = ∅.
(c) If every element 𝐻 ∈ ℋ is a convex set, then ⋂

𝐻∈ℋ
𝐻 is convex.

(d) If 𝑎, 𝑏 ∈ ℕ, then there exists 𝑞, 𝑟 ∈ ℕ∗ such that 𝑏 = 𝑎𝑞 + 𝑟 and 𝑟 < 𝑎.
(e) If 𝑎 ∼ 𝑏 and 𝑏 ∼ 𝑐, then 𝑎 ∼ 𝑐.
(f) If 𝑓(𝑥) = 𝑓(𝑦), then 𝑥 = 𝑦.
(g) (We have a function 𝑓∶ 𝑋 → 𝑌 .) If 𝑦 ∈ 𝑌 , there exists 𝑥 ∈ 𝑋 such that

𝑓(𝑥) = 𝑦.
(h) If 𝑓∶ 𝑋 → 𝑌 is injective and 𝑔∶ 𝑌 → 𝑍 is injective, then 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 is

injective.
(i) If 𝑛 ∈ ℤ, then there exists 𝑘 ∈ ℤ such that 𝑛 = 2𝑘 or 𝑛 = 2𝑘 + 1.
(j) If 𝑛 ∈ ℕ ⧵ {1}, then there exists a prime number 𝑝 such that 𝑛 is a multiple

of 𝑝.
(k) (For every 𝑛 ∈ ℕ, 𝑥𝑛 ∈ ℝ.) If |𝑥𝑛 − 𝑥𝑛+1| < (1/2)𝑛, then for all 𝜖 > 0, there

exists 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁, |𝑥𝑛 − 𝑥𝑚| < 𝜖.
(l) (For every 𝑛 ∈ ℕ, 𝑥𝑛 ∈ ℝ.) If |𝑥𝑛| < 100, then there exists 𝑎 ∈ ℝ such that

for all 𝜖 > 0, there exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁, |𝑥𝑛 − 𝑎| < 𝜖.
(8) Negate the following statements. Phrase your answer as positively as possible.

(Meaning: don’t simply write the word “not” in front of the given statement, and
try to write something that is potentially useful!) Explanatory comments are in
parentheses and are not part of what you are to negate. Remember that predicates
that are implications are considered to be statements by the invisible addition of
a universal quantifier. You need to take that into consideration when negating.
You do not need to know all the terms in the statement.
(a) If 𝑎 is an even natural number, then there exist natural numbers 𝑚, 𝑛, 𝑝, 𝑞

such that
𝑎 = 𝑚2 + 𝑛2 + 𝑝2 + 𝑞2.

(b) There exists a natural number 𝑎 and there exists a natural number 𝑏 such
that 𝑎𝑏 = 5.

10Adapted from [41].
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(c) For every real number 𝜖 > 0 and for every natural number 𝑁, there exists a
natural number 𝑛 ≥ 𝑁 with |𝑥𝑛 − 𝑥| > 𝜖. (Here (𝑥𝑛) is a sequence of real
numbers and 𝑥 is a fixed real number.)

(d) The sum of three odd numbers is always an odd number. (Hint: Try rephras-
ing this using quantifiers.)

(e) For all 𝑟 ∈ ℝ and for all 𝑠 ∈ ℝ there exists 𝑞 ∈ ℝ such that 𝑟𝑠 = 𝑞.
(f) ((𝑥𝑛) is some fixed sequence and 𝐿 is some fixed real number.) For all 𝜖 > 0,

there exists 𝑁 ∈ ℕ, such that for all 𝑛 ≥ 𝑁, |𝑥𝑛 − 𝐿| < 𝜖.
(g) ((𝑥𝑛) is a fixed sequence.) There exists 𝐿 ∈ ℝ, such that for all 𝜖 > 0, there

exists𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁, |𝑥𝑛−𝐿| < 𝜖 or for all 𝐿 ∈ ℝ, there exists
𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁, 𝑥𝑛 ≥ 𝐿.

(h) (𝑓∶ ℝ → ℝ is a fixed function and 𝑎 ∈ ℝ is a fixed number.) For all 𝜖 > 0,
there exists 𝛿 > 0, such that if |𝑥 − 𝑎| < 𝛿, then |𝑓(𝑥) − 𝑓(𝑎)| < 𝜖.

(i) Every open cover of 𝑋 has a finite subcover. (Hint: There are two quantifiers
in this statement. Also, the negation of “finite” is “infinite”.)

(j) Every sequence (𝑥𝑛) in 𝑋 has a convergent subsequence.
(k) The number 0 in ℤ is the unique number such that if 𝑥 ∈ ℤ, then 𝑥 + 0 = 𝑥.

(Hint: There are two ways 0 can fail to be the unique number with a given
property: it might not have the property, or it might not be the only number
with the property.)

(l) (For 𝛼 ∈ ℝ, let [𝛼] denote the distance to the nearest integer. The statement
is known as Roth’s theorem.) For all irrational, algebraic numbers 𝛼 ∈ ℝ
and every 𝜖 > 0, there exists 𝐶 ∈ ℝ such that for all 𝑁 ∈ ℕ,

min{[𝛼𝑛] ∶ 1 ≤ 𝑛 ≤ 𝑁} ≤ 𝐶
𝑁1+𝜖 .

(m) (The next statement is known as Fermat’s little theorem. It was stated by
Fermat in 1640 and proved by Euler in 1736.) If 𝑝 ∈ ℕ is prime, then for all
𝑎 ∈ ℤ, there exists 𝑘 ∈ ℤ such that 𝑎𝑝 − 𝑎 = 𝑘𝑝.

(n) (The next statement is known as Fermat’s last theorem. It was stated by Fer-
mat in 1637 and dramatically proved by Andrew Wiles in 1995.) For all nat-
ural numbers 𝑁 ≥ 3 and all 𝑎, 𝑏, 𝑐 ∈ ℕ, 𝑎𝑁 + 𝑏𝑁 ≠ 𝑐𝑁 .

(o) (The next statement is known as the twin prime conjecture. It was first stated
in a more general form in 1849, but is likely considerably older. It is still
unproven.) For all 𝑁 ∈ ℕ, there exist prime numbers 𝑝, 𝑞 ≥ 𝑁 such that
|𝑝 − 𝑞| = 2.

(p) (The next statement was proved by Yitang Zhang in 2013 to the great aston-
ishment of the mathematical community.) There exists𝑀 ∈ ℕ such that for
all 𝑁 ∈ ℕ, there exist prime numbers 𝑝, 𝑞 ≥ 𝑁 such that |𝑝 − 𝑞| ≤ 𝑀.

(q) (The next statement is related to the card game Set and dates to at least 1971.
It was proved in 2016 [40]. See [81] for an explanation of the connection to
Set.) Let 𝑛 ∈ ℕ and suppose that there are 𝑛 attributes (such as color, shape,
smell, etc.), which a card may have. Each attribute can take one of three
values. For example, color might be red, blue, or green and shape might be
a diamond, square, or circle. Suppose that a deck 𝑋 consists of all of the 3𝑛
possible cards. Amatch is a set of three cards such that there is an attribute
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where they all have the same value. For example, if three cards have the same
color, then those three form a match. For 𝐴 ⊂ 𝑋 , let |𝐴| denote the number
of elements of 𝐴.) For all 𝜖 > 0, there exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁 if
𝐴 ⊂ 𝑋 has the property that no subset of 𝐴 is a match, then

|𝐴|
2.756𝑛 < 𝜖.

(r) (The next statement was proved to great acclaim in 2016 by the Ukrainian
mathematician Maryna Viazovska [83, 130]. She won the Fields Medal in
2022.) No packing of unit balls in Euclidean space ℝ8 has density greater
than that of the 𝐸8-lattice packing.

(9) (These examples are adapted from [117]. See that book for more highly entertain-
ing, imaginatively expressed puzzles.)
(a) John has an identical twin. One of them always lies and the other always

tells the truth. You meet the brothers and you wish to find out which one is
John. You may ask only one question to one of them. The catch is that the
question will be answered with only a “yes” or “no” and your question may
not contain more than three words. What question should you ask?

(b) The March Hare, the Mad Hatter, and the Dormouse were arrested on sus-
picion of stealing the Queen of Hearts’ jam. The Queen holds a trial to de-
termine which of them stole the jam. Under interrogation, the March Hare
and the Dormouse did not both speak the truth. The March Hare says, “I
never stole the jam!” The Hatter says, “One of us stole it, but it wasn’t me!”
The Dormouse says, “At least one of the March Hare and the Hatter told the
truth”. Who stole the jam?

3.7. Russell’s paradox

It is bad luck to title a book “Volume One”.
—Gian-Carlo Rota11

In the remainder of this section we’ll use a combination of logic and set theory to
approach a variety of interesting mathematical topics. We will do so, however, with-
out using a precise definition of “set” (or “element” for that matter). Although we will
accomplish a lot without a precise definition of set, we should have some idea of what
we are missing. The purpose of this chapter is to use logic to show that the informal
definition of “set” we’ve used in previous chapters can lead to logical contradictions.
The purpose of a formal definition of “set” (see Chapter 6) is to attempt to ensure that
we can do everything we need to do with sets, without encountering logical contradic-
tions. The final portion of this chapter gives an interesting application of these rather
abstruse considerations to computer science.

11Gian-Carlo Rota (1932–1999)worked in combinatorics, analysis, andmathematical philosophy. Aswe shall see, this
quotation is in reference to the interactions of the mathematical philosophers Frege and Russell. Quotation used with per-
mission of Springer, from Indiscrete Thoughts, Gian-Carlo Rota ©1997; permission conveyed through Copyright Clearance
Center, Inc., [109]
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In the 19th century, a number of mathematicians and logicians sought to base
mathematics onprecisely stated logical principles. As part of this quest, GottlobFrege12
thoroughly developed set theory. He published the first volume of his magnum opus,
but as he was preparing the second volume for publication he received a letter from
Bertrand Russell (1872–1970) which shattered his entire project. In the letter, Russell
points out a logical contradiction in Frege’s work arising fromnot being careful enough
with the definition of “set”. In the opening of his second volume [48], Frege remarks:

Hardly anything more unfortunate can befall a scientific writer than
to have one of the foundations of his edifice shaken after the work
is finished. This was the position I was placed in by a letter of Mr.
Bertrand Russell, just when the printing of this volume was nearing
its completion.

His response is a model of graciousness in the face of the potential destruction of his
life work.

One way of escaping from the paradox is to
claim that because we are appealing to terminol-
ogy from everyday language, we can’t be precise
enough to strictly apply logical principles. How-
ever, there are more sophisticated versions of the
paradox that raised serious philosophical issues.
See [69] for a fun introduction to these, as well
as to some of the other concepts from logic and
set theory which will be important in this text. As
far as set theory goes, however, Russell’s paradox
needn’t cause us toomuchworry since rather than
getting enmeshed in a philosophical trap, we can
simply conclude that the object in question isn’t
a set and then begin the quest for a more precise
definition of “set”.

The version of Russell’s paradox we present
here, centers on the question,

What sets are elements of themselves?
On the one hand, there is at least one set that is not an element of itself, since ∅ does

not have any elements at all. (Remember though that it does have a subset! Indeed,
∅ ⊂ ∅ although ∅ ∉ ∅.) The question of whether or not there is a set 𝐴 such that 𝐴 ∈ 𝐴
is more difficult.

Thinking of sets as backpacks makes it difficult to conceive how we could even
parse a statement like 𝐴 ∈ 𝐴. This is a limitation of our analogy. A better way to
try to make sense of these statements is to think of a set as a folder on a computer.
Clicking or tapping on the folder opens it and shows its contents (i.e., its elements).
We can conceive of a special kind of folder such that examining the contents of the

12Gottlob Frege (1848–1925) was a philosopher andmathematician best known for his efforts to base mathematics on
formal logic.
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folder shows us that the folder itself is one of the elements of the folder; potentially,
other folders are also elements of the folder.

As another analogy, consider the real number defined13 by the expression

𝑟 =

√√√
√2+√2 +√2 +√2 +√2 +⋯.

Observe that 𝑟 = √2 + 𝑟 and is, in some sense,14 a real number that contains itself.
Maybe there is a set-theory version of this?

As a warm-up consider the following paradox (adapted from [115]). Call a word
“self-referential” if it describes itself and “non-self-referential” if not. For instance,
“short” is a short word and so is self-referential. On the other hand, “long” is a short
word and so is non-self-referential. Here is the question: Is “non-self-referential” a
self-referential word or a non-self-referential word? It certainly can’t be self-referential
since the word itself is “non-self-referential”. On the other hand, it can’t be non-self-
referential for then it would be self-referential, which is a contradiction.

One of the most entertaining expositions of (a precursor to) Russell’s paradox oc-
curs in the 51st chapter of the second volume of Don Quixote by Miguel de Cervantes
[27]. In the story, Don Quixote is a knight whose squire Sancho Panza embodies an
entertaining mixture of foolishness and wisdom. Through a complicated set of cir-
cumstances, Sancho ends up becoming the governor of a small city. As governor he
has to settle the residents’ disputes. One of the disputes that he has to settle concerns
a landlord who has a bridge crossing a river on his property. Anyone who crosses the
bridge must declare his destination: if the traveller makes a truthful declaration, they
may pass freely; if not, they are executed on the spot. One day, a traveller crosses the
bridge and declares “You will execute me”. The judges are flummoxed, for if they ex-
ecute the traveller, then the traveller is telling the truth and they should have let him
pass freely. On the other hand, if they do not execute him, then the traveller was lying
and the judges should have executed him. You’ll have to read the story to discover how
Sancho resolves the dilemma with grace and wit. But for us, we observe that there is
an entrance criterion for the restricted land, and the traveller is able to create a logical
contradiction by making the entrance criterion into a self-referential statement.

Similarly, Russell’s paradox concerns an (ultimately nonexistent) set 𝑅 whose el-
ements are precisely the sets 𝑥 such that 𝑥 ∉ 𝑥. It could be thought of a folder that
behaves like this: When we open it, we see folders. No matter which folder 𝑥 we ex-
amine, when we open 𝑥, we will not see 𝑥 as a folder inside 𝑥. Thus, for example, we
would have ∅ ∈ 𝑅 since ∅ ∉ ∅. Furthermore, crucially, 𝑅 contains every single folder
with this property. Our proof will show that this is logically impossible.

Theorem 3.40 (Russell’s paradox). There does not exist a set 𝑅, whose elements
are all sets, such that 𝑥 ∈ 𝑅 if and only if and 𝑥 ∉ 𝑥.

13It is a question best addressed by calculus as to why this expression does define a real number.
14but not in a set theoretic sense
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The proof is a proof-by-contradiction: We pretend the theorem is false and show
that we encounter a logical contradiction. Since the theorem can’t be false, it must be
true. We’ll explore proofs-by-contradiction more in the next chapter.

Proof. Suppose that there is a set 𝑅whose elements are precisely all those sets that are
not elements of themselves. There are exactly two possibilities: either 𝑅 is an element
of itself, or 𝑅 is not an element of itself.

If 𝑅 is an element of itself (i.e., 𝑅 ∈ 𝑅), then, by the definition of 𝑅, 𝑅 ∉ 𝑅. Thus,
(𝑅 ∈ 𝑅) ⇒ (𝑅 ∉ 𝑅),

which is a logical contradiction. Hence, it is not the case that 𝑅 ∈ 𝑅.
If𝑅 is not an element of itself (i.e.,𝑅 ∉ 𝑅), then𝑅, by definition,meets the entrance

criterion for elements of 𝑅 and so 𝑅 ∈ 𝑅. Thus,
(𝑅 ∉ 𝑅) ⇒ (𝑅 ∈ 𝑅),

which is a logical contradiction. Hence, it is not the case that 𝑅 ∉ 𝑅.
We have shown, therefore, that neither𝑅 ∈ 𝑅 nor𝑅 ∉ 𝑅, but that is a contradiction

since one of those must hold. Hence, there is no such set 𝑅. □

An important consequence of this theorem is that there is no “set of all sets”:

Theorem 3.41 (There is no universal set). There does not exist a set𝑈 such that
𝐴 ∈ 𝑈 if and only if 𝐴 is a set.

Proof. Suppose, to obtain a contradiction, that there is such a set 𝑈. Then 𝑅 =
{𝑥 ∈ 𝑈 ∶ 𝑥 ∉ 𝑥} would be a subset (see Axiom 6.5, the axiom of subset selection).
However, the Theorem 3.40 shows that 𝑅 is not a set, and so 𝑈 cannot be a set ei-
ther. □

Remark 3.42. Examining the proof of Theorem 3.41 raises the question of why we
insist that if 𝑈 is a set, then 𝑅 = {𝑥 ∈ 𝑈 ∶ 𝑥 ∉ 𝑥} is a set. Rather than denying the
existence of the set 𝑈, we could deny our ability to create a subset of a given set in this
way. That is, we could choose to denyAxiom 6.5 (whichwe haven’t discussed yet). This
axiom, however, is one of the major links between set theory and logic, and denying
it, rather than the existence of a universal set, would create far more problems than it
solves.

Russell’s paradox leaves us with questions: How can we tell, in a particular in-
stance, if we have defined a set? How do we avoid logical contradictions? The answer
to the first question is that we restrict ourselves only to sets whose existence is guar-
anteed by the axioms of set theory. The answer to the second question has a long and
interesting story, but is essentially, “We can’t guarantee that there are no logical contra-
dictions, but none (to the best of our knowledge) have been found”. Mathematics, like
everything else in human knowledge, ultimately depends on some faith and hope. For
those of us who are becoming mathematicians, we would, of course, also add “love”.
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3.8. Application: The halting problem

[I]t has been shown that there are machines theoretically possible
which will do something very close to thinking. . . . [O]ne can show
that however the machine is constructed there are bound to be cases
where the machine fails to give an answer, but a mathematician
would be able to. On the other hand, the machine has certain ad-
vantages over the mathematician.

—Alan Turing15

If you have ever done any computer programming, you have undoubtedly spent
vast amounts of time debugging your code. The Fields medalist William P. Thurston,
comparing the level of detail necessary to write a correct proof with the level of detail
required to write a correct computer program [125], said:

I have spent a fair amount of effort during periods ofmy career exploringmathemati-
cal questions by computer. In view of that experience, I was astonished [at the view]
that mathematics is extremely slow and arduous, and that it is arguably the most
disciplined of all human activities. The standard of correctness and completeness
necessary to get a computer program to work at all is a couple of orders of magnitude
higher than the mathematical community’s standard of valid proofs. Nonetheless,
large computer programs, even when they have been very carefully written and very
carefully tested, always seem to have bugs.

In light of this, we might despair at our ability to write correct proofs. Thurston, re-
minds us, however that the goal is ultimately that of understanding and that commu-
nicating understanding is of primary importance:

Mathematics aswe practice it ismuchmore formally complete and precise than other
sciences, but it is much less formally complete and precise for its content than com-
puter programs. The difference has to do not just with the amount of effort: the
kind of effort is qualitatively different. In large computer programs, a tremendous
proportion of effort must be spent on myriad compatibility issues: making sure that
all definitions are consistent, developing “good” data structures that have useful but
not cumbersome generality, deciding on the “right” generality for functions, etc. The
proportion of energy spent on the working part of a large program, as distinguished
from the bookkeeping part, is surprisingly small. . . .

A very similar kind of effort would have to go into mathematics to make it for-
mally correct and complete. . . . If we were to continue to cooperate, much of our
time would be spent with international standards commissions to establish uniform
definitions and resolve huge controversies.

Mathematicians can and do fill in gaps, correct errors, and supply more detail
and more careful scholarship when they are called on or motivated to do so. Our
system is quite good at producing reliable theorems that can be solidly backed up.
It’s just that the reliability does not primarily come from mathematicians formally

15Alan Turing (1912–1954) did foundational work in probability, logic, genetics, and cryptography. His most influen-
tial work was in the theory of computation. The theoretical abstraction of modern computers is called a “Turing machine”.
The argument that the halting problem is unsolvable is credited to Turing. The quotation is from A. Turing, Intelligent
machinery, a heretical theory, Philos. Math. (3) 4 (1996)3, 256–260, by permission of Oxford University Press. [127]



76 3. Logic, Briefly

checking formal arguments; it comes from mathematicians thinking carefully and
critically about mathematical ideas.

One way of “thinking carefully and critically” about mathematical ideas is to test
them against real world problems. Sometimes the results can be quite surprising. Here
is an example arising from an application of mathematics to computer science. Al-
though the ideas of what follows can be formalized in a much more precise way, here
we simply outline the relevant ideas and defer the details to another course.

There is an especially pernicious type of bug in software: an infinite loop. Modern
computer programs are exceedingly complex and can run for days before producing
their output. If a computer program enters into an infinite loop it will never termi-
nate,16 but the user may wait expectantly for a long time before giving up on it. “Maybe
my program will stop in five minutes? . . .Maybe it just needs five more minutes . . . ”,
and so on.

Wouldn’t it be great if there were a computer program Halt that could read the
code for any other computer program 𝑋 and determine if 𝑋 will enter into an infinite
loop or, no matter what input is given, if it is guaranteed to halt (i.e., stop running or
terminate)?

To explore this, recall a basic fact about computer programs: some computer pro-
grams can take files as input. This means that some computer programs can take com-
puter code as input. This means that some computer programs could take their own
code as input! This is reminscent of Russell’s paradox where we ask if a certain set is
an element of itself, and thereby encounter a contradiction to the existence of a univer-
sal set. We can apply a similar idea here to show that our desired program Halt can’t
exist.

Suppose, for a contradiction, that there is a computer program Halt which can
read the code (without running it!) for any other computer program 𝑋 and determine
if 𝑋 is guaranteed to halt. We may assume, without loss of generality, that if 𝑋 halts,
the program Halt prints out “𝑋 halts!” and terminates. If 𝑋 might enter into an infi-
nite loop, Halt prints out “𝑋 infinitely loops!” and then terminates. We write a new
computer program 𝑄. The program 𝑄 takes the code for any computer program 𝑋 as
input. It then tells Halt to read the code for 𝑋 . If Halt prints out “𝑋 halts!”, then we
write𝑄 so that𝑄 enters into an infinite loop. On the other hand, if Halt prints out “𝑋
infinitely loops!”, then we write 𝑄 so that 𝑄 prints out “Success!” and terminates. In
particular if 𝑋 halts, then 𝑄 loops, and if 𝑋 infinitely loops, then 𝑄 terminates.

We now run 𝑄 and input the code for 𝑄 itself. Let’s see what happens. If 𝑄 in-
finitely loops, then by design 𝑄 terminates (a contradiction) and if 𝑄 halts, then 𝑄 by
design infinitely loops—also a contradiction. Hence the program Halt cannot exist.

For a rhyming version of the previous proof, I encourage you to consult [103].
Carnot’s theorem in thermodynamics has the corollary that it is impossible to build

a perfectly efficient engine. Carnot’s theorem, however, does not mean that engineers
shouldn’t try to keep making engines more efficient (even as they know perfection is
impossible). Similarly, the solution to the halting problem shows that it is impossible

16well, at least not until the hardware fails
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to write a computer program which is perfect at detecting whether or not code will
enter into an infinite loop. This does not mean, however, that it is impossible to make
improved bug checkers. In fact, there are computer programs that can determine if
certain limited classes of computer programs will loop or halt. The argument showing
that the halting problem is impossible shows that if such a computer program Mini-
halt can determine if all programs having certain characteristics 𝒞 are guaranteed to
halt, then Mini-halt does not itself have those characteristics 𝒞.





Chapter 4

Basic Proof Techniques,
Briefly

Key Concepts

• direct proof
• proof by contraposition
• proof by contradiction
• proving existence
• proving uniqueness

[W]hoever has attempted anything of this kind must be convinced, how dif-
ficult it is to hit upon such a method as shall have sufficient degree of per-
spicuity, and simplicity, omitting everything superfluous, and yet retaining
all that is useful and necessary. . . .

—Maria Agnesi1

Jean Chrétien, primeminister of Canada from 1993–2003, in reference to the ques-
tion of whether or not Iraqi dictator SaddamHussein could be proved to have weapons
ofmass destruction, said, “A proof is a proof. What kind of a proof? It’s a proof. A proof
is a proof. And when you have a good proof, it’s because it’s proven” [26]. Fortunately,
in mathematics, as opposed to international politics, the question of what constitutes
a proof is much clearer. The challenge in writing a proof, as Maria Agnesi informs us
above, is in communicating it. This chapter covers the most common types of proofs,
other than induction. Induction will be discussed in Chapter 9.

1Maria Gaetana Agnesi (1718–1799) was a prodigy and genius best known for her calculus textbook, Analytical Insti-
tutions. The quotation is from an 1801 translation by John Colson. For more on Agnesi, see [128].

79
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Warning 4.0.1. As with the chapter on logic, even after working carefully
through this chapter, you will likely not feel completely solid on writing proofs.
Again, that’s okay! As before, the best approach is to have a brief introduction,
a small amount of practice, and then get to interesting mathematics.

4.1. Direct proof

“Begin at the beginning,” the King said gravely, “and go on till you
come to the end: then stop.”

—Lewis Carroll2

In a direct proof, you should usually start by stating whatever it is you are assum-
ing. If you are proving that an implication holds, then the hypothesis of the implication
is one of the initial assumptions you should state. You should then saywhat it is you are
to prove and, through a sequence of tightly reasoned steps, explain why what you are
to prove is true. Each step should make use of only previously stated definitions, previ-
ously proved theorems (or lemmas, etc.), and the standard rules of logic. Throughout,
you should explicitly point out where you have used the initial assumptions. At the
end of the proof you should conclude by summarizing what it is you have proved.

Direct Proof of an Implication

To show: 𝑃 ⇒ 𝑄
Structure of Proof:
We assume 𝑃, and we will show that 𝑄 holds.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done. At some point, possibly at the begin-
ning, possibly later on, the assumption that 𝑃 is true is used. Usu-
ally at the end we encounter a statement which shows us, without
any additional work that 𝑄 is true.

⟩
Thus, 𝑄 is true. □

The element arguments we saw in the first chapter were all direct proofs. Here is a
relatively simple example, that we’ll use in the proof of Theorem 4.3. We assume some
basic well-known properties of the integers. Recall that 𝑛 ∈ ℤ is amultiple of𝑚 ∈ ℤ
if 𝑛 = 𝑎𝑚 for some integer 𝑎 ∈ ℤ. A lemma is simply a theorem used primarily to
prove another theorem.

Lemma 4.1. Suppose that 𝑛 ∈ ℤ. If there exists𝑚 ∈ ℤ such that both 𝑛 and 𝑛 + 1 are
multiples of𝑚, then𝑚 ∈ {−1, 1}.

Proof. Let 𝑛 ∈ ℤ. Assume that 𝑛 = 𝑘𝑚 and 𝑛 + 1 = ℓ𝑚 for some 𝑘, ℓ ∈ ℤ. We will
show that𝑚 ∈ {−1, 1}.

2Lewis Carroll was the pen name of Charles Dodgson (1832–1898), a mathematician and author of the children’s
classic, Alice in Wonderland, from which this quote is taken.
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Subtracting the first equation from the second, we obtain
1 = (ℓ − 𝑘)𝑚.

Both (ℓ − 𝑘) and 𝑚 are integers and their product is 1. By basic facts from algebra,
the only way this can happen is if both are equal to +1 or both are equal to −1. In
particular, either𝑚 = −1 or𝑚 = +1, as we were to show. □

4.2. Proof by contraposition

Behold a curious proof . . .
—Thomas Hood3

Recall that the contrapositive of an implication 𝑃 ⇒ 𝑄 is the statement ¬𝑄 ⇒ ¬𝑃
and that the contrapositive is logically equivalent to the original implication. Conse-
quently, instead of giving a direct proof of an implication, we can give a direct proof of
its contrapositive. This style of proof is called a “proof by contraposition”.

Here’s the structure of a proof by contraposition in a mathematical context. We
always begin such a proof by saying what kind of proof it is.

Proof by Contraposition

To show: 𝑃 ⇒ 𝑄
Structure of Proof: We prove the statement by contraposition. We assume
that 𝑄 is false and will show that 𝑃 is also false.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done. ⟩

Thus, 𝑃 is false. Since we have shown that ¬𝑄 ⇒ ¬𝑃, it must be the case that
𝑃 ⇒ 𝑄. □

Recall that in Section 1.3, we defined a number 𝑛 ∈ ℕ∗ to be even if it is a multiple
of 2. A number 𝑛 ∈ ℕ∗ is odd if it is not even. In our example of a proof by contrapo-
sition, we will use, without proof, the fact that a number 𝑛 ∈ ℕ∗ is odd if and only if
it is one more than an even number. That is, 𝑛 ∈ ℕ∗ is odd if and only if there exists
𝑚 ∈ ℕ∗ such that 𝑛 = 2𝑚 + 1. We will prove this fact later in Theorem 9.3.

Lemma 4.2. A number 𝑛 ∈ ℕ∗ is even if and only if 𝑛2 is even.

Since the theorem is an “if and only if” statement, we have two implications to
prove. The first one is proved directly; the second by contraposition.

Proof. (⇒) Let 𝑛 ∈ ℕ∗ be even. We will show 𝑛2 is even.
Since 𝑛 is even, by definition of even, there exists 𝑚 ∈ ℕ such that 𝑛 = 2𝑚. Ele-

mentary arithmetic shows that
𝑛2 = 4𝑚2 = 2(2𝑚2).

3Thomas Hood (1799–1845) was a comic poet. This phrase can be found in the poem The Epping Hunt about a deer
hunt gone wrong [72].
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Since 𝑛2 is a multiple of 2, it is even.
(⇐) Let 𝑛 ∈ ℕ∗. We will prove the implication by contraposition. That is, we will

show that if 𝑛 is not even, then 𝑛2 is not even.
Assume 𝑛 is not even. By our stated assumption, this implies that there exists

𝑚 ∈ ℕ∗ such that 𝑛 = 2𝑚 + 1. By elementary algebra,
𝑛2 = (2𝑚 + 1)2 = 4𝑚2 + 4𝑚 + 1 = 2(2𝑚2 + 2𝑚) + 1.

Since 𝑛2 is one more than an even number, it is not even by Lemma 4.1. Hence, if 𝑛 is
not even, then 𝑛2 is not even, as desired. □

4.3. Proof by contradiction

I make many more [errors] than my students do; only I always
correct them so that no trace of them remains in the final result. . . .
Insight . . . warns me that my calculations do not look as they ought
to.

—Jacques Hadamard4

A proof by contradiction (or reductio ad absurdum) begins by asserting the nega-
tion of what is to be proved, and then shows that the assumption produces a logical
contradiction. Since the negation cannot be true, the statement itself must be true.5
Themathematician G.H. Hardy,6 described a proof by contradiction as “one of a math-
ematician’s finest weapons”. He says “a chess player may offer the sacrifice of a pawn
or even a piece, but a mathematician offers the game”. Personally, I like a proof by
contradiction, because it forces me to ask myself, “What if what I believe is wrong?” It
gives me the opportunity to test the validity of my beliefs.

A proof by contradiction should always begin by saying what kind of proof it is.

Proof by Contradiction

To show: 𝑃 is true.
Structure of Proof: We prove the statement by contradiction and so assume
that 𝑃 is false.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done and concludingwith a contradiction.⟩

Since we have encountered a contradiction, 𝑃 cannot be false. Hence, 𝑃 is true.
□

Here is are two famous examples. For the first example we need the definition of
prime number and a fact whose proof will be deferred. A number 𝑝 ∈ ℕ is prime if
𝑝 ≠ 1 and if whenever 𝑝 is a multiple of some 𝑎 ∈ ℕ, either 𝑎 = 1 or 𝑎 = 𝑝. The fact

4Jacques Hadamard (1865–1963) was an influential mathematician and campaigner for world peace. This quotation
is from his book The Psychology of Invention in the Mathematical Field, Princeton University Press, 1945. [58]

5This is the occasionally controversial logical principle known as the “law of the excluded middle”.
6G.H. Hardy (1877–1947) was a prominent mathematician, working primarily in number theory. His book A Math-

ematician’s Apology is a classic, though deeply frustrating in the way it creates and perpetuates false myths regarding who
can do mathematics and how it should be done [62].
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we need is that every number 𝑛 ∈ ℕ such that 𝑛 ≥ 2 is a multiple of a prime number;
see Theorem 9.21.

Theorem 4.3 (Infinitude of primes). There are infinitely many prime numbers.

The proof is essentially due to Euclid.7

Proof. Suppose, for a contradiction, that there are only finitely many prime numbers.
Let them be

𝑝1, 𝑝2, 𝑝3, . . . , 𝑝𝑚.
Let 𝑛 = 𝑝1𝑝2⋯𝑝𝑚 be their product. Observe that 𝑛 is a multiple of 𝑝𝑖 for each 𝑖 ∈
{1, . . . , 𝑚}. Also, for all 𝑖, 𝑝𝑖 ≠ 1, by the definition of prime. Thus, by Lemma 4.1,
𝑛 + 1 is not a multiple of any 𝑝𝑖. That is, 𝑛 + 1 is not a multiple of any prime number.
However, 𝑛 + 1 ≥ 2, and so we contradict the (still unproved) fact that every natural
number other than 1 is a multiple of a prime number. This contradiction shows that
there must be infinitely many prime numbers. □

Our second famous example shows that there is a real number (namely √2) that
is not rational. Recall that √2 is defined to be the positive real number 𝑥 with the
property that 𝑥2 = 2. Why must there be such a number? That is a vexing question
that depends on the exact definition of the real numbers. Those waters are too deep for
us at present. Our proof will also need one other deep fact (see Theorem 9.41): every
rational number 𝑟 ∈ ℚ can be written in lowest terms. In other words, if 𝑟 ∈ ℚ, there
exists 𝑎 ∈ ℤ and 𝑏 ∈ ℕ such that 𝑟 = 𝑎/𝑏 and such that the only common factors of 𝑎
and 𝑏 are ±1.

Theorem 4.4. The number √2 is irrational. That is, there do not exist 𝑎, 𝑏 ∈ ℤ
with 𝑏 ≠ 0 so that√2 = 𝑎/𝑏.

Proof. We prove this by contradiction. Suppose that there does exist 𝑎 ∈ ℤ and 𝑏 ∈ ℕ
such that √2 = 𝑎/𝑏. By our preliminary assumption, we may assume that 𝑎/𝑏 is in
lowest terms. Then,√2𝑏 = 𝑎 and so 2𝑏2 = 𝑎2. Thus, 𝑎2 is even. By Lemma 4.2, 𝑎must
be even. That is, there exists𝑚 ∈ ℤ such that 𝑎 = 2𝑚. Consequently,

2𝑏2 = (2𝑚)2 = 4𝑚2.
Hence, 𝑏2 = 2𝑚2 and so 𝑏2 is even. By Lemma 4.2, this implies that 𝑏 is even. However,
since both 𝑎 and 𝑏 are even, they are both multiples of 2, contradicting the fact that we
chose 𝑎/𝑏 in lowest terms. □

Exercise 4.5. Prove that √3 is irrational. When you write your solution, you should
list all elementary number facts that you need (some of which you may not be able to

7Euclid (ca. 325 BCE–265 BCE) compiled The Elements, one of the most influential books of all time. In his proof of
the infinitude of primes, Euclid did not use a proof by contradiction. He showed that for every𝑁 ∈ ℕ, there exists a prime
number 𝑝 such that 𝑝 > 𝑁 . In my experience, almost all beginning math students prefer the proof by contradiction. The
main issue with this, however, is that we do not have a precise definition of “infinitely many” or “finitely many”. We will
explore this in Chapter 10. For now, we rely on our perhaps vague sense of what this should mean.
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prove). Any portion of the proof that can be separated out as a separate lemma should
be.

(This is your chance to adapt the previous example to prove something rather so-
phisticated. You should focus onwriting something coherently organized and logically
correct. At this point you may have gaps in your argument or statements you don’t
know how to justify. These should be clearly marked as such. You should base your
work on the proof above that √2 is irrational. Rather than discussing even numbers,
you will need to discuss numbers that are multiples of 3. Also, this is certainly a proof
that you can find online—but you shouldn’t do that! Instead work hard to construct it
for yourself.)

Since a proof by contradiction begins by asserting something that is ultimately
shown to be false, proofs by contradiction can have an unsettling quality to them and
may not produce as much understanding as one would like from a proof. Here is an
historically important example.
Example 4.6. In Euclid’s Elements, Euclid states five axioms from which he deduces
all of what is now called “planar Euclidean geometry”. The first four of the axiomswere
relatively noncontroversial, saying things like, “Given a point (𝑥0, 𝑦0) in the plane and a
radius 𝑟 > 0, there is a circle of radius 𝑟 centered at (𝑥0, 𝑦0)”. The fifth axiom, however,
seemedmuchmore like it should be a theorem rather than an axiom. That is, it seemed
like it should be possible to prove the fifth axiom using only the first four axioms; there
should be noneed to take it as an unproved assumption. Onemathematician to attempt
this was Giovanni Saccheri (1667–1733). He tried using a proof by contradiction. He
assumed the first four axioms were true and also assumed that the negation of the fifth
axiomwas true. Saccheri then attempted to work his way to a contradiction. Along the
way he proved a number of results based on these assumptions, many of which seemed
very counterintuitive. Eventually he gave up when he encountered a result which he
claimed was “repugnant to the nature of straight lines”. It was not until late in the 19th
century, when Eugenio Beltrami (1835–1900) showed (though he did not phrase it this
way) that Saccheri’s quest was impossible.

The context for Beltrami’s work was the discovery and creation of non-Euclidean
geometry. Some years earlier, János Bolyai (1802–1860) and Nikolai Lobachevsky
(1792–1856) began the study of non-Euclidean geometry8 by studying the effects of
denying Euclid’s fifth axiom. Their work challenged centuries of beliefs concerning
the relationship of geometry to the natural world and instigated a sea change in the
philosophy of science and mathematics. Beltrami showed that aspects of Bolyai’s and
Lobachevsky’s work could be interpreted in terms of differential geometry, that is, ge-
ometry based on calculus rather than the “synthetic” geometry of Euclid, Bolyai, and
Lobachevsky. This ultimately implies that denying the validity of non-Euclidean ge-
ometry entails denying the validity of Euclidean geometry. ♦

If a theoremcan be proved by both a direct proof and a proof by contradiction, then,
unless the direct proof is much harder to understand, the direct proof is preferable.
After you have written a proof by contradiction, check to be sure that you actually

8Much of this work had also been discovered by Carl Friedrich Gauss (1777–1855), though left unpublished.
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needed to write it that way. In particular, a proof by contradiction of an implication
can often be rewritten as a proof by contraposition.

4.4. Existence

But there was yet another thing which I affirmed . . . I mean the existence of
objects external to me . . .

—René Descartes9

Many of the most significant results in mathematics are statements of existence.
An existence proof can have the feeling of magician’s trick since there is no (logical)
need for the writer to explain to the reader how the object in question was found. Of-
ten, though, one of these magical existence proofs will be preceded or succeeded by a
brief discussion describing how the object was found. In this text, we will not often feel
the need to provide this additional explanation as either the construction is classical
(i.e., the method of discovery is either not known or would require too great a diver-
sion from the task at hand to explain it) or relatively simple algebraic manipulations
will produce the required object. We gave a few examples of proofs of existence using
element arguments in Chapter 1. Here is a reminder of how it works.

9René Descartes (1596–1650) was a scientist, mathematician, and philosopher. His Meditations is one of the most
influential philosophical works. In it he argues that the very fact that we can think can be used as the basis for certain
knowledge. This quotation is from Veitch’s 1901 translation ofMeditationes de prima Philosophia.
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Proof of Existence

To show: There exists 𝑎 satisfying property 𝑃.
Structure of Proof: Let 𝑎 = . . .

⟨ State exactly what 𝑎 is. ⟩
We now show that 𝑎 has property 𝑃.

⟨ Do work to show that 𝑎 has the required property 𝑃. ⟩ □

The work required to show that 𝑎 has the required property may involve one or
more direct proofs, proofs by contradiction, or some other kind of proof.

Although the proof structure above is fairly typical of existence proofs, there are
many existence proofs that depart from it. For instance, in many cases it may not be
possible to give a brief definition of 𝑎. For example, the intermediate value theorem
(IVT, which is typically encountered in a beginning calculus class) affirms that if a
continuous real-valued function 𝑓 is defined on the interval [𝑎, 𝑏] of real numbers and
if 𝑦 is between 𝑓(𝑎) and 𝑓(𝑏), then there exists 𝑐 so that 𝑎 ≤ 𝑐 ≤ 𝑏 and 𝑓(𝑐) = 𝑦. The
IVT does not say what the number 𝑐 is (i.e., does not give a formula for it in terms of
the function or the numbers 𝑎, 𝑏, and 𝑦), it only says that the number 𝑐 exists. Thus, if
an existence proof of some other theorem needs to use the IVT, it will not be possible
for the existence proof to give a simple description of the object whose existence is
being proved. Nevertheless, even in that case the first part of the existence proof should
explain how the IVT is being used to find the object 𝑎, and then the second part of the
proof should show that 𝑎 satisfies the requirements of the theorem being proved.

Theorem 4.7 (One-dimensional Brouwer fixed point theorem). Suppose that
𝑓 is a continuous function defined on [0, 1] such that for every 𝑡 ∈ [0, 1], we have
0 ≤ 𝑓(𝑡) ≤ 1. Then there exists 𝑡0 ∈ [0, 1] such that 𝑓(𝑡0) = 𝑡0.

The proof uses some basic facts from calculus, including the IVT. The generaliza-
ton of this theorem to higher dimensions is one of the most significant theorems of
topology.

Proof. We assume that 𝑓 is a continuous function defined on the interval [0, 1] such
that for every 𝑡 ∈ [0, 1], we have 0 ≤ 𝑓(𝑡) ≤ 1. We will show that there exists a fixed
point 𝑡0 ∈ [0, 1] such that 𝑓(𝑡0) = 𝑡0.

Let 𝑔(𝑡) = 𝑡 − 𝑓(𝑡) for every 𝑡 ∈ [0, 1]. Since 𝑔 is the difference of continuous
functions, standard results from calculus ensure that 𝑔 is a continuous function defined
on [0, 1]. Observe that 𝑔(0) = −𝑓(0) ≤ 0 and 𝑔(1) = 1 − 𝑓(1) ≥ 0. Thus, 0 is contained
in the interval [𝑔(0), 𝑔(1)]. Since 𝑔 is continuous, by the IVT, there exists 𝑡0 ∈ [0, 1]
such that 𝑔(𝑡0) = 0. By the definition of 𝑔, this implies

𝑡0 − 𝑓(𝑡0) = 0.

That is, 𝑓(𝑡0) = 𝑡0, as desired. □
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Similarly, it is sometimes possible to prove the existence of an object by contra-
diction: assume the object does not exist and show that we encounter a logical con-
tradiction. For instance, we could rewrite Theorem 4.4 and its proof to be a proof by
contradiction that irrational numbers exist. Often, however, such proofs are overly
convoluted.

Existence proofs are often paired with uniqueness proofs, described in the next
section.

4.5. Uniqueness

What does logic contribute to mathematics? Logic does a number of things
that are essential for mathematics. In the first place, logic stabilizes math-
ematical ideas. Without logic mathematics would be in a continual state of
flux, so it would be impossible to build up the intricate mathematical struc-
tures and arguments that characterize the subject. . . . [Secondly,] logic helps
us to communicate mathematics by creating a common language in which
mathematical ideas may be expressed.

—William Byers10

In Chapter 1, we explained that often a proof of uniqueness follows the basic out-
line below.

Proof of Uniqueness (version 1)

To show: The element 𝑎 ∈ 𝑋 is the unique element of 𝑋 satisfying property 𝑃.
Structure of Proof: First, we show that 𝑎 has the property 𝑃.

⟨ Do work to show that 𝑎 has property 𝑃. ⟩
Now we show there is a unique element of 𝑋 satisfying property 𝑃. Assume
that 𝑦 ∈ 𝑋 and 𝑧 ∈ 𝑋 both have property P.

⟨ Show that 𝑦 = 𝑧. ⟩ □

Alternatively, for the uniqueness step, we could simply show that if 𝑦 ∈ 𝑋 has
property 𝑃, then 𝑦 = 𝑎. On the other hand, sometimes, it is better to prove uniqueness
by contradiction:

10Used with permission of Princeton University Press, fromHowMathematicians Think: Using Ambiguity, Contradic-
tion, and Paradox to Create Mathematics, William Byers ©2010; permission conveyed through Copyright Clearance Center,
Inc. [23]



88 4. Basic Proof Techniques, Briefly

Proof of Uniqueness (version 2)

To show: The element 𝑎 ∈ 𝑋 is the unique element of 𝑋 satisfying property 𝑃.
Structure of Proof: First, we show that 𝑎 has property 𝑃.

⟨ Do work to show that 𝑎 has property 𝑃. ⟩
Now we show that 𝑎 is unique. We do a proof by contradiction. Suppose that 𝑎
satisfies property 𝑃 but is not unique. Then there exists 𝑏 ∈ 𝑋 with 𝑏 ≠ 𝑎 also
satisfying property 𝑃.

⟨ Do work to encounter a contradiction. ⟩
Since we have encountered a contradiction, if 𝑎 satisfies property 𝑃 then it is
the unique element of 𝑋 satisfying property 𝑃. □

Here is an example.

Theorem 4.8. The real number 𝑥 = 0 is the unique real number solution to the
equation 𝑥(𝑥2 + 1) = 0.

Proof. Observe, first, that 𝑥 = 0 is a solution to the equation 𝑥(𝑥2 + 1) = 0. Suppose,
then, for a contradiction that there exists a nonzero 𝑏 ∈ ℝ such that 𝑏(𝑏2 + 1) = 0.
Since 𝑏 ≠ 0, we may divide by 𝑏 to obtain

𝑏2 + 1 = 0.
Subtracting 1 shows that

𝑏2 = −1.
There is no such real number 𝑏, and so 0 is the unique real number solution to
𝑏(𝑏2 + 1) = 0. □

4.6. Application: 𝑝-values and scientific reasoning

Researchers often wish to turn a 𝑝-value into a statement about the truth
of a null hypothesis, or about the probability that random chance produced
the observed data. The 𝑝-value is neither. It is a statement about data in
relation to a specified hypothetical explanation, and is not a statement about
the explanation itself.

—American Statistical Association11

In both the natural and social sciences, natural or behavioral phenomena are stud-
ied by collecting measurements from some subset of the population of interest. For
instance, an economist might randomly select some, but not all, members of a commu-
nity for an interview. Or a chemistmight select certain flakes of paint froma painting in
order to subject them to chemical analysis. After analyzing the data they’ve collected,

11Usedwith permission of Taylor&Francis andRonald L.Wasserstein, “TheASAStatement on Statistical Significance
and 𝑝-Values: Context, Process, and Purpose”. The American Statistician 70 (2016) 129–133. ©2016; permission conveyed
by the Copyright Clearance Center and Ronald L. Wasserstein. [132]
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the economist or chemist reports their findings. For the findings to be of interest, how-
ever, the scientist needs to claim that the findings apply not only to the people or paint
flakes they’ve sampled, but to all the people in the community or to all the paint in the
painting. How do we know that their findings are not just an artifact of the particular
people or paint flakes chosen for analysis?

Statistics has numerous methods available for scientists to make the argument
that their findings apply to the entire population of interest and not just to that subset
that was analyzed. One of the most prevalent (and most problematic) methods is the
method of𝑝-values. To understand how𝑝-values are used, we need to realize that there
are two reasons why findings concerning a subset of the population may not apply to
the entire population:

(1) selection bias, and
(2) statistical error.

Selection bias arises when the sample is systematically chosen in a way that does not
accurately reflect the entire population. For instance, perhaps the economist is inter-
ested in studying local attitudes toward property tax increases. If the economist only
interviews people who are in their homes between the hours of 9 a.m. and 5 p.m. dur-
ing the weekday, the sample will be biased as it will not include the opinions of people
who are at work during those hours. The views of people who are at home during the
workday (such as retirees)may not be representative of the peoplewho are atwork (and
may have an income). Similarly, if the chemist only selects paint flakes from one cor-
ner of the painting, shemay be testing only paint that was applied during an attempted
restoration, rather than original paint.

Statistical error, on the other hand, arises even when a sample is representative of
the population. If the economist randomly selects 1000 people froma city of population
15,000 (and those people agree to be interviewed and answer the questions honestly),
those 1000 people will still not exactly reflect the opinions of all 15,000 residents. Like-
wise, even if the chemist randomly selects paint flakes from a dozen different locations
on the painting, the chemical properties of those flakes will not exactly coincide with
the chemical properties of all the paint on the painting.

The method of 𝑝-values allows us to understand the effects of statistical error on
our conclusions. It does nothing to address any kind of selection bias. Theway it works
is this. The scientist establishes a null hypothesis (typically denoted𝐻0) which shewill
attempt to refute with her analysis. For instance, the economist might claim

𝐻0: The majority of city residents are against increasing property taxes.

The chemist might claim

𝐻0: The mean age of the paint on the canvas is less than 500 years.

The scientist then randomly selects a subset of the population to analyze, arriving
at measurements 𝑋 . Suppose that the economist determines that 55% of the sampled
population are against increasing property taxes and that the chemist determines that
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the mean age of the sampled paint flakes is 450 years. Statistics gives a method, us-
ing the size of the population, the size of the sample, and 𝑋 to determine a probabil-
ity, denoted 𝑝(𝑋|𝐻0), that 𝐻0 being true would result in the measurements 𝑋 being
observed. Suppose, for instance that the majority of residents are against increasing
property taxes and that 70% of the sampled residents are against increasing property
taxes. The probability 𝑝(𝑋|𝐻0) will likely be large as it is likely that 70% of the sam-
pled residents are against increasing property taxes if the majority of all residents are
against increasing property taxes. Conversely, if the majority of residents are against
increasing property taxes but only 10% of the sampled residents are against increasing
property taxes, then 𝑝(𝑋|𝐻0)will likely be small. Similarly, if themean age of the paint
is less than 500 years and if the sampled paint flakes have amean age of 510 years, then
𝑝(𝑋|𝐻0) will be large, while if the sampled paint flakes have a mean age of 800 years,
then 𝑝(𝑋|𝐻0)will be small. This is because if the average age of the paint on the canvas
is less than 500 years it is unlikely that our sample will have a mean age of 800 years.

In practice, the scientist compares the probability 𝑝(𝑋|𝐻0) to a predetermined
threshhold (often .05). If 𝑝(𝑋|𝐻0) is less than the threshhold, then the null-hypothesis
is rejected. Thus, if 𝑝(𝑋|𝐻0) < 0.05, then the economist would conclude that the ma-
jority of city residents are okay with increasing property taxes. The chemist would
conclude that the mean age of the paint on the canvas is at least 500 years. Again, this
is because if 𝐻0 is true, then it is unlikely that 𝑝(𝑋|𝐻0) will be small.

This kind of reasoning is a version of a proof by contraposition. The scientist thinks

If 𝐻0 is true, then 𝑝(𝑋|𝐻0) ≥ 0.05. However, I have discovered that
𝑝(𝑋|𝐻0) < 0.05, therefore 𝐻0 is (likely to be) false.

For more about notions of statistical proof and some of the issues surrounding the
use of 𝑝-values, see [71] and [132].

4.7. Writing well

With all proofs, there are many levels of confidence. At first, you see
a solution, and that is very good. But it is a huge proof, so you may
have overlooked something. Then you sit downandwrite notes. After
you have done that, you are more confident. And then you sit down
and write a paper, and you feel even more confident. And then you
start giving talks and people think about what you said. And there is
the refereeing process. By now, we are pretty confident. With such
a large proof, I don’t know how to tell one hundred percent that it is
true. Probably someone by now would have found a mistake, as it is
something that people care about.

—Maria Chudnovsky12

12Maria Chudnovsky, speaking about her co-authored proof of the Strong Perfect Graph Conjecture. A. Bonato, “In-
terviewwith amathematician: Maria Chudnovsky” LimitlessMinds, AmericanMathematical Society, Providence RI©2018.
Used with permission. [18]
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Here are a few pieces of advice for writing proofs well. For more on good proof
writing style, check out [59,74,120]. Some of the following suggestions are inspired by
those resources.

Think of your reader. If you have to do extra work to make your proof clearer,
do it. If a picture helps to explain your notation or proof strategy, include one. If you
have irrelevant details, take them out. If a proof by contraposition would be clearer,
but you’ve written a proof by contradiction, rewrite it. In general, you should assume
that your reader is a mathematician not quite as advanced as yourself. Consider the
final words of a book review written by one prominent mathematician concerning a
mathematics text written by another prominent mathematician:

Those who can understand the book will be indebted to [the author of the
text] for having brought together in one volume the important results con-
tained in it. How much greater thanks would he have earned if the book
had been written in such a way that more of it could have been more easily
comprehended by a larger class of readers! It is to be hoped that someone
will undertake the task of writing such a book.

—L.J. Mordell [94]
Write multiple drafts. After you’ve written a version of your solution ask your-

self the following.

• Can I make this clearer?
• Will my intended reader understand it?
• Should I put more steps in?
• Have I included too much detail?
• Do I ramble?
• Do I have logical gaps?
• Have I ever assumed what I am trying to prove?
• Did I prove the statement I was asked to prove?

Use your answers to write a better draft, if possible.
Later in the text we will encounter other methods of proof, most of which are ver-

sions of the proofs described above. In all cases, it is crucial that you clearly artic-
ulate what you are assuming at the start of the proof and what you are trying
to prove. As proofs get more complex, you will have smaller proofs embedded inside
larger proofs. If these smaller proofs are too long or complex, it may be helpful to pull
them out as their own lemmas.

In your initial drafts, include too many details rather than too few. You can
always remove details later, but if you don’t ever write them down, youmay havemade
an error or missed an important piece of reasoning without ever realizing it. Many a
mathematical research paper has been rejected by a journal referee who discovered a
significant gap in the argument! Even worse, sometimes the referee doesn’t see the
gap and other mathematicians begin relying on results which have been incompletely
proven or are false!
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Be clear about what you are assuming versus what you are concluding.
There’s little that is more frustrating to a reader than not being sure whether a state-
ment or equation is something being assumed or something being proven.

Take special carewith proofs of existence. If you are asked to show that some-
thing exists, you must actually say what that thing is, either by directly constructing
it or by appealing to previously proved existence theorems. Simply giving the object a
name isn’t enough to show that it exists. For example, if you are asked to show that
there is an element of a set 𝐴 which is (for example) positive, you can’t just say, “Let
𝑎 ∈ 𝐴 be positive”—for how do you know such an 𝑎 exists? To simply assert its ex-
istence is to assume what you are trying to prove. You must actually appeal to the
definition of 𝐴 or to previously proved theorems concerning 𝐴 (or both!) to explain
why such an 𝑎 exists. Perhaps at the moment, this seems clear and you wonder why
anyone would make this mistake. All I can say in response is that this is one of the
most common mistakes in proving theorems at the level of this text. I encourage you,
after every existence proof you write, to reread it and ask yourself if you have actually
said what the object is.

Usewords to help your reader understand equations. If you aremoving from
one equation to another using elementary algebra, tell the reader that’s what you are
doing. Don’t assume that a string of equations communicates anything meaningful to
the reader about why the claimed statement is true.

Use transition words and phrases to guide your reader. Words like “conse-
quently”, “therefore”, “hence”, and “thus” provide clues to the reader that you are not
introducing a new thought but are rather deducing a conclusion fromwhat you’ve just
been discussing.

Introduce notation, but not too much. If you are going to refer to an object
(set, function, etc.) multiple times, give it a name if it doesn’t already have one. When
choosing notation, be sure you don’t use the same symbol (for example, 𝑥) to stand for
multiple objects simultaneously.13 Also, if naming an object isn’t actually necessary
for clarity, try to avoid giving it a name or introducing notation for it. Readers find it
difficult to keep track of lots of notation. The influential Charles Babbage (1791–1871)
[11] expresses this view in a delightfully old-fashioned style:

The plan of accenting letters, in order to represent quantities which stand
in similar relations, adds, when employed with discretion, much to the per-
spicuity of the formulae in which it is used; but likemany other innovations,
whose tendency is on the whole decidedly beneficial, an attempt to extend
it beyond its proper limits, has been productive of inconveniences as con-
siderable as those which its introduction was proposed to remove. Indices
in various positions have been substituted in many cases for the system of
accentuation, and the admirers of this scheme, pursuing it with equal ardor,
have not been more fortunate in avoiding the confusion, which a multitude
of signs, differing but by the slightest shades, can scarcely fail of producing.

13A colleague refers to this as “notational bigamy”.
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Choose your notation wisely. Often in a proof there will be several objects with
closely related but distinct functions. For example, if both 𝑛 and 𝑚 are even, then
there exist 𝑘, ℓ ∈ ℤ such that 𝑛 = 2𝑘 and𝑚 = 2ℓ. The numbers 𝑘 and ℓ are potentially
distinct numbers, but their functions are very similar - they help witness the fact that
𝑛 and𝑚 are even. In situations like this, we choose notation that helps the reader keep
in mind that the objects are related but potentially distinct. In our example, 𝑘 and ℓ
are adjacent letters of the alphabet. Alternatively, wemight also choose to use 𝑘 and 𝑘′.
Often (but not always), we’ll denote sets using capital letters (such as 𝐴) and elements
using lowercase letters (such as 𝑎). However, in this text we will often need to work
with sets whose elements we will need to remember are sets. In this case, we will often
denote the set whose elements are sets using a calligraphic typeface, for example𝒜 or
𝒰. A representative element of the set is then denoted with the same letter, but in a
different typeface, for example 𝐴 or 𝑈. If we need to discuss two elements of the set
𝒜, for example, we could then use 𝐴 and 𝐴′ to denote those elements. We might then
refer to 𝑎 ∈ 𝐴 and 𝑎′ ∈ 𝐴′. We can also decorate variable names with other symbols,
for example: ̂𝑎, ̃𝑎, or 𝑎. Don’t, however, use symbols that are difficult to distinguish!
For instance, using the Greek letter Ξ and then putting a bar on top of it to get Ξ is a
bad idea [78, p. 547]. However you choose your notation, you want to make it as easy
as possible for the reader to remember what the notation represents.

Avoid beginning a sentence with a math symbol. Sentences beginning with
math symbols can be difficult for the reader to parse quickly, especially if the math
symbol isn’t a capital letter. Similarly, don’t put too many math symbols close together
if you can help it.

4.8. Additional proofs

When you can prove a theorem, it basically captures infinitely many
examples that you could never individually check on your own—even
with the most powerful computers. And often, the essence of what
is needed for a proof to work gives insight into the key features that
make the phenomenon tick.

—Carina Curto14

Most of the proofs in this section are straightforward adaptations of proofs in this
chapter. Many of them can, of course, be found online. It is crucial, however, that you
work through them for yourself, figuring out how to adapt the model proofs.

(1) Prove, using a direct proof, the following theorem. Model your proof on the proof
of Lemma 4.1.

Theorem. Suppose that 𝑛,𝑚 ∈ ℕ and that both 𝑛 and 𝑛 + 3 are multiples of 𝑚.
Prove that𝑚 ∈ {1, 3}.

14Carina Curto is a mathematician working at the interface of theoretical mathematics and neuroscience. The quo-
tation is from Siobhan Roberts, “Her Key to Modeling Brains: Ignore the Right Details”, Quanta Magazine (June 19, 2018).
Used with permission. [108]
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(2) Use a proof by contraposition to prove the following theorem. Model your proof
on the proof of Lemma 4.2. You may use the fact that every 𝑚 ∈ ℕ is either a
multiple of 3, one more than a multiple of 3, or two more than a multiple of 3.

Theorem. For every 𝑛 ∈ ℕ, if 𝑛2 is a multiple of 3, then 𝑛 is a multiple of 3.

(3) Prove that 3√2 is irrational. When you write your solution, you should list all
elementary number facts that you need (some of which you may not be able to
prove). Any portion of the proof that can be separated out as a separate lemma
should be.

(4) Let 𝑝 be a prime number. Prove that √𝑝 is irrational. When you write your so-
lution, you should list all elementary number facts that you need (some of which
you may not be able to prove). Any portion of the proof that can be separated out
as a separate lemma should be.

(5) Adapt the proof that there are infinitelymany primes to show that for every𝑁 ∈ ℕ
with 𝑁 ≥ 2, there exists a prime number 𝑝 such that

𝑁 ≤ 𝑝 < 𝑁! .
(Recall that 𝑁!means 𝑁(𝑁 − 1)(𝑁 − 2)⋯3 ⋅ 2 ⋅ 1.) Can you find a smaller upper
bound than 𝑁! ?

(6) Let 𝐴𝑟 be the open interval (−𝑟, 𝑟) ⊂ ℝ for every 𝑟 > 0. Prove that there exists a
unique element 𝑥 which is an element of 𝐴𝑟, for all 𝑟 > 0.

(7) How many points of intersection are there between two parabolas? Suppose that
there are (𝑎, 𝑏, 𝑐) ∈ ℝ3 and (𝑎′, 𝑏′, 𝑐′) ∈ ℝ3 such that there is no 𝑘 ∈ ℝ with
(𝑎, 𝑏, 𝑐) = (𝑘𝑎′, 𝑘𝑏′, 𝑘𝑐′). Let 𝑆 be the set of all (𝑥, 𝑦) ∈ ℝ2 such that

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 and
𝑦 = 𝑎′𝑥2 + 𝑏′𝑥 + 𝑐′.

Prove that 𝑆 has at most two points. Can you find conditions on (𝑎, 𝑏𝑐) and
(𝑎′, 𝑏′, 𝑐′) that guarantee that 𝑆 has a unique element?

(8) Recall that 𝑆1 is the unit circle. Suppose that 𝜃 ∈ ℝ. Let 𝑥0 = (1, 0) ∈ 𝑆1 and, for
each 𝑛 ∈ ℕ, define 𝑥𝑛 ∈ 𝑆1 to be the result of rotating the point 𝑥0 counterclock-
wise by an angle of 𝑛𝜃.
(a) Prove that there exists 𝑛 ∈ ℕ such that 𝑥𝑛 = 𝑥0 if and only if there exists

𝑞 ∈ ℚ such that 𝜃 = 𝜋𝑞.
(b) Prove that there exist distinct 𝑛,𝑚 ∈ ℕ such that 𝑥𝑛 = 𝑥𝑚 if and only if there

exists 𝑞 ∈ ℚ such that 𝜃 = 𝜋𝑞.



Chapter 5

Building Sets

Key Terms

• complement and relative complement of a set
• intersection
• union
• power set
• cartesian product

Don’t be intimidated! I have seenmany people get discouraged because they
see mathematics as full of deep incomprehensible theories. There is no rea-
son to feel that way. In mathematics whatever you learn is yours and you
build it up—one step at a time. It’s not like a real-time game of winning and
losing. You win if you benefit from the power, rigor, and beauty of mathe-
matics. It is a big win if you discover a new principle or solve a tough prob-
lem.

—Fan Chung Graham1

In this chapter, we’ll investigate ways of creating new sets from old sets. After
encountering Russell’s paradox (Section 3.7), we might wonder why these methods
create legitimate sets (rather than just looking like sets!). The ZFC axioms of set theory,
explained in Chapter 6, are designed to guarantee that thesemethods actually do create
sets. These new methods of creating sets will also provide us with many opportunities
to practice element arguments.

1Fan Chung Graham has done major work in combinatorics and graph theory. She is a member of the American
Academy of Arts and Sciences. Quotation fromMargaret A. Readdy andChristine Taylor, “Women’sHistoryMonth”,Notices
of the AMS 65 (2018), no. 3, 248–303. Used with permission. [104]
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5.1. Subsets

This day I examined two nondescript species of fish, belonging to the
genus Cyprinus.

—Carl von Linné2

In 1758, Linnaeus classified a certain type of fish (the common carp) as Cyprinus
carpio. In 1977,Wang classified a different type of carp asCyprinus acutidorsalis. Every
fish belonging to the species carpio also belongs to the genus Cyprinus. That is, the set
carpio is a subset of the set Cyprinus.3 Similarly, the set acutidorsalis is another subset
of the set Cyprinus. As no fish belongs to both species, those subsets are disjoint; that
is, they have no elements in common.

More generally, recall that if𝐴 and 𝐵 are sets, we say that𝐴 ⊂ 𝐵 if and only if for all
𝑎 ∈ 𝐴, we also have 𝑎 ∈ 𝐵. Predicates give us a powerful method for creating subsets.
If 𝑃(𝑥) is a predicate and if 𝐵 is a set, then

𝐴 = {𝑥 ∈ 𝐵 ∶ 𝑃(𝑥)}
will be a subset of 𝐵 with the property that 𝑥 ∈ 𝐴 if and only if 𝑥 ∈ 𝐵 and 𝑃(𝑥) is
true. Several of the methods for building sets that we will introduce later are particular
versions of this subset construction.

Example 5.1. The set 𝐴 = {𝑥 ∈ ℝ ∶ 𝑥2 − 𝑥 ≥ 7} is a subset of ℝ since every 𝑎 ∈ 𝐴 is a
real number and “𝑥2 − 𝑥 ≥ 7” is a predicate. Similarly, the set 𝑋 = {𝑥 ∈ ℝ ∶ |𝑥| > 1}
is also a subset of ℝ. We can verify that 𝐴 ⊂ 𝑋 , using an element argument as follows.
See Figure 5.1 for a diagram. Notice that our proof uses element arguments. ♦

Proof. Suppose that 𝑎 ∈ 𝐴. We will show that 𝑎 ∈ 𝑋 .
By the definition of 𝐴, 𝑎2 − 𝑎 ≥ 7. This implies that 𝑎2 − 𝑎 − 7 ≥ 0. Using the

quadratic formula to factor, we see that

(𝑎 − 1 + √29
2 ) (𝑎 − 1 − √29

2 ) ≥ 0.

The product of two real numbers is nonnegative exactly when both are nonnegative or
both are nonpositive. Since 1+√29

2 > 1−√29
2 , we conclude that either

𝑎 ≥ 1 + √29
2 = 3.19 . . .

or

𝑎 ≤ 1 − √29
2 = −2.19 . . . .

In either case, observe that |𝑎| > 1. Thus, by the definition of 𝑋 , 𝑎 ∈ 𝑋 . Since 𝑎 ∈ 𝐴
was arbitrary, 𝐴 ⊂ 𝑋 . □

2Carl von Linné (1707–1778), also known as Carl Linnaeus, created the naming system for organisms. The quotation
is from Lachesis Lapponica or a Tour in Lapland, [85].

3We are assuming here that set theory is an adequate mathematical model for fish.



5.2. Complements 97

1−1

(1 +
√
29)/2(1−

√
29)/2

A A

Figure 5.1. The set 𝐴 in Example 5.1

5.2. Complements

Bill Bailey: “What is the opposite of nothing? Is it anything, some-
thing, or everything?”
Frank Close: “The answer is ‘yes.’ ”

—The Museum of Curiosity 1.4

Statements of existence and nonexistence are among the most important in math-
ematics. They have analogues for sets.

Definition 5.2. Suppose that 𝐴 is a set and that 𝐴 ⊂ 𝑈 for some set 𝑈. The
complement of 𝐴 (in 𝑈) is the subset, denoted 𝐴𝐶 , such that 𝑥 ∈ 𝐴𝐶 if and
only if 𝑥 ∉ 𝐴 and 𝑥 ∈ 𝑈.

Figure 5.2. The complement of the region
of the toast covered in jam is the region of
the toast without any spread together with
the region of the toast covered in peanut
butter, but not in jam.

Figure 5.2 shows a picture of a complement.
Such a picture is an example of aVenndiagram.4
Venn diagrams can be helpful, but unless you are
literally proving a theorem about dots on a page,
drawing a Venn diagram does not constitute an
adequate method of proof.

Wemust have a superset𝑈 inmindwhen tak-
ing the complement of 𝐴, since the object {𝑥 ∶
𝑥 ∉ 𝐴} is not a set.5 Notice that, although the
complement 𝐴𝐶 of 𝐴 is defined in terms of the
superset 𝑈, the “𝑈” doesn’t show up in the nota-
tion 𝐴𝐶 . We could rectify this by using 𝐴𝐶𝑈 instead
(or something similar) but in almost all circum-
stances the superset 𝑈 will be clear from the con-
text or will not matter much. Nonetheless—when
using complements, be sure you know what the
superset is!

Remark 5.3. Set complements are directly related to negations of predicates. Suppose
that 𝑈 is a set and that 𝐴 is the subset of all elements 𝑥 of 𝑈 satisfying some predicate
𝑃(𝑥). Then 𝐴𝐶 is the subset of all elements 𝑥 of 𝑈 satisfying the predicate ¬𝑃(𝑥).

4Although, we should say that not everyone draws them to look like toast! Also, some people want them to be called
Euler diagrams.

5The proof is like the proof of Russell’s paradox.



98 5. Building Sets

Example 5.4. The complement of the interval (−1, 3) ⊂ ℝ is the set
{𝑥 ∈ ℝ ∶ 𝑥 ≤ −1 or 𝑥 ≥ 3}. ♦

Example 5.5. Consider the set 𝐴 ⊂ ℝ2 defined by 𝐴 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 < 1}.
The set 𝐴 is the unit disc centered at the origin, not including the boundary circle 𝑆1.
The set 𝐴𝐶 is the set of all points (𝑥, 𝑦) ∈ ℝ2 such that 𝑥2 +𝑦2 ≥ 1. This is the set of all
points outside the unit disc, but including the circle 𝑆1. ♦
Exercise 5.6. Prove that (𝐴𝐶)𝐶 = 𝐴. Remember that you need to show (𝐴𝐶)𝐶 ⊂ 𝐴
and 𝐴 ⊂ (𝐴𝐶)𝐶 .
Exercise 5.7. Prove that if 𝐴 ⊂ 𝐵, then 𝐵𝐶 ⊂ 𝐴𝐶 (where the complement is taken
relative to any set 𝑈 such that 𝐴 ⊂ 𝑈 and 𝐵 ⊂ 𝑈). Notice that you are asked to prove
an implication involving sets! You should use the appropriate proof structure for an
implication and, inside that, use element arguments.

If 𝐴 and 𝐵 are sets, it also makes sense to look at just the elements of 𝐴 that are not
in 𝐵, even if 𝐵 is not a subset of 𝐴. We call this set the “relative complement” of 𝐵 in 𝐴.

Definition 5.8 (Relative complement). Suppose that 𝐴 and 𝐵 are sets. The
complement of 𝐵 relative to 𝐴 is

𝐴 ⧵ 𝐵 = {𝑥 ∈ 𝐴 ∶ 𝑥 ∉ 𝐵}.

The complement of 𝐵 in𝐴 is also called the set difference of𝐴 and 𝐵 and can also
be denoted 𝐴 − 𝐵. Figure 5.3 shows a Venn diagram of a relative complement.

Figure 5.3. The left shows a piece of toast, part of which is covered with butter (call
that part 𝐵) and part of which is covered in jam (call that part 𝐽). Some portions are
covered in both. The set difference 𝐽 ⧵ 𝐵 is shown on the right. It is the portion of the
toast that is covered in jam, but not in butter.

5.3. Intersections

Using intersection overlay: Sometimes, youwant to knowwhich polygon
features are shared by each of the polygons you’re searching. In other words,
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instead of combining pieces of land for sale with lands that are agricultural,
you only want to know which agricultural lands you can buy. You can get
this information by using a logical AND search, which needs both categories
to exist before it returns a value to the output map. This search typically
reduces the size of the area retrieved . . .

—Michael M. DeMers6

Some students at a college are math majors; some are computer science majors;
some are artmajors. Perhaps some are even all three! The set of students who are triple
majoring in math, computer science, and art is the intersection of the set of students
who are math majors, the set who are computer science majors, and the set who are
art majors. More generally, whenever we have a set𝒜 such that each element𝐴 ∈ 𝒜 is
a set, we can consider those elements that are elements of every one of the sets 𝐴 ∈ 𝒜.
Informally, the intersection of a bunch of sets consists of those elements common to
all the sets in the bunch. Just as complements correspond to negations, intersections
correspond to the universal quantifier.

Definition 5.9. Suppose that 𝐴𝜆 is a set for every 𝜆 ∈ Λ (where Λ is some
nonempty index set). The intersection of all the 𝐴𝜆 is the set, denoted by
⋂
𝜆∈Λ

𝐴𝜆, such that 𝑥 ∈ ⋂
𝜆∈Λ

𝐴𝜆 if and only if, for all 𝜆 ∈ Λ, we have 𝑥 ∈ 𝐴𝜆.

Example 5.10. Suppose that 𝐴1 = {1}, 𝐴2 = {1, 2}, and, more generally, 𝐴𝑛 =
{1, 2, 3, . . . , 𝑛} for all 𝑛 ∈ ℕ. Then

⋂
𝑛∈ℕ

𝐴𝑛 = {1}

since 1 is the only element common to every 𝐴𝑛. ♦

Example 5.11. Define
𝐴1 = {1, 2, 3, 4, 5},
𝐴2 = {3, 4, 5, 6, 7, 8},
𝐴3 = {4, 5, 10, 15}.

Then

⋂
𝜆∈{1,2,3}

𝐴𝜆 = {4, 5}.

To see this, we check that both 4 and 5 are elements of 𝐴1, 𝐴2, and 𝐴3 and that nothing
else is an element of all three sets. ♦

If we are interested in the intersection of just two sets, say 𝐴1 and 𝐴2, we will write
𝐴1 ∩ 𝐴2 instead of ⋂

𝑛∈{1,2}
𝐴𝑛. Figure 5.4 shows a Venn diagram of the intersection of

two sets.

6GIS stands for Geographic Information Systems, which is software used throughout the social and natural sciences
for makingmaps. The quotation is used with permission of JohnWiley & Sons, fromGIS For Dummies, Michael M. DeMers
©2009; permission conveyed through Copyright Clearance Center, Inc. [33]



100 5. Building Sets

Figure 5.4. Part of the toast (call it 𝐵) is covered in butter and part of it (call it 𝐽) is
covered in jam. The intersection 𝐽 ∩ 𝐵 is shown on the right.

Similarly, if we have a finite number of sets 𝐴1, 𝐴2, . . . , 𝐴𝑛, we can write their in-

tersection as𝐴1∩⋯∩𝐴𝑛 or
𝑛
⋂
𝑗=1

𝐴𝑗 . Going one step further, if we have a set𝐴𝑗 for every

𝑗 ∈ ℕ, we can write the intersection of all those sets as

⋂
𝑗∈ℕ

𝐴𝑗 or
∞

⋂
𝑗=1

𝐴𝑗 or 𝐴1 ∩ 𝐴2 ∩⋯ .

This is much like how infinite sums are written in calculus. Not every intersection can
be written out as a list, however. Here is one typical example.

Example 5.12. For each 𝑟 ∈ ℝ, let 𝐴𝑟 = (𝑟 − 1
2 , 𝑟 +

1
2 ) ⊂ ℝ. Then

⋂
𝑟∈ℝ

𝐴𝑟 = ∅

since no real number is an element of every open interval of length 1. ♦

The next example adapts the notation to deal with the case where wewant to index
by just the positive real numbers. We include the full proof for completeness and to give
another example of element arguments and a proof by contraposition.

Example 5.13. For each 𝑟 > 0, let 𝐴𝑟 be the interval (−1 − 𝑟, 1 + 𝑟) ⊂ ℝ. Then

⋂
𝑟>0

𝐴𝑟 = [−1, 1].

To see this, we do two element arguments. Before starting, observe that the statement
𝑥 ∉ ⋂

𝑟>0
𝐴𝑟 is equivalent to the statement, “There exists 𝑟 > 0 such that 𝑥 ∉ 𝐴𝑟”. Also,

for notational convenience, let 𝐴 = ⋂
𝑟>0

𝐴𝑟 and recall that some element 𝑥 ∈ 𝐴 if and

only if 𝑥 ∈ 𝐴𝑟 for every 𝑟 > 0. ♦

Proof. ⊃∶ We will show that 𝐴 ⊃ [−1, 1].
Suppose that 𝑥 ∈ [−1, 1]. We will show that 𝑥 ∈ 𝐴. We do this by showing that

𝑥 ∈ 𝐴𝑟 for every 𝑟 > 0.
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1 1+r x

Figure 5.5. The number 𝑟 when 𝑥 > 1, for the second half of the proof in Example 5.13.

For all 𝑟 > 0, we have
−1 − 𝑟 < −1 and

1 < 1 + 𝑟.
Thus, by definition of interval notation, we have [−1, 1] ⊂ (−1−𝑟, 1+𝑟) for every 𝑟 > 0.
Since 𝑥 ∈ [−1, 1], by definition of subset, we also have 𝑥 ∈ (−1 − 𝑟, 1 + 𝑟) = 𝐴𝑟 for
every 𝑟 > 0. Thus, 𝑥 ∈ 𝐴. Since we chose 𝑥 ∈ [−1, 1] arbitrarily, [−1, 1] ⊂ 𝐴.

⊂∶ We will show that 𝐴 ⊂ [−1, 1]. We need to show that if 𝑥 ∈ 𝐴, then 𝑥 ∈
[−1, 1]. We prove the contrapositive.

Suppose that 𝑥 is a real number such that 𝑥 ∉ [−1, 1]. We will show that 𝑥 ∉ 𝐴.
That is, we must show that there exists an 𝑟 such that 𝑥 ∉ 𝐴𝑟.

If 𝑥 > 1, let 𝑟 = (𝑥 − 1)/2 and, as in Figure 5.5, notice that

1 < 1 + 𝑟 < 𝑥.

Thus, for this value of 𝑟,
𝑥 ∉ (−1 − 𝑟, 1 + 𝑟)

and so 𝑥 ∉ 𝐴. Similarly, if 𝑥 < −1, let 𝑟 = (−𝑥 − 1)/2. Notice that 𝑟 > 0 and that

𝑥 < −1 − 𝑟 < −1.

Thus, for this value of 𝑟,
𝑥 ∉ (−1 − 𝑟, 1 + 𝑟)

and so 𝑥 ∉ 𝐴.
Consequently, if 𝑥 ∉ [−1, 1], then 𝑥 ∉ 𝐴. Therefore, if 𝑥 ∈ 𝐴, then 𝑥 ∈ [−1, 1].

We conclude that ⋂
𝑟>0

𝐴𝑟 = [−1, 1], as desired. □

Exercise 5.14. In Example 5.13, identify all the different types of proof that are used
and compare the written proof to the proof outlines for each type.

Here are a few to try for yourself.

Exercise 5.15. For each 𝑝 ∈ ℕ, let 𝑝ℤ be the set of those integers that are multiples of
𝑝. Prove that

⋂
𝑝∈ℕ

𝑝ℤ = {0}.
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Exercise 5.16. For each 𝑡 ∈ (2,∞) ⊂ ℝ, let 𝐴𝑡 = [1, 𝑡) ⊂ ℝ. Prove that

⋂
𝑡∈(2,∞)

𝐴𝑡 = [1, 2].

Exercise 5.17. For a point 𝑎 = (𝑎0, 𝑎1) ∈ ℝ2, let 𝐵1(𝑎) be the closed disc in ℝ2 of
radius 1 centered at 𝑎. That is,

𝐵1(𝑎) = {(𝑥, 𝑦) ∈ ℝ2 ∶ (𝑎0 − 𝑥)2 + (𝑎1 − 𝑦)2 ≤ 1}.

Find ⋂
𝑎∈ℝ2

𝐵1(𝑎).

Exercise 5.18. For 𝜃 ∈ [0, 2𝜋], let

𝐻𝜃 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 sin 𝜃 ≤ 1 − 𝑥 cos 𝜃}.

Find ⋂
𝜃∈[0,2𝜋]

𝐻𝜃.

(Hint: The tangent line to the unit circle at the point (cos 𝜃, sin 𝜃)has equation 𝑦 sin 𝜃 =
1 − 𝑥 cos 𝜃.)

Sometimes, it is inconvenient to have to write intersections using an index set.
There is a way around it. Suppose thatℋ is a nonempty set such that every element
𝐻 ∈ ℋ is a set. Then we denote the intersection of all the sets 𝐻 ∈ ℋ by

⋂
𝐻∈ℋ

𝐻.

Observe that 𝑥 ∈ ⋂
𝐻∈ℋ

𝐻 if and only if, for every 𝐻 ∈ ℋ, 𝑥 ∈ 𝐻.

Example 5.19. Letℋ be the set whose elements are the graphs of the equations 𝑦 =
𝑥2 + 1, 𝑦 = 1, and 𝑦 = −𝑥2 + 1 in ℝ2. Then

⋂
𝐻∈ℋ

𝐻 = {(0, 1)}

since the point (0, 1) is an element of each of those graphs and is, in fact, the only point
of ℝ2 common to all those graphs. ♦
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Warning 5.3.1. The notation

⋂
𝐻∈ℋ

𝐻

has two dangers. The first is simply conceptual while the second is logical. The
conceptual danger is that it is easy to confuse the setℋ with the sets 𝐻. It is
best to think ofℋ as a backpack containing the sets𝐻 that are to be intersected.
For example, ifℋ = {𝐻1, 𝐻2, 𝐻3}, then

⋂
𝐻∈ℋ

𝐻 = 𝐻1 ∩ 𝐻2 ∩ 𝐻3.

This notation is analogous to notation such as the following, which is much
like that typically seen in calculus:

∑
𝑘∈{1,2,3}

5𝑘 = 5 + 52 + 53.

Secondly, when we write

⋂
𝐻∈ℋ

𝐻,

it is important that the setℋ be nonempty. That is, to find the intersection of
some sets, we should actually have some sets to intersect. To see why, suppose
that ℋ = ∅. Then 𝑥 ∈ ⋂

𝐻∈ℋ
𝐻 if for all 𝐻 ∈ ℋ, 𝑥 ∈ 𝐻. That statement is

vacuously true, so every 𝑥would be an element of the intersection. But, by Rus-
sell’s paradox, there is no such set of all 𝑥. On the other hand, if we are only
considering elements 𝑥 that lie in some set𝑈 and ifℋ = ∅, then it is often con-
venient to define ⋂

𝐻∈ℋ
𝐻 = 𝑈. This usage is also consistent with De Morgan’s

laws (Theorem 5.35 below). In this book, we will never index an intersection
over the empty set.
We will, however, be fine with one or more of the sets that are elements ofℋ
being empty set. Indeed, if one or more of the elements ofℋ is empty, then the
intersection

⋂
𝐻∈ℋ

𝐻

will be the empty set.

Theorem 5.20. Suppose thatℋ is a nonempty set such that each𝐻 ∈ ℋ is a set.
Then for all 𝐴 ∈ ℋ,

⋂
𝐻∈ℋ

𝐻 ⊂ 𝐴.

Consequently, if 𝐴 ⊂ 𝑋 for some set 𝐴 ∈ ℋ and some set 𝑋 , then also

⋂
𝐻∈ℋ

𝐻 ⊂ 𝑋.
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Theorem 5.21. Suppose thatℋ is a nonempty set such that each𝐻 ∈ ℋ is a set.
Let 𝑈 be any set. Prove that

𝑈 ⊂ ⋂
𝐻∈ℋ

𝐻

if and only if 𝑈 ⊂ 𝐻 for all𝐻 ∈ ℋ.

5.4. Unions

. . . in Order to form a more perfect Union . . .
—Preamble to the United States Constitution

In the previous section, we defined the intersection of sets to be the set of elements
appearing in every one of the sets. The union of the sets is defined by replacing the
“every” with “some”. That is, we replace the universal quantifier with the existential
quantifier.

Definition 5.22. Suppose that 𝐴𝜆 is a set for every element 𝜆 of some index set
Λ. The union of all the 𝐴𝜆 is the set, denoted by ⋃

𝜆∈Λ
𝐴𝜆, such that 𝑥 ∈ ⋃

𝜆∈Λ
𝐴𝜆

if and only if there exists 𝜆 ∈ Λ such that 𝑥 ∈ 𝐴𝜆.

Figure 5.6 shows a Venn diagram of the union of two sets.

Figure 5.6. On the left piece of toast, part (call it) 𝐽 is covered with jam and part (call
it) 𝑃𝐵 with peanut butter. The union 𝐽 ∪ 𝑃𝐵 is the yellow region on the right piece of
toast.

Example 5.23. Let 𝐴1 = {1, 3, 5}, 𝐴2 = {3, 5, 9}, and 𝐴3 = {25}. Then,

⋃
𝑛∈{1,2,3}

𝐴𝑛 = {1, 3, 5, 9, 25}. ♦

As with intersections, we will sometimes vary our notation. If 𝐴1 and 𝐴2 are two
sets, we will write 𝐴1 ∪ 𝐴2 for their union. If 𝐴1, . . . , 𝐴𝑛 are sets, we will write either
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1−1

Aλ

−1 + λ 1− λ

Figure 5.7. The sets 𝐴𝜆 in Example 5.27

𝐴1 ∪⋯∪𝐴𝑛 or
𝑛
⋃
𝑗=1

𝐴𝑗 for their union. If 𝐴𝑛 is a set for each 𝑛 ∈ ℕ, we will write either

𝐴1 ∪ 𝐴2 ∪⋯ or ⋃
𝑛∈ℕ

𝐴𝑛 or
∞
⋃
𝑛=1

𝐴𝑛 for their union.

Example 5.24. Suppose that 𝐴𝑛 = {2𝑛 − 1, 2𝑛 + 1} for each 𝑛 ∈ ℕ. Then ⋃
𝑛∈ℕ

𝐴𝑛 is

equal to the set of odd natural numbers. ♦

Example 5.25. Let 𝐴𝑛 = {−𝑛,−(𝑛 − 1), . . . , −3, −2, −1, 0, 1, 2, 3, . . . , 𝑛}. (So, for in-
stance, 𝐴3 = {−3,−2, −1, 0, 1, 2, 3}.) Then ⋃

𝑛∈ℕ
𝐴𝑛 = ℤ. ♦

Example 5.26. For each 𝑟 ∈ ℝ, let 𝐴𝑟 = (𝑟 − 1
2 , 𝑟 +

1
2 ) ⊂ ℝ. Then

⋃
𝑟∈ℝ

𝐴𝑟 = ℝ

since every real number is an element of some open interval of length 1. ♦

We give a more complete proof for the next example. It is similar to Example 5.13.

Example 5.27. Let Λ = (0, 1). For each 𝜆 ∈ Λ, let 𝐴𝜆 = [−1+ 𝜆, 1 − 𝜆]. We claim that

⋃
𝜆∈Λ

𝐴𝜆 = (−1, 1).

We use two element arguments to show this. (See Figure 5.7.) For notational conve-
nience, let 𝐴 = ⋃

𝜆∈Λ
𝐴𝜆. Recall that 𝑥 ∈ 𝐴 if and only if 𝑥 ∈ 𝐴𝜆 for some 𝜆 ∈ (0, 1). ♦

Proof. ⊃∶ We will show that 𝐴 ⊃ (−1, 1).
Suppose that 𝑥 ∈ (−1, 1). We wish to show that 𝑥 ∈ 𝐴. By the definition of union,

it suffices to show that there is 𝜆 ∈ (0, 1) such that
𝑥 ∈ [−1 + 𝜆, 1 − 𝜆].

We will choose our 𝜆 so that ±(1 − 𝜆) is the number halfway between 𝑥 and ±1.
If 𝑥 ≥ 0, let 𝜆 = (1 − 𝑥)/2. If 𝑥 < 0, let 𝜆 = (𝑥 + 1)/2. In either case, observe that

𝜆 ∈ (0, 1). If 𝑥 ≥ 0, by elementary algebra, we have
0 ≤ 𝑥 ≤ 1 − 𝜆.

If 𝑥 < 0, we have, by elementary algebra,
−1 + 𝜆 ≤ 𝑥 < 0.

Thus, in either case, 𝑥 ∈ [−1 + 𝜆, 1 − 𝜆] for our choice of 𝜆 ∈ Λ. Hence, 𝑥 ∈ 𝐴.
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⊂∶ We will show that ⋃
𝜆∈Λ

𝐴𝜆 ⊂ (−1, 1).

Suppose that 𝑥 ∈ 𝐴. We wish to show that 𝑥 ∈ (−1, 1). By the definition of union,
there exists 𝜆 ∈ Λ, such that 𝑥 ∈ [−1 + 𝜆, 1 − 𝜆]. Since Λ = (0, 1),

−1 < −1 + 𝜆 < 0 and 0 < 1 − 𝜆 < 1.
Hence, 𝑥 ∈ (−1, 1), as desired.

Therefore, ⋃
𝜆∈Λ

𝐴𝜆 = (−1, 1). □

Exercise 5.28. LetΛ = (0,∞) ⊂ ℝ. Let 𝐵𝜆 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2+𝑦2 ≤ 𝜆2}. Find ⋃
𝜆∈Λ

𝐵𝜆
and ⋂

𝜆∈Λ
𝐵𝜆.

Exercise 5.29. Suppose that 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ with 𝑎 < 𝑏 and 𝑐 < 𝑑. Prove that either
(𝑎, 𝑏) ∩ (𝑐, 𝑑) = ∅ or that there exists 𝑒, 𝑓 ∈ ℝ with 𝑒 < 𝑓 and

(𝑎, 𝑏) ∪ (𝑐, 𝑑) = (𝑒, 𝑓).

Exercise 5.30. For each 𝑟 ∈ ℚ, let 𝐴𝑟 = (𝑟 − 1
2 , 𝑟 +

1
2 ) ⊂ ℝ. Show that

⋃
𝑟∈ℚ

𝐴𝑟 = ℝ.

(Hint: You need to explain why every real number is within 1/2 of some rational num-
ber. You might like to use the fact that all real numbers have decimal representations.)

Theorem 5.31. Let 𝑋 be a set. Suppose that for all 𝜆 ∈ Λ, the set 𝐴𝜆 ⊂ 𝑋 . Then

⋃
𝜆∈Λ

𝐴𝜆 ⊂ 𝑋.

Theorem 5.32. Suppose thatℋ is a set and that for some 𝐻′ ∈ ℋ, we have a
subset 𝑉 ⊂ 𝐻′. Then

𝑉 ⊂ ⋃
𝐻∈ℋ

𝐻.

Exercise 5.33. Suppose thatℋ is a set and that there is a subset
𝑉 ⊂ ⋃

𝐻∈ℋ
𝐻.

Must it be the case that there exists 𝐻′ ∈ ℋ such that 𝑉 ⊂ 𝐻′? Why or why not?

We can combine unions, intersections, and complements in interesting ways. The
following exercises and theorems are good opportunities to practice element argu-
ments.

Exercise 5.34 (Distributive properties). Let 𝐴, 𝐵, and 𝐶 be sets. Prove the following
distributive laws.
(1) 𝐴 ∩ (𝐵 ∪ 𝐶) = (𝐴 ∩ 𝐵) ∪ (𝐴 ∩ 𝐶)
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(2) 𝐴 ∪ (𝐵 ∩ 𝐶) = (𝐴 ∪ 𝐵) ∩ (𝐴 ∪ 𝐶)
Can you formulate and prove versions of these results that involve arbitrarily many
sets?

Theorem 5.35 (De Morgan’s laws). Suppose that𝒜 is a nonempty set such that
each element 𝐴 ∈ 𝒜 is a subset of some fixed set 𝑈. Then:

(1) ( ⋃
𝐴∈𝒜

𝐴)
𝑐

= ⋂
𝐴∈𝒜

(𝐴𝑐).

(2) ( ⋂
𝐴∈𝒜

𝐴)
𝑐

= ⋃
𝐴∈𝒜

(𝐴𝑐).

As we discussed in Warning 5.3.1, in the statement of De Morgan’s laws, we may
drop the hypothesis that 𝒜 is nonempty, as long as we define the intersection over an
empty indexing set to be the set 𝑈.

5.5. Power sets

Modern mathematics has emerged from a long series of conceptual reforms
tending towards greater generality and rigour, as well as from more radical
conceptual inventions opening up altogether new perspectives. The accep-
tance of such conceptual innovations is a self-modifyingmental act in search
of a truer intellectual life.

—Michael Polanyi7

Power sets are a convenient tool for turning subsets into elements. Our ability
to create power sets turns out to have a number of surprising consequences, some of
which we explore in Chapter 10.

Definition 5.36. If 𝑋 is a set, then the power set𝒫(𝑋) of 𝑋 is the set such that
𝐴 ∈ 𝒫(𝑋) if and only if 𝐴 ⊂ 𝑋 .

Observe that no matter what the set 𝑋 is, the empty set ∅ is an element of 𝒫(𝑋).

Example 5.37. Here are several examples of power sets.

• 𝒫(∅) = {∅} (Observe 𝒫(∅) ≠ ∅.)
• 𝒫({𝑎}) = {∅, {𝑎}}
• 𝒫({1, 2}) = {∅, {1}, {2}, {1, 2}}
• 𝒫({𝑎, 𝑏, 𝑐}) = {∅, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} ♦

7Michael Polanyi (1891–1976) was a chemist and philosopher of science. This quote is part of Polanyi’s larger analysis
of what is meant by mathematical proof. He argues that a “tacit understanding” is a necessary component. To understand
or create a proof, it is necessary to “inhabit” the mathematical ideas. Used with permission of Routledge and University of
Chicago Press, from Personal Knowledge: Towards a post-critical philosophy, Michael Polanyi ©1973; permission conveyed
through Copyright Clearance Center, Inc. and by University of Chicago Press. [102]
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Figure 5.8. One way to attempt to visualize the power set is that if we zoom in on a
point of the power set 𝒫(𝑋), we see a subset of 𝑋 . For every subset of 𝑋 (including
the empty set) there is a point of 𝒫(𝑋) such that zooming in on the point gives us the
subset.

In Figure 5.8, we present an attempt at visualizing the power set of a set𝑋 : zooming
in on a point of 𝒫(𝑋) lets us see a subset of 𝑋 , and for every subset 𝐴 ⊂ 𝑋 there is some
point of 𝒫(𝑋) such that zooming in on it shows us the set 𝐴.

Exercise 5.38. Let 𝑋 = {𝑎, 𝑏, 1, 2}. Write down all the elements of 𝒫(𝑋). Also write
down seven elements of 𝒫(𝒫(𝑋)).

Exercise 5.39. If 𝑋 has 𝑛 ∈ ℕ elements, how many elements do you think 𝒫(𝑋) will
have? Can you prove it?

Exercise 5.40. Suppose thatℋ is a set such that each element 𝐻 ∈ ℋ is a set. Prove
the following:

(1) ⋃
𝐻∈ℋ

𝒫(𝐻) ⊂ 𝒫( ⋃
𝐻∈ℋ

𝐻).

(2) ⋂
𝐻∈ℋ

𝒫(𝐻) = 𝒫( ⋂
𝐻∈ℋ

𝐻).

(3) If 𝒫(𝐴 ∪ 𝐵) = 𝒫(𝐴) ∪ 𝒫(𝐵), then either 𝐴 ⊂ 𝐵 or 𝐵 ⊂ 𝐴.

Can you generalize this last fact to more than two sets?
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5.6. Cartesian products

I would encourage any youngmathematician thinking of working on
applications to learn as much pure mathematics as possible, limited
only by appetite and time, not by how applicable they think it might
be. I believe that I have used in my own career all the mathematics I
understand, I just wish I knew more, and that I still had the time to
learnmore. On the other hand, I have also found that great joy comes
from working with others. Experiencing the give-and-take of half-
baked ideas that then are given substance through the collaborative
effort is exhilarating.

—Ingrid Daubechies8

The planeℝ2 is the natural setting for much of calculus, and the Cartesian coordi-
nates (𝑥, 𝑦) of a point in ℝ2 play an important role. In many mathematical settings, it
is natural to consider pairs of elements from two, possibly different, sets, much as ℝ2

is the set of pairs of real numbers.

Definition 5.41 (Ordered pairs and the Cartesian product). If 𝑋 and 𝑌 are sets
and if 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 , then (𝑥, 𝑦) is an ordered pair of elements from 𝑋 and
𝑌 . We define (𝑥, 𝑦) = (𝑎, 𝑏) if and only if 𝑥 = 𝑎 and 𝑦 = 𝑏. The Cartesian
product 𝑋 × 𝑌 is the set of all ordered pairs of (𝑥, 𝑦) with 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 .
That is, 𝑧 ∈ 𝑋 × 𝑌 if and only if there exist 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 so that 𝑧 = (𝑥, 𝑦).

Example 5.42 (The annulus). Let 𝑆1 denote the unit circle {(𝑥, 𝑦)∈ℝ2 ∶ 𝑥2+𝑦2=1}.
The annulus or cylinder is the set 𝑆1 × [0, 1], where [0, 1] is the closed interval in ℝ.
The top of the cylinder is the set 𝑆1×{1} and the bottom of the cylinder is the set 𝑆1×{0}.
A pair (𝜃, 𝑡) gives us a position 𝜃 on the circle and a height 𝑡. Figure 5.9 visualizes the
cylinder in ℝ3. ♦

Figure 5.9. The annulus (or cylinder) is the Cartesian product 𝑆1 × [0, 1]. The blue
curve on the rim is 𝑆1 × {0}, and the black curve on the rim is 𝑆1 × {1}.

8Ingrid Daubechies is an applied mathematican whose work is important to the JPEG2000 image compression stan-
dard. She has receivedmany awards andwas President of the InternationalMathematicalUnion from2011–2014. Quotation
from Margaret A. Readdy and Christine Taylor, “Women’s History Month”, Notices of the AMS 65 (2018), no. 3, 248–303.
Used with permission. [104]
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Example 5.43 (The torus). Let 𝑆1 denote the unit circle {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1}.
The torus is the set 𝑇2 = 𝑆1 × 𝑆1. It is a subset of ℝ2 × ℝ2. The element, for example
((√2/2,√2/2), (√3/2, 1/2)), is an element of 𝑇2. ♦

Incidentally, observe that technicallyℝ4 ≠ ℝ2×ℝ2 because ((1, 2), (3, 4)) ∈ ℝ2×ℝ2

is not an element of ℝ4 and, on the other hand, (1, 2, 3, 4) ∈ ℝ4 is not an element of
ℝ2 × ℝ2. However, as the only difference between the elements of ℝ2 × ℝ2 and the
elements of ℝ4 is the placement of parentheses, most mathematicians are content to
ignore the distinction. In particular, any useful result forℝ2×ℝ2 can be converted into
a corresponding result for ℝ4 and vice versa.

Even though 𝑇2, according to the definition above, naturally lives in a four-dimen-
sional space, with some distortion we can visualize it in ℝ3 as in Figure 5.10.

Why is the set of ordered pairs called a product? Does it bear any relationship to
the multiplication of numbers? It turns out that taking the Cartesian product with the
empty set is sort of like multiplying a real number by 0:

Theorem 5.44. Let 𝑌 be any set. Prove that ∅ × 𝑌 = ∅ and 𝑌 × ∅ = ∅.

The analogue of multiplying a real number by 1 is taking the Cartesian product
with a set containing one element. For example, for any nonempty set 𝑋 , the elements
of 𝑋 × {1} are all ordered pairs of the form (𝑥, 1) for some 𝑥 ∈ 𝑋 . Given a result for 𝑋 , it
is easy to translate it into a result for 𝑋 × {1} and vice versa. The analogy between the
product of real numbers and the Cartesian product of sets breaks down at this point
since there are many different one-element sets, while there is only one real number 1.
The analogy also breaks down when we consider commutativity.

Figure 5.10. A two-dimensional picture of a torus in ℝ3. The red and blue curves
represent 𝑆1 × {(1, 0)} and {(1, 0)} × 𝑆1.
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Theorem 5.45. Suppose that 𝑋 and 𝑌 are nonempty sets. Prove that 𝑋 × 𝑌 =
𝑌 × 𝑋 if and only if 𝑋 = 𝑌 .

If the Cartesian product of two sets is like (in a very limitedway) themultiplication
of real numbers, is there any operation which is like a sum? There is—it’s called the
disjoint union of two sets.

Definition 5.46. Suppose that 𝑋 and 𝑌 are sets, possibly with 𝑋 ∩ 𝑌 ≠ ∅. Let
𝑋 ′ = 𝑋 × {0} and 𝑌 ′ = 𝑌 × {1}, then 𝑋 ′ ∩ 𝑌 ′ = ∅. (Prove this!) The set 𝑋 ′ ∪ 𝑌 ′

is called the disjoint union of 𝑋 and 𝑌 with 𝑋 ′ and 𝑌 ′ considered as copies of
the sets 𝑋 and 𝑌 , respectively. The disjoint union of 𝑋 and 𝑌 is denoted 𝑋 ⊔ 𝑌 .

Notice that, for any set 𝑋 , the set 𝑋 ⊔ ∅ = 𝑋 × {0}. We previously argued that the
Cartesian product of𝑋 with any one-element set produces a set functionally equivalent
to 𝑋 . Thus, ∅ is a type of additive identity for sets under the operation of disjoint union.

Exercise 5.47. Let 𝐴, 𝐵, and 𝐶 be sets. Explain why the set 𝐴 × (𝐵 ⊔ 𝐶) is essentially
the same set as (𝐴 × 𝐵) ⊔ (𝐴×𝐶). Thus, a version of the distributive property holds for
the Cartesian product and disjoint union.

Usually, whenmathematicianswrite the disjoint union𝑋⊔𝑌 , they are not thinking
of it as the union of 𝑋 × {0} and 𝑌 × {1}, per se. Rather, they are thinking of a copy of 𝑋
and a copy of 𝑌 that are considered to be disjoint from each other by some unspecified
renaming of the elements of 𝑋 and 𝑌 .

Example 5.48. Let 𝑋 and 𝑌 both be the unit circle 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1}.
Then 𝑋 ∪ 𝑌 = 𝑆1 = 𝑋 = 𝑌 . On the other hand, 𝑋 ⊔ 𝑌 consists of two nonintersecting
circles. According to Definition 5.46, they live in ℝ2 × ℝ (which we identify with ℝ3),
with one of the circles in the 𝑥𝑦-plane and the other in the (𝑧 = 1)-plane. But in
practice, we think of 𝑋 ⊔ 𝑌 as two nonintersecting circles that are not living anywhere
in particular. ♦

There is a close connection between Cartesian products and functions, which we
explore more in Chapter 8. For now, consider the kind of functions studied in precal-
culus and calculus. These are functions 𝑓 which have ℝ as their domain and which
also produce values in ℝ (that is, ℝ is also the codomain). We express this by writing
𝑓∶ ℝ → ℝ. For example, the function 𝑓∶ ℝ → ℝ defined by 𝑓(𝑥) = 𝑥3 + 5 is such
a function. You learned to graph such functions by making marks on the Cartesian
plane ℝ2 = ℝ × ℝ. To graph the function 𝑓, we mark a point (𝑥, 𝑦) ∈ ℝ × ℝ if and
only if 𝑦 = 𝑓(𝑥). For example, if 𝑓(𝑥) = 𝑥3 + 5 for every 𝑥 ∈ ℝ, then the points (0, 5),
(−1, 4), and (1, 6) (among many others) would be marked, whereas the points (0, 7),
(2, −3), (−3, 0) (among many others) remain unmarked. Thus, the graph of a func-
tion 𝑓∶ ℝ → ℝ is the subset 𝐺 ⊂ ℝ2 such that (𝑥, 𝑦) ∈ 𝐺 if and only if 𝑦 = 𝑓(𝑥).
In calculus, you likely also studied function 𝑓∶ ℝ2 → ℝ. These are functions like
𝑓(𝑥, 𝑦) = cos(𝑥𝑦) + 𝑦2 which have ℝ2 as their domain and ℝ as their codomain. The
graph of such a function is the subset 𝐺 ⊂ ℝ2 × ℝ such that ((𝑥, 𝑦), 𝑧) ∈ 𝐺 if and only
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if 𝑧 = 𝑓(𝑥, 𝑦). The graph of such a function is visualized by identifyingℝ3 withℝ2 ×ℝ
and marking those points (𝑥, 𝑦, 𝑧) such that 𝑧 = 𝑓(𝑥, 𝑦). Inspired by our work in cal-
culus, we can also consider functions 𝑓∶ 𝑋 → 𝑌 between any two sets 𝑋 and 𝑌 . The
graph of 𝑓 is then the subset 𝐺 ⊂ 𝑋 × 𝑌 such that (𝑥, 𝑦) ∈ 𝐺 if and only if 𝑦 = 𝑓(𝑥).

Exercise 5.49. Let 𝑓∶ [0, 1] → [0, 1] be the function defined by 𝑓(𝑥) = 2𝑥
𝑥2+1 for every

𝑥 ∈ [0, 1]. Draw the graph of 𝑓 in [0, 1] × [0, 1].

Exercise 5.50. Let 𝑓∶ ([0, 1] × [0, 1]) → ([0, 1] × [0, 1]) be the function defined by

𝑓(𝑥, 𝑦) = ( 2𝑥
𝑥2 + 1, sin(𝜋𝑦)) .

List six elements in the graph of 𝑓 and two elements not in the graph of 𝑓. Explain why
each is or is not an element of the graph of 𝑓.

5.7. The persistence of structure

It is difficult to understand what is going on in this proof precisely because
this kind of argument is all at the formal, logical level. The point of the ex-
ample is that one can follow the logic of the definitions and argument with-
out knowing anything about the subject, with no experience with anything
connected to the subject, and therefore certainly no intuition of “feel for the
subject”. . . .Verification is one thing, understanding is quite another.

—William Byers9

We saw in Chapter 1 that to study number systems and different kinds of spaces,
we can put additional structure (i.e., impose additional axioms) on sets. In this sec-
tion we explore a few ways that intersections, unions, and Cartesian products interact
with some of those structures as well as some new structures. During your first read-
through, these examples will all seem very different from each other (and, perhaps,
very difficult). With multiple rereadings, however, you should start to see how similar
the proofs in each of the following subsections are, even though the definitions and
contexts change. The opening quote from William Byers concerns Theorem 5.58. De-
spite his claim that its proof is completely formal, its proof, as well as the others in this
section, does contain important ideas. Those ideas are

(1) The properties of mathematical objects will sometimes persist to combinations of
those objects,

(2) Unless we verify that those properties persist, using the precise definitions defin-
ing those properties and objects, there is no guarantee that they persist.

Let’s jump in and see the examples. If you master the proofs in this subsection, you
will have a coherent deep understanding of how to use unions and intersections.

9Used with permission of Princeton University Press, from HowMathematicians Think: Using Ambiguity, Contradic-
tion, and Paradox to Create Mathematics, William Byers ©2010; permission conveyed through Copyright Clearance Center,
Inc. [23]
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Figure 5.11. An example of an oriented line ℓ and its associated half-plane 𝑅(ℓ)

5.7.1. Convexity. One goal in all of mathematics and science is to explain com-
plicated things in terms of simpler things. Subsets of ℝ2 don’t get much simpler than
half-planes. In this section, we explore which subsets ofℝ2 are the intersection of half-
planes. This will lead us into a discussion of convex subsets ofℝ2. Convex sets (in both
ℝ2 and other metric spaces) are important in their own right and play an important
role in mathematics, especially in geometry, analysis, and optimization theory.

A line in ℝ2 is a set of points of the form {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝐴𝑥 + 𝐵𝑦 = 𝐶} for some
𝐴, 𝐵, 𝐶 ∈ ℝ, with at least one of𝐴 or 𝐵 not equal to 0. Every line ℓ inℝ2 dividesℝ2 into
two half-planes whose intersection is ℓ. If we orient the line ℓ (by placing an arrow
on it), we can talk about the left and right half-planes for ℓ. Let ℒ denote the set of
oriented lines in ℝ2. For an oriented line ℓ ∈ ℒ, let 𝑅(ℓ) denote the right half-plane
for ℓ. See Figure 5.11. Observe that if we reverse the orientation on ℓ then the right
half-plane becomes the left half-plane and vice versa.

Exercise 5.51. For each of the following sets 𝑋 , find a subset ℒ′ ⊂ ℒ such that
𝑋 = ⋂

ℓ∈ℒ′
𝑅(ℓ).

(1) The solid unit square 𝑋 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (|𝑥| ≤ 1) and (|𝑦| ≤ 1)}
(2) The disc 𝑋 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 ≤ 1}

Consider the following problem. Let 𝑋 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (|𝑥| ≥ 1) or (|𝑦| ≥ 1)}.
This is the region outside the unit square, as in Figure 5.12. Is there a subset ℒ′ ⊂ ℒ
such that 𝑋 = ⋂

ℓ∈ℒ′
𝑅(ℓ)?

Figure 5.12. The region outside the unit square
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To answer this question, we take a detour.

Definition 5.52. For two distinct points 𝑎, 𝑏 ∈ ℝ2, let 𝑎𝑏 denote the line seg-
ment between them. A subset𝐻 ⊂ ℝ2 is convex if for every two distinct points
𝑎, 𝑏 ∈ 𝐻, the line segment 𝑎𝑏 ⊂ 𝐻.

Figure 5.13 shows an example of a convex region and a nonconvex region. Note
also that every half-plane is convex. (Can you prove this?)

Figure 5.13. The region on the left is convex as any two points in the region are con-
nected by a line segment lying entirely in the region. The region on the right is not
convex as there is (at least one) pair of points connected by a line segment not lying
entirely in the region.

Theorem 5.53 (Intersection of convex sets is convex). Suppose that ℋ is a
nonempty set such that each element𝐻 ∈ ℋ is a convex subset ofℝ2. Then ⋂

𝐻∈ℋ
𝐻

is a convex subset of ℝ2.

Here is the beginning of the proof.

Proof. Assume thatℋ is a set such that each element𝐻 ∈ ℋ is a convex subset ofℝ2.
We will show that ⋂

𝐻∈ℋ
𝐻 is a convex subset of ℝ2. By Theorem 5.20, ⋂

𝐻∈ℋ
𝐻 ⊂ ℝ2. We

need only show it is convex.
We must show that for every 𝑎, 𝑏 ∈ ⋂

𝐻∈ℋ
𝐻, the line segment 𝑎𝑏 ⊂ ⋂

𝐻∈ℋ
𝐻. Let

𝑎, 𝑏 ∈ ⋂
𝐻∈ℋ

𝐻 be arbitrary.

⟨ Show that 𝑎𝑏 is a subset of ⋂
𝐻∈ℋ

𝐻. ⟩ □
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Exercise 5.54. Explain why if 𝑋 ⊂ ℝ2 is the intersection of some number of half-
planes, then 𝑋 is convex. Use this to explain why the region 𝑋 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (|𝑥| ≥
1) or (|𝑦| ≥ 1)} that is the outside of the unit square is not the intersection of half-planes
of ℝ2.

Exercise 5.55. Give an example of two convex sets 𝐴 and 𝐵 such that 𝐴 ∪ 𝐵 is not
convex. Thus, the theorem does not hold if we change the intersection to a union.

Finally, we use Theorem5.53 to prove that, given any subset𝑋 ⊂ ℝ2, we can turn𝑋
into a natural convex set, called the “convex hull” of 𝑋 . See Figure 5.14 for an example.

Without our previous, rather abstract, work it is not obvious that we can do this.
Since ℝ2 is convex, every subset 𝑋 ⊂ ℝ2 is contained in a convex set, but is there a
smallest convex set containing 𝑋? If so, this is what we’ll call the “convex hull” of
𝑋 . The convex hull should have the property that it is convex, but it should also have
the property that we can’t take any points away from it to obtain a smaller convex set
containing 𝑋 . We denote the convex hull of 𝑋 (if it exists) by 𝐶(𝑋).

Given 𝑋 ⊂ ℝ2, one might attempt to turn 𝑋 into a convex set by taking the union
of 𝑋 with all line segments inℝ2 having both endpoints in 𝑋 . This creates a new set 𝑋1.
But for 𝑋1, we would need to show that all line segments between those line segments
lie in this new set. If they don’t, we could take the union of 𝑋1 with all line segments
having both endpoints in 𝑋1 to get a new set 𝑋2. If 𝑋2 is not convex, we create an 𝑋3 in
a similar way. Are we ever guaranteed to stop? If not, how could we obtain a convex
set?10 Theorem 5.53 is the needed tool.

Figure 5.14. The blue region is the convex hull of the pink regions. Observe that the
blue region contains the pink set, but that if wemake the blue set smaller at all, it either
ceases to contain the pink set or ceases to be convex.

10Actually, you might try taking the union of all those sets! But that is actually more difficult to work with than just
applying Theorem 5.53.
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Theorem 5.56. Suppose that 𝑋 ⊂ ℝ2. Then there exists a convex set 𝐶(𝑋) ⊂ ℝ2

(called the convex hull of 𝑋) such that
• 𝐶(𝑋) contains 𝑋 . That is, 𝑋 ⊂ 𝐶(𝑋).
• 𝐶(𝑋) is the smallest convex set containing 𝑋 . That is, if 𝑋 ⊂ 𝑄 ⊂ ℝ2 and 𝑄
is convex, then 𝐶(𝑋) ⊂ 𝑄.

5.7.2. Groups. In Section 2.1 we were introduced to the notion of a group. Recall
that a group consists of a set 𝐺, an element 𝟙 ∈ 𝐺, and an operation ∘, such that the
following axioms hold:

(G1) Closure. For every 𝑎 ∈ 𝐺 and 𝑏 ∈ 𝐺 there is a some element 𝑐 ∈ 𝐺 such that
𝑐 = 𝑎∘𝑏. Furthermore, this combination is unique. In other words, if 𝑎 = 𝑎′ and
𝑏 = 𝑏′, then

𝑎 ∘ 𝑏 = 𝑎′ ∘ 𝑏′.
(G2) Identity. The following hold.

• For every 𝑎 ∈ 𝐺, 𝑎 ∘ 𝟙 = 𝑎.
• For every 𝑎 ∈ 𝐺, 𝟙 ∘ 𝑎 = 𝑎.

(G3) Inverses. For every 𝑎 ∈ 𝐺 there exists 𝑎−1 ∈ 𝐺 such that the following hold.
• 𝑎 ∘ 𝑎−1 = 𝟙.
• 𝑎−1 ∘ 𝑎 = 𝟙.

(G4) Associativity. For every 𝑎, 𝑏, 𝑐 ∈ 𝐺,

(𝑎 ∘ 𝑏) ∘ 𝑐 = 𝑎 ∘ (𝑏 ∘ 𝑐).

If 𝐻 ⊂ 𝐺 is also a group with the same identity 𝟙 and operation ∘, we say that 𝐻 is
a subgroup of 𝐺. Initially, we might think that to verify 𝐻 is a subgroup of 𝐺, we
need to verify that all four axioms hold for 𝐻. The next theorem shows that verifying
a subset is a subgroup is easier than that. The proof doesn’t directly use material from
this chapter, but it is a good opportunity to practice using proof structures.

Theorem 5.57 (Subgroup characterization). Suppose that 𝐺 is a group with
identity 𝟙 and operation ∘. Then a nonempty 𝐻 ⊂ 𝐺 is a subgroup of 𝐺 (with
identity 𝟙 and operation ∘) if

• for every 𝑎, 𝑏 ∈ 𝐻, 𝑎 ∘ 𝑏 ∈ 𝐻,
• for every 𝑎 ∈ 𝐻, 𝑎−1 ∈ 𝐻.

We’ll use Theorem 5.57 in the proof of the next theorem. It shows that the intersec-
tion of subgroups is a subgroup. Informally, we can use Venn diagrams to get a sense
for what the theorem is saying; see Figure 5.15.
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Figure 5.15. The large green ellipse represents a group 𝐺. The dot in the center rep-
resents the identity element 𝟙 and the three smaller ellipses represent three subgroups
𝐻1, 𝐻2, and 𝐻3. Do you see why they must each contain 𝟙? Theorem 5.58 shows that
the intersection 𝐻1 ∩ 𝐻2 ∩ 𝐻3 is also a subgroup of 𝐺.

Theorem 5.58 (Intersection of subgroups is a subgroup). Suppose that 𝐺 is a
group with identity 𝟙 and operation ∘. Assume thatℋ is a nonempty set such that
every𝐻 ∈ ℋ is a subgroup of 𝐺. Then

⋂
𝐻∈ℋ

𝐻

is a subgroup of 𝐺.

Proof. Suppose that 𝐺 is a group with identity 𝟙 and operation ∘. Also assume thatℋ
is nonempty and that every 𝐻 ∈ ℋ is a subgroup of 𝐺. In particular, every 𝐻 ∈ ℋ
satisfies Axioms (G1)–(G4). We will show that

⋂
𝐻∈ℋ

𝐻

is a subgroup of 𝐺. Observe that by Theorem 5.20 the intersection is a subset of 𝐺.
In principal, we need to show that ⋂

𝐻∈ℋ
𝐻 satisfies Axioms (G1)–(G4). However,

if we can show that ⋂
𝐻∈ℋ

𝐻 is nonempty, then Theorem 5.57 implies that we need only

show (G1) and (G3).
First we show that ⋂

𝐻∈ℋ
𝐻 is nonempty. Sinceℋ is nonempty, there exists𝐻0 ∈ ℋ.

Since every element ofℋ is a subgroup of 𝐺, every 𝐻 ∈ ℋ satisfies Axiom (G2). By
Theorem 2.8, the identity in each 𝐻 is equal to 𝟙 (the identity in 𝐺). Thus, 𝟙 ∈ 𝐻 for
every 𝐻 ∈ ℋ. By definition, this implies that 𝟙 ∈ ⋂

𝐻∈ℋ
𝐻. Thus, ⋂

𝐻∈ℋ
𝐻 ≠ ∅.
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Next we show that Axiom (G1) holds for ⋂
𝐻∈ℋ

𝐻. Let 𝑎, 𝑏 ∈ ⋂
𝐻∈ℋ

𝐻 be arbitrary.

We must show that 𝑎 ∘ 𝑏 ∈ ⋂
𝐻∈ℋ

𝐻.

⟨ Do it! ⟩

Finally, we show that that Axiom (G3) holds for ⋂
𝐻∈ℋ

𝐻.

⟨ Do it! ⟩ □

Here is an important consequence of Theorem 5.58. Notice the similarity to The-
orem 5.56 which says that every subset of ℝ2 is contained in a “smallest” convex set
(its convex hull). Here we show that every subset of a group is contained in a smallest
subgroup.

Theorem 5.59. Let 𝐺 be a group with identity 𝟙 and operation ∘. Suppose that
𝑃 ⊂ 𝐺. Then there exists a subgroup𝐻(𝑃) ⊂ 𝐺 such that all of the following hold.

• 𝑃 ⊂ 𝐻(𝑃)
• if𝐻 ⊂ 𝐺 is any subgroup such that 𝑃 ⊂ 𝐻, then𝐻(𝑃) ⊂ 𝐻.

We say that𝐻(𝑃) is the subgroup of𝐺 generated by 𝑃 and that𝐻(𝑃) is the smallest
subgroup of𝐺 containing 𝑃. The subgroup𝐻(𝑃)may have infinitelymany elements, so
the term smallest only means that𝐻(𝑃) is a subset of every other subgroup containing
𝑃.

Example 5.60. Let 𝐺 be the set of all symmetries of ℝ2 that preserve distance. For
example, every rotation of the plane is an element of𝐺, as is every reflection and trans-
lation. 𝐺 is a group whose operation is function composition. For instance, if we rotate
ℝ2 by an angle of 𝜋/8 around the origin and then translate every point of ℝ2 horizon-
tally by five units, we have not changed the distance between any two points ofℝ2 since
neither the rotation nor the translation changes the distance. Can you give a complete
proof that 𝐺 is a group?

In Example 2.48, we considered two symmetries 𝑓 and 𝑔 ofℝ and all possible com-
positions of 𝑓 and 𝑔 and their inverses. The set 𝑋 of all such symmetries of ℝ2 forms
a subgroup of 𝐺. This is relatively straightforward to prove: we just verify 𝑋 satisfies
Axioms (G1) and (G3), but this is essentially the definition of 𝑋 .

Set 𝑃 = {𝑓, 𝑔}. We claim that 𝑋 = 𝐻(𝑃). That is, 𝑋 is the smallest subgroup of 𝐺
containing both 𝑓 and 𝑔. We’ll just sketch the idea behind the argument and omit the
details. Since subgroups satisfy Axioms (G1) and (G3), 𝑋 ⊂ 𝐻(𝑃). Since 𝑃 ⊂ 𝑋 and
since 𝐻(𝑃) is the smallest subgroup of 𝐺 containing 𝑃, we have 𝑋 = 𝐻(𝑃). ♦

In the previous example, we saw two different descriptions of a certain subgroup
of 𝐺. The first, 𝑋 , has a very hands-on description: we knew exactly that the elements
of 𝑋 were all compositions of 𝑓, 𝑔, and their inverses. The second description 𝐻(𝑃) is
muchmore abstract, but shows us that𝑋 fits into amore general framework. Whatever
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we prove in the setting of the more general framework will apply to𝐻(𝑃) = 𝑋 without
further additional work. Both descriptions are useful.

5.7.3. Open sets inℝ2. As you know, intervals play an important role in calculus
(as in the definitions of continuous function and the statements of the intermediate
value theorem, mean value theorem, and fundamental theorem of calculus). The key
to extending many of these important tools to other settings is to generalize the notion
of open interval. To give us more practice working with sets, we take a brief excursion
into topology (the study of continuous functions). We work in ℝ2 which is familiar
enough to not be scary, but flexible enough to capture many of the important concepts.
However, in a general metric space there are analogues for much of what we do. In
a topology or real analysis course, these concepts are generalized to many other sets.
Our focus is not onmotivating the definitions, but on applying abstract definitions and
the tools of set theory to prove a few introductory results in topology. Throughout we
let 𝑑 denote the Euclidean metric on ℝ2. That is, if (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ ℝ2, then

𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2.
In Section 2.6, we proved that 𝑑 is a metric in the sense of Definition 2.11.

Definition 5.61 (Open discs and open sets). The open disca 𝐵𝑟(𝑎, 𝑏) ⊂ ℝ2

with center (𝑎, 𝑏) and radius 𝑟 > 0 is the set
𝐵𝑟(𝑎, 𝑏) = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑑((𝑥, 𝑦), (𝑎, 𝑏)) < 𝑟}

of points (𝑎, 𝑏) less than a distance of 𝑟 from the point (𝑎, 𝑏). A subset 𝑈 ⊂ ℝ2

is open if for every (𝑎, 𝑏) ∈ 𝑈, there exists 𝑟 > 0 such that 𝐵𝑟(𝑎, 𝑏) ⊂ 𝑈.
aIn most metric spaces, this would be called an “open ball,” so we denote it with a 𝐵.

One way of thinking about open sets is that their points are stable under small
perturbations. That is, a very small change to a point in an open set will still produce
a point in the open set. In Figure 5.16 you can see that any point within distance 𝑟
of (𝑎, 𝑏) is still in 𝑈; so if (𝑎, 𝑏) is moved by a distance of less than 𝑟, it will still be in
𝑈. The next exercise shows that the complement of a single point 𝑝 is always an open
set. If you have a point 𝑞 ≠ 𝑝 and you perturb it a very small amount, then you will
still have a point not equal to 𝑝. What counts as “very small” depends on the original
distance from 𝑞 to 𝑝.
Exercise 5.62. Prove that if 𝑝 = (𝑥0, 𝑦0) ∈ ℝ2, then the set ℝ2 ⧵ {𝑝} is open and the
set {𝑝} is not open.
Exercise 5.63. Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝwith 𝑎 < 𝑏 and 𝑐 < 𝑑. Prove that the set𝑈 = {(𝑥, 𝑦) ∈
ℝ2 ∶ 𝑥 ∈ (𝑎, 𝑏) and 𝑦 ∈ (𝑐, 𝑑)} is open.

The next theorem lists four important properties of open sets in ℝ2. These are
the properties which, in a point-set topology course, provide the foundation for a very
general setting where it makes sense to talk about continuous function. We won’t go
very far in that direction, though. For us, open sets provide a convenient framework to
practice writing proofs involving unions and intersections. In the proof, you will need
to use the fact that 𝑑 satisfies the definition of a metric.
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U

(a, b)

r Br(a, b)

Figure 5.16. An example of an open set 𝑈 containing the open disc 𝐵𝑟(𝑎, 𝑏) of radius
𝑟 centered at the point (𝑎, 𝑏).

Theorem 5.64 (Properties of open sets in ℝ2).
(1) ∅ is an open set.
(2) ℝ2 is an open set.
(3) If𝒰 is a set such that every element 𝑈 ∈ 𝒰 is an open set in ℝ2, then ⋃

𝑈∈𝒰
𝑈

is an open set in ℝ2.
(4) If 𝑈,𝑉 ⊂ ℝ2 are open, then 𝑈 ∩ 𝑉 is open.

In previous sections, we’ve seen how sometimes we can create the “smallest” sets
with certain properties by intersecting all subsets with those properties. We can also, as
the next theorem indicates, sometimes create the “largest” sets with certain properties
by taking unions.

Theorem 5.65 (Interiors). Suppose that 𝑉 ⊂ ℝ2. Then there exists an open set
𝑈 ⊂ ℝ2 such that

• 𝑈 is contained in 𝑉 , that is, 𝑈 ⊂ 𝑉 ; and
• 𝑈 is the largest open set contained in 𝑉 , that is, if 𝑈′ ⊂ 𝑉 and 𝑈′ is open,
then 𝑈′ ⊂ 𝑈.

The set 𝑈 in Theorem 5.65 is called the interior of 𝑉 . Here are two statements
regarding interiors for you to prove.

Theorem 5.66.
(1) Let 𝑣 ∈ ℝ2. The interior of the set {𝑣} is the empty set.
(2) If 𝑉 ⊂ ℝ2 is open, then the interior of 𝑉 is equal to 𝑉 .
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In ℝ2 the open discs play the role of open intervals in ℝ and the open sets play the
role of unions of open intervals in ℝ. We can also talk about closed sets. Perhaps con-
trary to what we expect, they are not defined by discussing the unions or intersections
of closed discs.

Definition 5.67 (Closed set). A subset 𝑉 ⊂ ℝ2 is closed if its complement 𝑉𝑐

is open.

Exercise 5.68. Use DeMorgan’s laws to rephrase Theorem 5.64 for closed sets, instead
of open sets.

The next example is of a closed set of ℝ2 which is the famous fractal known as the
Sierpinski carpet. See Figure 5.17. Informally, the carpet can be defined by subdividing
the unit square into nine smaller squares, removing the middle one from each. Then
subdivide each of the remaining eight squares into nine smaller squares and remove
themiddle one from each, etc. If we are always careful to remove open squares, then, at
each stage, the complement of the squares we removed is a closed set. The intersection
of any number of closed sets is closed (Exercise 5.68), so the carpet is a closed set.

Formalizing the definition of the carpet requires us to work out the endpoints of
the vertical and horizontal intervals that are being removed. That makes the definition
somewhat technical. There are ways to avoid the technicality at the cost of becoming
more abstract, but we won’t pursue them here.

Example 5.69 (Sierpinski carpet). Suppose that 𝑛 ∈ ℕ. Let 𝐼𝑛 = {1, 4, 7, 10, . . . , 3𝑛−2}
be the set of natural numbers between 1 and 3𝑛 that are one more than a multiple of
3. For 𝑘 ∈ 𝐼𝑛, let 𝐽𝑛𝑘 = (𝑘/3𝑛, (𝑘 + 1)/3𝑛) ⊂ ℝ. Observe that 𝐽𝑛𝑘 is an interval of length
1/3𝑛.

Figure 5.17. The white squares are the sets 𝑈𝑛
𝑘,ℓ for 𝑛 = 1, 2, 3, 4
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For every 𝑘, ℓ ∈ 𝐼𝑛, let

𝑈𝑛
𝑘,ℓ = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥 ∈ 𝐽𝑛𝑘 and 𝑦 ∈ 𝐽𝑛ℓ }.

Notice that 𝑈𝑛
𝑘,ℓ is an open square with sides of length 1/3𝑛.

Let 𝑈 = ⋃
𝑛∈ℕ

⋃
𝑘,ℓ∈𝐼𝑛

𝑈𝑛
𝑘,ℓ. Since each 𝑈𝑛

𝑘,ℓ for all 𝑛 ∈ ℕ and 𝑘, ℓ ∈ 𝐼𝑛 is an open set,

their union 𝑈 is also open. The complement of 𝑈

𝑆 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (0 ≤ 𝑥 ≤ 1) and (0 ≤ 𝑦 ≤ 1)}

in the solid square is a closed set of ℝ2 called the Sierpinski carpet. ♦

5.7.4. Event spaces. Probability is the central tool of statistics and data analysis.
The basic goal of probability is to begin with a set 𝑋 (whose elements are called out-
comes), and to certain subsets 𝐸 ⊂ 𝑋 (called events) assign numbers 𝑃(𝐸) ∈ [0, 1],
called the probability of 𝐸. In practice, the outcomes are the results (or potential re-
sults) of a random process. For instance, if the random process is “drawing a card from
a standard deck of cards,” we can discuss the probability of drawing a 5 of Hearts; the
probability of drawing a Spade, or the probability of drawing a 7 (of any suit). The
events under consideration are then

𝐸 = {5♡},
𝐸 = {𝐴♠, 2♠, 3♠, 4♠, 5♠, 6♠, 7♠, 8♠, 9♠, 10♠, 𝐽♠, 𝑄♠, 𝐾♠},
𝐸 = {7♡, 7♠, 7♢, 7♣},

respectively. It is beneficial to have an abstract definition of probability space and to
develop the general theory sufficiently far so as to give a common framework for un-
derstanding results concerning probabilities.

Definition 5.70 (Event space). Let 𝑋 be a set. An event space on 𝑋 is a subset
ℰ ⊂ 𝒫(𝑋) such that the following hold.
(E1) ∅ ∈ ℰ.
(E2) If 𝐴 ∈ ℰ, then 𝐴𝑐 ∈ ℰ.
(E3) If 𝐴𝑖 ∈ ℰ for all 𝑖 ∈ ℕ, then ⋃

𝑖∈ℕ
𝐴𝑖 ∈ ℰ.

Elements of ℰ are called events.

Observe that the elements of an event space11 are subsets of 𝑋! The second con-
dition can be summarized as saying that event spaces are closed under complements
and the third condition is summarized by saying that event spaces are closed under
countable unions.

11The traditional name for an event space is the awful term “𝜍-algebra”.
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Exercise 5.71.
(1) Prove that if 𝑋 is a set, then both {∅, 𝑋} and 𝒫(𝑋) are event spaces
(2) Give examples of three event spaces on the set {1, 2, 3, 4, 5, 6}.

Theorem 5.72. Suppose that ℰ is an event space on 𝑋 . Prove the following:
(1) If 𝐸𝑖 ∈ ℰ for all 𝑖 ∈ ℕ, then ⋂

𝑖∈ℕ
𝐸𝑖 ∈ ℰ.

(2) If 𝐸1 and 𝐸2 are events, then 𝐸1 ∪ 𝐸2 is an event.

Proof. Assume that ℰ is an event space on 𝑋 .
Proof of (1). Assume that 𝐸𝑖 ∈ ℰ for every 𝑖 ∈ ℕ.

⟨ Prove that ⋂
𝑖∈ℕ

𝐸𝑖 ∈ ℰ. Perhaps De Morgan’s laws will be helpful! ⟩

Proof of (2). Assume that 𝐸1, 𝐸2 ∈ ℰ. For 𝑖 ∈ ℕ with 𝑖 ≥ 3, let 𝐸𝑖 = ∅. By the
definition of an event space, ∅ ∈ ℰ. Notice

⋃
𝑖∈ℕ

𝐸𝑖 = 𝐸1 ∪ 𝐸2.

By part (1), we have ⋃
𝑖∈ℕ

𝐸𝑖 is an event. Thus, 𝐸1 ∪ 𝐸2 is an event. □

The next theorem is the analogue for event spaces of Theorems 5.53 and 5.58 for
convex sets and subgroups, respectively. This result (and proof) can be mind-blowing
because the elements of 𝔼 are sets, each an event space (not event!). The elements of
each of those event spaces are events and events are subsets of 𝑋 . Rephrasing this, we
see that if 𝐸 is an event, then 𝐸 ⊂ 𝑋 . That is 𝐸 ∈ 𝒫(𝑋). Every element of an event
space ℰ is an event, so ℰ ⊂ 𝒫(𝑋). That is, ℰ ∈ 𝒫(𝒫(𝑋)). Finally, if every element of 𝔼
is an event space, then 𝔼 ⊂ 𝒫(𝒫(𝑋)). That is, 𝔼 ∈ 𝒫(𝒫(𝒫(𝑋))). This is one of the few
results I know where triple power sets show up naturally. The amazing thing is that if
we let the definitions guide us, we don’t need to think at all about all these power sets.
Give it a shot!

Theorem5.73 (Intersections of event spaces). Let𝑋 be a set. Then the following
hold.
(1) If 𝔼 is a nonempty set such that each element ℰ ∈ 𝔼 is an event space on 𝑋 ,

then ⋂
ℰ∈𝔼

ℰ is an event space on 𝑋 .

(2) If 𝒰 ⊂ 𝒫(𝑋), then there exists an event space ℰ on 𝑋 such that 𝒰 ⊂ ℰ, and
if ℰ′ is any event space on 𝑋 with𝒰 ⊂ ℰ′, then ℰ ⊂ ℰ′.

One particularly common construction occurs when 𝑋 ⊂ ℝ. Let 𝒰 be the set
whose elements are all of the form𝑈∩𝑋 where𝑈 is an open interval inℝ. The elements
of 𝒰 are called the basic open sets in 𝑋 . The previous theorem guarantees that there
is an event space ℰ such that each basic open set in 𝑋 is an event and so that ℰ is as
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small as possible. In other words, if ℰ′ is another event space on 𝑋 such that each basic
open set in 𝑋 is an event, then ℰ ⊂ ℰ′. The event space ℰ is called the Borel event
space on 𝑋 . In Section 8.10 we will consider ways of assigning probabilities to events.

5.8. Application: Configuration spaces

Now where are my Daleks?
—Dr Who, “Destiny of the Daleks” (1979)

In their textbook,Modern Robotics [87], Lynch and Park comment that, “Perhaps
the most fundamental question one can ask about a robot is, where is it? The answer
is given by the robot’s configuration: a specification of the position of all points of the
robot”. The same can undoubtedly be said of those psychotic cyborg aliens known as
Daleks. Fortunately, Cartesian products give us a way of keeping track of locations of
both robots and Daleks.

Suppose that we have two robots, Marvin and K9, moving around on the floor of
a large room. If we place a two-dimensional coordinate system on the floor, Marvin’s
location (at a given point in time) can be given as a point (𝑥1, 𝑦1) ∈ ℝ2. Likewise, K9’s
location can be given as a point (𝑥2, 𝑦2) ∈ ℝ2. Since Marvin and K9 are never in the
same location at the same time, (𝑥1, 𝑦1) ≠ (𝑥2, 𝑦2). We can package all this information
together to model the location of the two robots at a particular point in time as a point
𝑟 ∈ (ℝ2×ℝ2)⧵ΔwhereΔ = {(𝑎, 𝑏) ∈ ℝ2×ℝ2 ∶ 𝑎 = 𝑏}. The set 𝒞2(ℝ2) = (ℝ2×ℝ2)⧵Δ
is an example of a configuration space.

Definition 5.74 (Configuration space). Let 𝑋 be a set. The diagonal of the set
𝑋 × 𝑋 is Δ = {(𝑎, 𝑏) ∈ 𝑋 × 𝑋 ∶ 𝑎 = 𝑏}. The configuration space of two
labeled points in 𝑋 is the set 𝒞2(𝑋) = (𝑋 × 𝑋) ⧵ Δ.

In general, a configuration space is a set, perhaps with other structure such as a
metric, whose elements correspond to configurations. In Section 7.9 we will see how
to define a configuration space for unlabeled points. Configuration spaces play an im-
portant role in robotics, mechanics, and in several other scientific areas.
Exercise 5.75. Generalize the definition of “configuration space of two labeled points”
to the situation when there are more than two labeled points.
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Exercise 5.76. Let 𝐼 ⊂ ℝ be the interval [0, 1]. Draw a picture of 𝒞2(𝐼).

Exercise 5.77. One issue with using 𝒞2(ℝ2) as a model for the position of two robots
on a plane is that it allows the robots to get arbitrarily close to each other. To see this,
consider a points 𝑝1, 𝑝2 ∈ ℝ2 with 𝑝1 = (𝑥1, 𝑦1) and 𝑝2 = (𝑥2, 𝑦2). The distance from
𝑝1 to 𝑝2 is the number

𝑑(𝑝1, 𝑝2) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2.

Observe that (𝑝1, 𝑝2) is a single point in the configuration space 𝒞(ℝ2).
(1) Find a point in 𝒞2(ℝ2) which corresponds to the two robots being within a dis-

tance .001 of each other.
(2) How can the definition of 𝒞2(ℝ2) be adjusted so that a point of the new configu-

ration space corresponds to positions for the two robots in ℝ2 which are at least
.001 from each other?

Considering our two robotsMarvin and K9 again and recalling that a single point
of𝒞2(ℝ2) corresponds to a position of both robots inℝ2, wemight like away tomeasure
the distance in 𝒞2(ℝ2). If 𝑑𝒞 is the notation for whatever metric we decide to use, for
points 𝑃,𝑄 ∈ 𝒞2(ℝ2), then 𝑑𝒞(𝑃, 𝑄)will be a measurement of how close the position 𝑃
of both robots is to the position𝑄 of both robots. If, as the robots move from 𝑃 to𝑄, we
observe that 𝑑𝒞(𝑃, 𝑄) is small, then neither robot has moved very far from its starting
point. On the other hand, if 𝑑𝒞(𝑃, 𝑄) is large, then at least one of the robots has moved
far from its starting point.

Another type of configuration space arises when we consider linkages. One type
of linkage arises when we have a device made of three arms hinged together. One end
of 𝐴 is fastened to a wall in such a way that it can rotate 2𝜋 radians around the point
where it is fastened. The other end of 𝐴 is fastened to one end of 𝐵 in such a way that,
nomatter how𝐴 is positioned, the arm 𝐵 can rotate 2𝜋 radians around the point where
it is fastened to 𝐴. The other end of 𝐵 is similarly fastened to one end of 𝐶 so that no
matter how 𝐴 and 𝐵 are positioned, the arm 𝐶 can rotate 2𝜋 radians around the point
where it is fastened to 𝐵. How can we describe all possible positions of the linkage?
Since the positions of any two of the arms don’t affect the ability of the third arm to
rotate, each position of the linkage can be described by three angles: 𝜃𝐴, 𝜃𝐵, and 𝜃𝐶 ,
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each between 0 and 2𝜋. The angle 𝜃𝐴 tells us howmuchwe’ve rotated around the point
where arm𝐴 is attached to the wall. The angle 𝜃𝐵 tells us howmuchwe’ve rotated arm
𝐵 around the point where arms 𝐴 and 𝐵 are attached. Finally, 𝜃𝐶 tells us how much
we’ve rotated arm 𝐶 around the point where 𝐵 and 𝐶 are attached. Each position of
the linkage is then given by an ordered triple: (𝜃𝐴, 𝜃𝐵, 𝜃𝐶). Since an angle of 0 radians
is the same as an angle of 2𝜋 radians, each of 𝜃𝐴, 𝜃𝐵, and 𝜃𝐶 can actually be thought
of as points in 𝑆1. Thus, positions of the linkage correspond to points of 𝑆1 × 𝑆1 × 𝑆1,
the configuration space of the linkage.
Exercise 5.78. Suppose that a certain lighting board for theatrical use contains four
sliders, each of which canmove continuously from a position labeled 0 to a position la-
beled 11. The board also has three dials, each of which can be rotated a full 2𝜋 radians.
Express a configuration space for the lighting board as a Cartesian product.

5.9. Application: The geometric structure of data

When I began learning about machine learning and data mining, I
found that the intuition I had formed while studying geometry was
extremely valuable in understanding the basic concepts and algo-
rithms. But in many of the resources I’ve seen, this relatively sim-
ple geometry is hidden behind enough equations and algorithms to
intimidate all but the most technically inclined readers.

—Jesse Johnson12

An image on the computer screen can be thought of as an array of pixels with 𝑛
rows and 𝑚 columns. If the image is gray-scale, each pixel can be assigned a number
𝑡 ∈ [0, 1] corresponding to how gray it is: a value of 0 denotes that it is black, a value
of 1 means that it is white, a value in (0, 1) indicates some shade of grey. If we number
the pixels 1, 2, . . . , 𝑛𝑚 we can record the image as a point

(𝑡1, 𝑡2, . . . , 𝑡𝑛𝑚) ∈ ℝ𝑛𝑚.
For example, the original copy of the photo on the left in Figure 5.18 is 225 pixels wide
by 248 pixels high and represents a single point in ℝ55800. The original copy of the
photo on the right is 173 × 122 pixels and so represents a single point in ℝ21106.

If we consider all the black and white images that are 𝑛 pixels wide by 𝑚 pixels
tall, produced by some person (perhaps a contributor to Flickr), we have a set of points
(called thedata set) inℝ𝑛𝑚. Typically, the number 𝑛𝑚 ∈ ℕ is very large and so, if there
are also a lot of images, it may be difficult to find patterns in the data set. Similarly,
whenever we collect a large number of measurements for a large number of objects,
in any situation, we end up with a large number of points in ℝ𝑘 for some large 𝑘, and
finding patterns is difficult.

It turns out that we can think of the data set (in our example, the set of images)
as a geometric object and then use methods from geometry, topology, probability, and
statistics to analyze it. This is an enormous task and is the subject of much active
research. In this section we restrict ourselves to describing onemethod of approaching
the problem.

12Jesse Johnson began his professional life as a mathematics professor and then moved into industry. His blog, The
Shape of Data [77], from which this quotation is taken, explores the ways in which geometric thinking is useful for under-
standing data. Quotation used with permission.
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Figure 5.18. Two typical black and white photos of delightfully atypical children.

Henceforth, suppose that 𝑘 ∈ ℕ and that 𝐷 ⊂ ℝ𝑘 (the data set) is a finite set of
points. For each 𝑟 > 0, we will construct an object (called a simplicial complex) which
is a generalization of a graph and which tells us something about how the data points
sit in relation to each other. Simplicial complexes, like graphs, are highly structured,
easy to store in a computer, and are much easier to study than the original data set.

Definition 5.79 (Simplicial complex). A simplicial complex (ormulti-graph)
is a finite set 𝐾 such that each element of 𝐾 is a finite set, and for all 𝐴 ∈ 𝐾,
𝒫(𝐴) ⊂ 𝐾.

Example 5.80. Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, and 𝑓 be distinct. Define𝐾 to be the set whose elements
are the following sets:

∅, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑒}, {𝑓},
{𝑎, 𝑏}, {𝑏, 𝑐}, {𝑐, 𝑑}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑐, 𝑒}, {𝑒, 𝑓}, {𝑒, 𝑔}, {𝑔, 𝑓}, {𝑒, 𝑓},
{𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑒, 𝑓, 𝑔},
{𝑎, 𝑏, 𝑐, 𝑑}.

We claim that 𝐾 is a simplicial complex. Checking this is straightforward, but exceed-
ingly tedious, so we just give an idea of how to do it.

Consider the element {𝑒, 𝑓, 𝑔} ∈ 𝐾. For 𝐾 to be a simplicial complex, wemust have
𝒫({𝑒, 𝑓, 𝑔}) ⊂ 𝐾. The power set of {𝑒, 𝑓, 𝑔} is the set whose elements are

∅,
{𝑒}, {𝑓}, {𝑔},
{𝑒, 𝑓}, {𝑒, 𝑔}, {𝑓, 𝑔},
{𝑒, 𝑓, 𝑔}.

We can then check that each element of 𝒫({𝑒, 𝑓, 𝑔}) is also an element of 𝐾, so
𝒫({𝑒, 𝑓, 𝑔}) ⊂ 𝐾. Similarly, we can check that the power sets of {𝑎, 𝑏, 𝑐, 𝑑} and {𝑐, 𝑒}
are both subsets of 𝐾. All other sets in 𝐾 are subsets of {𝑒, 𝑓, 𝑔}, {𝑎, 𝑏, 𝑐, 𝑑}, and {𝑐, 𝑒}.
This implies their power sets are also subsets of 𝐾. Thus, 𝐾 is a simplicial complex. ♦

There is a connection between graphs and simplicial complexes which will help
us better visualize simplicial complexes. A graph 𝐺 consists of a set 𝑉(𝐺) of vertices as
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well as a set 𝐸(𝐺) of edges. If 𝐺 has no loops and if there is at most one edge between
any two vertices, then we can identify an edge 𝑒 with the set {𝑣, 𝑤} where 𝑣 and 𝑤 are
the endpoints of 𝑒. Notice that the set 𝐾 = {{𝑣, 𝑤}, {𝑣}, {𝑤}, ∅} consisting of the edge,
its endpoints,13 and the empty set satisfy the definition of a simplicial complex. Thus,
if we want to draw a picture of 𝐾, we can just draw an edge and label its endpoints 𝑣
and 𝑤. More generally, given the graph 𝐺, we can let the elements of 𝐾 be the empty
set, the edges 𝑒 ∈ 𝐸(𝐺), and also all sets of the form {𝑣} where 𝑣 ∈ 𝑉(𝐺). It is easily
verified that 𝐾 satisfies the definition of simplicial complex. We can draw𝐺 if we want
to visualize 𝐺.

Now consider an arbitrary simplicial complex 𝐾. For each set 𝐴 ∈ 𝐾 such that 𝐴
has a unique element 𝑣, we draw a dot and label it with 𝑣. For each set 𝐵 such that 𝐵
has precisely two elements 𝑣 and 𝑤 (so that 𝐵 = {𝑣, 𝑤} and 𝑣 ≠ 𝑤), we draw an edge
joining the vertex labeled 𝑣 to the vertex labeled 𝑤. But, what about elements in 𝐾
having more than two elements?

If 𝑎, 𝑏, 𝑐 are all distinct and {𝑎, 𝑏, 𝑐} ∈ 𝐾, then by the definition of 𝐾, the sets {𝑎, 𝑏},
{𝑎, 𝑐}, {𝑏, 𝑐}, as well as {𝑎}, {𝑏}, and {𝑐} are all elements of𝐾. In our picture, therefore, we
have a triangle with edges {𝑎, 𝑏}, {𝑏, 𝑐}, and {𝑎, 𝑏} and corners {𝑎}, {𝑏}, {𝑐}. To visualize
the set {𝑎, 𝑏, 𝑐}, we simply shade in the triangle tomake it solid. Similarly, if there is a set
of the form {𝑎, 𝑏, 𝑐, 𝑑}with 𝑎, 𝑏, 𝑐, 𝑑 all distinct, thenwe can shade in a tetrahedron. Sets
with more than four elements correspond to higher-dimensional versions of triangles
and tetrahedra. Figure 5.19 shows a picture of the simplicial complex from Example
5.80.

solid tetrahedron

a

b

c

d

e f

g

Figure 5.19. The simplicial complex whose elements are {𝑎, 𝑏, 𝑐, 𝑑}, {𝑐, 𝑒}, and {𝑒, 𝑓, 𝑔}
and all subsets of those sets

Given a data set 𝐷 ⊂ ℝ𝑘 and a real number 𝑟 > 0, for each 𝑎 ∈ 𝐷, let 𝐵𝑟(𝑎) =
{𝑥 ∈ ℝ𝑘 ∶ 𝑑(𝑎, 𝑥) < 𝑟} be the open ball of radius 𝑟 centered at 𝑎. (Here 𝑑 is the
standard Euclidean metric on ℝ𝑘.)

13More precisely, we mean the sets whose only elements are the endpoints.
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Definition 5.81. The Čecha complex of 𝐷 ⊂ ℝ𝑘 and 𝑟 > 0 is

𝐾(𝐷, 𝑟) = {𝜎 ⊂ 𝐷 ∶ ⋂
𝑥∈𝜍

𝐵𝑟(𝑥) ≠ ∅} .

a“Čech” is pronounced “check”.

Figure 5.20 shows an example of how to construct the Čech complex.

Figure 5.20. On the left are six data points 𝐷, each surrounded by a circle of radius 𝑟.
On the right is the associated Čech complex 𝐾(𝐷, 𝑟).

Exercise 5.82. Prove that 𝐾(𝐷, 𝑟) is a simplicial complex and that if 0 < 𝑟1 < 𝑟2, then
𝐾(𝐷, 𝑟1) ⊂ 𝐾(𝐷, 𝑟2).

The way that the complexes 𝐾(𝐷, 𝑟) are used to study 𝐷 is roughly speaking as fol-
lows. For a particular value of 𝑟, there are algorithms that can compute the number
of connected components (i.e., the number of pieces) of 𝐾(𝐷, 𝑟) as well as the number
of “holes” in 𝐾(𝐷, 𝑟) of each dimension. For example, a hollow triangle is a simplicial
complex with a one-dimensional hole, and a hollow octahedron is a simplicial complex
with no one-dimensional holes but with a two-dimensional hole. (The area of mathe-
matics that gives a precise definition of “hole” is called homology theory; it is a branch
of topology and algebra.) Thus, for each 𝑟, and for each dimension 𝑝 ∈ ℝ, we have a
number 𝑛𝑝(𝑟)which is the number of 𝑝-dimensional holes in𝐾(𝐷, 𝑟). To study𝐷, we let
𝑟 vary in the interval (0,∞). Since 𝐷 is finite, for very large 𝑟, 𝐾(𝐷, 𝑟) is the set 𝒫(𝐷). If
𝑟 < min{𝑑(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ 𝐷, 𝑥 ≠ 𝑦}, then the balls 𝐵(𝑥, 𝑟) for 𝑥 ∈ 𝐷 are all disjoint, and
so 𝐾(𝐷, 𝑟) is a set whose elements are precisely ∅ and all sets of the form {𝑥} for 𝑥 ∈ 𝐷.
So, speaking informally, as 𝑟 increases from 0 to some very large number, 𝐾(𝐷, 𝑟) goes
from being an isolated set of points to being a single entity. What happens in between
is what tells us something about our data. For example, if 𝑟 has to be very large before
𝑛0(𝑟) (the number of “pieces” of 𝐾(𝐷, 𝑟)) is smaller than the number of elements of 𝐷,
then the points in the data set are very spread out. Similarly, if there is a relatively long
interval (𝑎, 𝑏) such that for all 𝑟 ∈ (𝑎, 𝑏), 𝑛1(𝑟) is large, then the data set𝐷 is weblike, as
it has lots of one-dimensional holes. The relatively new mathematical subject which
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studies how to extract useful information about the data from the Čech (and related)
complexes is called “persistent homology”. See [25] for more detail on how persistent
homology has proved to be useful in recent years.

5.10. Additional problems

Nothing is more comfortable than not having to think.
—Simone Weil14

(1) Let 𝑆 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (𝑥 − 1)2 + (𝑦 + 2)2 = 1}. Let 𝑆′ = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 =
(𝑥 − 1)2 − 1}. Show that there is a unique element of 𝑆 ∩ 𝑆′.

(2) Prove (using a proof by contradiction and some algebra) that the curves in ℝ2

defined by the equations

𝑥2 + 3𝑥𝑦 + 𝑦2 = 1 and
𝑦 = −2𝑥

do not intersect.
(3) Let

𝒜 = {{1, 2, 3, 4}, {2, 3, 5}, {2, 9, 17}}.
(a) List the elements of ⋃

𝐴∈𝒜
𝐴.

(b) List the elements of ⋂
𝐴∈𝒜

𝐴.

(4) For each 𝑟 ∈ ℝ, let 𝐿𝑟 be the line in ℝ2 that passes through the origin and has
slope 𝑟. Give a complete description of the sets

⋃
𝑟∈ℝ

𝐿𝑟 and ⋂
𝑟∈ℝ

𝐿𝑟.

(5) Give an example of a set𝒜 all of whose elements are subsets of ℕ such that all of
the following hold.
(a) There are infinitely many sets in 𝒜.
(b) ⋃

𝐴∈𝒜
𝐴 is the set of even natural numbers.

(c) ⋂
𝐴∈𝒜

𝐴 is the set of natural numbers divisible by 4.

(6) Let 𝑋 be a set. An EQREL set for 𝑋 is a subset 𝐸 ⊂ 𝑋 ×𝑋 such that the following
hold:
(ER1) For every 𝑥 ∈ 𝑋 , (𝑥, 𝑥) ∈ 𝐸.
(ER2) If (𝑥, 𝑦) ∈ 𝐸, then (𝑦, 𝑥) ∈ 𝐸.
(ER3) If (𝑥, 𝑦) ∈ 𝐸 and (𝑦, 𝑧) ∈ 𝐸, then (𝑥, 𝑧) ∈ 𝐸.

Assume𝐸𝜆 is an EQREL set for𝑋 for every 𝜆 ∈ Λ (whereΛ is some nonempty
index set). Prove that ⋂

𝜆∈Λ
𝐸𝜆 is also an EQREL set for 𝑋 .

14Simone Weil (1909–1943) was a philosopher and Christian mystic. Her brother was the prominent mathematician,
André Weil. First published in English by New York Review Books as “On The Abolition of All Political Parties” by Simone
Weil. Translated by Simon Leys. Translation ©2014 by Simon Leys. [134]
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(7) Let 𝑋 be a set. A topology on 𝑋 is a set 𝒯 ⊂ 𝒫(𝑋) (i.e., a set whose elements
are subsets of 𝑋) such that the following Axioms (T1), (T2), and (T3) hold. For
convenience, we refer to the elements of𝒯 as open sets, although it might be bet-
ter to refer to them as orange sets, so we don’t confuse matters with our previous
discussion of open subsets of ℝ2.
(T1) ∅ ∈ 𝒯 and 𝑋 ∈ 𝒯 (i.e., the empty set and the entire set are open).
(T2) If 𝑈𝜆 ∈ 𝒯 for every 𝜆 ∈ Λ (where Λ is some index set), then ⋃

𝜆∈Λ
𝑈𝜆 ∈ 𝒯

(i.e., the union of open sets is open).
(T3) If𝑈 ∈ 𝒯 and 𝑉 ∈ 𝒯, then𝑈 ∩𝑉 ∈ 𝒯 (i.e., the intersection of two open sets

is open).
Prove that if 𝕋 is a nonempty set such that every element𝒯 ∈ 𝕋 is a topology

on 𝑋 , then so is ⋂
𝒯∈𝕋

𝒯.

(8) Let𝑋0 = [0, 1] ⊂ ℝ. Let𝑋1 = 𝑋0⧵(1/3, 2/3). Let𝑋2 = 𝑋1⧵((1/9, 2/9)∪(7/9, 8/9)).
Keep going in this manner, removing the middle third of each closed interval.
Figure 5.21 shows 𝑋0 through 𝑋4. More precisely, assuming we have defined 𝑋𝑖
so that

𝑋𝑖 = [0, 13𝑖 ] ∪ [
2
3𝑖 ,

3
3𝑖 ] ∪⋯ ∪ [3

𝑖 − 1
3𝑖 , 1] ,

let 𝑋𝑖+1 be the relative complement in 𝑋𝑖 of the open intervals

( 1
3𝑖+1 ,

2
3𝑖+1 ) ∪ (

3
3𝑖+1 ,

4
3𝑖+1 ) ∪⋯ ∪ (3

𝑖+1 − 2
3𝑖+1 , 3

𝑖+1 − 1
3𝑖+1 ) .

(a) Use the properties of unions and relative complements to express the sets 𝑋𝑖
and 𝑋𝑖+1 in more concise form.

(b) The intersection ⋂
𝑛∈ℕ

𝑋𝑛 is called the Cantor set. Prove it is nonempty.

Figure 5.21. Stages 0 through 4 of the construction of the Cantor set. The (𝑖 + 1)-st
stage is created by removing the middle third from each interval in the 𝑖th stage.





Chapter 6

Optional: Set Theory
Axiomatics

Key Concepts

• understand how the ZFC axioms correspond to the operations on sets in
Chapter 5.

• be able to construct a natural number system using only the ZFC axioms.
• be able to construct a Cartesian product using only the ZFC axioms.

I must be very careful here. I am at a dangerous point and am likely to fall
into the trap of meddling with the mathematicians.

—Ludwig Wittgenstein1

Warning 6.0.1. This chapter is concerned with attempts to create a rigorous
logical foundation for mathematics. It sits at the intersection of mathematics
and philosophy. This material is definitely not to every mathematician’s taste,
so if you don’t care for it: don’t stress! The rest of the book is essentially in-
dependent from this chapter. However, the concepts here played an extremely
important role in the development, history, and philosophy of mathematics,
and it is good for all mathematically inclined souls to have a basic awareness of
them.

1Ludwig Wittgenstein (1889–1951) was an important 20th century philosopher whose work focused on the nature of
language. He and Alan Turing greatly influenced each other. Quotation is fromWittgenstein’s Lectures on the Foundations
of Mathematics. Cambridge, 1939, from the notes of R.G. Bosanquet, Norman Malcolm, Rush Rhees, and Yorick Smythies
(Cora Diamond, ed.), Ludwig Wittgenstein, University of Chicago Press ©1976 by Cora Diamond. Used with permission.
[137]
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The previous chapter has given us a host of operations on sets: finding subsets us-
ing predicates, taking the intersection of sets, taking the union of sets, finding a power
set, and so forth. But we saw in Section 3.7 how the naive definition of a set as a col-
lection of elements gives rise to serious logical issues (even ignoring the fact that we
haven’t given a definition of “collection”!). For although the object {𝐴 ∶ 𝐴 is a set}
looks like a set because it is dressed in curly braces, it cannot be a set without creating
a logical contradiction. What to do?

We need a better definition of a set—hopefully one that avoids creating logical
contradictions. Before we do that, we briefly remark on the sociology of set theory.

Ferreirós [45, p. 465] summarizes the important role that set theory has played in
the development of mathematics as a discipline:

Set theory has served a unique role by systematizing the whole of modern
mathematics. In so doing, it has absorbed and represented, more clearly
than any other discipline, the peculiar trend of thought that was involved in
mathematics’ shift from natural science to autonomous discipline. One of
its intriguing features is that, at some point, the belief became deeply estab-
lished that mathematical knowledge can be reconstructed as being totally
independent from features of the physical world.

Given the ubiquity of sets inmodernmathematics, it is easy to forget that even into
the 20th century, not all mathematicians (even prominent ones) felt that set theory was
a natural basis for mathematics. A former president of the American Mathematical
Society, Robert Bryant, reflects on what it is like to read the work of Élie Cartan, one of
the leading mathematicians of the late 19th and early 20th centuries:

What is very different [compared to the work of modern geometers] about
Cartan’s work is that it is written in a style of mathematics uninfluenced
by set theory. . . .He seemed to think of objects as being “subject to” rules
rather than being “defined by” them. Instead of saying “Consider a map” or
“Consider a domain,” he would say “Consider a point depending on some
parameters”. He almost never defined anything as a set, including domains
and ranges for functions! . . .Whenwe read Cartan, we are looking back into
a time before set theory took over and getting a glimpse of how ninteenth-
century mathematicians thought. [76]
Perhapsmore telling is that the now-ubiquitous notation2 for functions𝑓∶ 𝑋 → 𝑌

between sets 𝑋 and 𝑌 did not become prevalent until algebraic topology became an
integral part of mathematics post-1940 (see [1,89]).

Historically, the most important axiomatization of set theory was created by Ernst
Zermelo (1871–1953) and was further developed by Abraham Fraenkel (1891–1965)
and Thoralf Skolem (1887–1963). The resulting axiomatic theory is known as Zermelo-
Fraenkel set theory, and the list of axioms are referred to as ZFC (with the “C” standing
for “Choice”). The quest for a while then became showing the following.

(1) All (or most) of mathematics is a consequence of ZFC.

2We willl introduce this in Chapter 8
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(2) ZFC is complete (meaning that it is possible to prove every true statement using
ZFC).

(3) ZFC is consistent (meaning that it is impossible to prove both a statement and its
negation using ZFC).

The first objective has more-or-less been accomplished, and ZFC is the standard
set of axioms for most of modern mathematics. Regarding the second and third goals,
in 1931, Kurt Gödel proved his incompleteness theorems. The first incompleteness theo-
rem shows that it is impossible to prove that ZFC is complete, and the second of which
shows that it is impossible to show that ZFC is consistent. Moreover, the same would
be true if ZFC is replaced with any system of axioms strong enough to enable elemen-
tary arithmetic.

Apart from the issues of consistency and completeness, whose resolution becomes
a philosophical rather than a mathematical task, the ZFC axioms have another draw-
back—some of them are highly nonintuitive and do not correspond to howmost math-
ematicians actually do mathematics. There is, however, another way to arrive at the
same theory. In the 1960s, F.W. Lawvere developed another set of axioms which also
produce set theory of Chapter 5. These axioms are known as the elementary theory of
the category of sets (ETCS). See Leinster’s treatment [86] for a brief summary or Law-
vere and Rosebrugh’s book [84] for a complete exposition. Unfortunately, to beginwith
ETCS and prove elementary results concerning subsets is a rather convoluted process,
so we do not follow that approach. What ETCS does do, however, is remind us that
just as the Peano axioms are all that are needed to produce sets functionally equiva-
lent to ℕ, so the properties of sets are more important than their exact definition. If a
logical contradiction were found within ZFC, most mathematicians would not aban-
donmathematics—they would seek to understand where the contradiction occurs and
then adjust the axioms to try towall off the contradiction from the parts ofmathematics
most widely used.

Since both the ZFC axioms and the ETCS axioms can be difficult for the beginning
student to digest, we present an incomplete list of the ZFC axioms and, even for those,
give somewhat incomplete statements. The goal here is to state the essential properties
from which almost all of mathematics can be developed and to give some sense for
how this is done. We adapt our list from [36, Section II.5] and [37]. The history of the
role of logic in mathematics and the development of modern conceptions of proof is
extremely interesting, but beyond the scope of this text. The reader is encouraged to
consult [31,44,45,54].

6.1. The ZFC axioms

I went still further, arguing that if we fail to admit the existence of some-
thing which has nothing prior to it, it is impossible for us to accept the fact
that there exists anything at all. For if we consider in ourmind that one thing
comes from another thing, we have to predicate the same thing of the second
as of the first and say that it could only have come into being from a third
thing; the same predicate again must be made of the third thing, namely
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that it could only have come into being from a fourth thing, and so ad in-
finitum. Since, however, an infinite series cannot be completed, it follows
that we are not in existence. But, behold, we are in existence, and unless the
things which preceded us were finite (in number), they could not have been
completed so as to reach us.

—Saadia ben Joseph3

Since we cannot give a precise definition of every termwe use, wewill have to have
a list of undefined terms and a list of axioms specifying how those terms are to relate
to each other. As we have seen, set theory is concerned with elements, sets, what it
means for an element to be an element of a particular set, and what it means for two
elements to be equal or two sets to be equal. Typically, we can make matters simpler
by requiring all elements of sets to also be sets. This has the advantage of streamlining
the theory, but has the disadvantage of divorcing our intuition for what sets are from
their axiomatization.

Definition 6.1 (Undefined terms for ZFC).
• The symbol = (pronounced “equals”)
• The symbol ∈ (pronounced “is an element of”)
• The word “set”.

We also write 𝑥 ∉ 𝑋 to mean “𝑥 is not an element of 𝑋”. If 𝑋 and 𝑌 are sets,
then 𝑋 ⊂ 𝑌 means that for every element 𝑥 ∈ 𝑋 , we also have 𝑥 ∈ 𝑌 .

Perhaps it is disturbing that the word “set” is one of our undefined terms, but the
meaning of the word “set” will be determined by its usage. Indeed, the very point of the
axioms we are about to encounter is that it is the axioms and how they relate to each
other which determine what a set is. Thinking of a set as a “collection” is then an act of
mathematical modeling. If we want to apply set theory to the physical world, we must
make additional assumptions about how the physicalworld relates to themathematical
world.

Our first axiom fixes the relationship of the symbol “=” to the symbol “∈”. Recall
that the symbol “⊂” was already defined in terms of the symbol “∈”.

Axiom 6.2 (Axiom of extensionality). Sets 𝐴 and 𝐵 are equal (and we write 𝐴 = 𝐵) if
and only if 𝐴 ⊂ 𝐵 and 𝐵 ⊂ 𝐴.

Solely on the basis of this first axiom, we can prove our first theorem (silly though
it is!)

Theorem 6.3. If 𝑋 is a set, then 𝑋 = 𝑋 .

3Saadia ben Joseph (882–942) is considered the father ofmedieval Jewish philosophy. This quotation is part of a longer
argument concerning the creation of the world by God from nothing. For us, it is an example of the reluctance of thinkers in
the Greek tradition to philosophically accept the existence of an actual infinity, rather than just potential infinity. Quotation
from “Book of Doctrines and Beliefs” Saadia, transl. Alexander Altman in Philosophy in the Middle Ages: The Christian,
Islamic, and Jewish Traditions, ed. Hyman and Walsh, Hackett Publishing ©1973 Used with permission. [112]
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Proof. It is obviously true that 𝑥 ∈ 𝑋 if and only if 𝑥 ∈ 𝑋 . Thus, 𝑋 ⊂ 𝑋 and 𝑋 ⊂ 𝑋 ,
by the definition of ⊂. By the definition of equals, 𝑋 = 𝑋 . □

Although the first axiom concerned sets, it doesn’t guarantee that there are any
sets. If our theory is going to be nontrivial, there had better be a set! Our second axiom
says that we assume this to be the case.

Axiom 6.4 (Axiom of existence). There exists a set.

Observe that this axiom doesn’t tell us anything at all about the set that we are
assuming to exist. In order to get anything useful, we need to be able to use predicates
to create subsets of this (or any other) set.

Axiom 6.5 (Axiom of subset selection). Let 𝑋 be a set and let 𝑃(𝑎) be a predicate in
one free variable. Then there is a set

𝑌 = {𝑎 ∈ 𝑋 ∶ 𝑃(𝑎)}.

An immediate consequence of the first two axioms is the existence of the empty
set. Often the next theorem is used as an axiom instead of the axiom of existence.

Theorem 6.6 (Existence of ∅). There exists a set ∅ such that ∅ has no elements.

Proof. Let 𝑋 be a set. Such an 𝑋 exists by the axiom of existence. Consider the predi-
cate

𝑃(𝑎) ∶ 𝑎 is a set and 𝑎 ≠ 𝑎.

Define ∅ = {𝑥 ∈ 𝑋 ∶ 𝑃(𝑥)}. Since by Theorem 6.3, every set is equal to itself, there does
not exist any element 𝑥 ∈ 𝑋 such that 𝑥 ≠ 𝑥. Thus, ∅ has no elements. □

The proof of Theorem 6.6 created ∅ as a subset of some arbitrary set 𝑋 . If we had
chosen a different initial set 𝑋 , would we have created a different empty set? Prove
the next theorem using the axiom of extensionality and some statements which are
vacuously true.

Theorem 6.7. There exists a unique set having the property that it has no ele-
ments.

We can also use the axiom of subset selection to show that we can create a set by
taking intersections.

Theorem 6.8 (Intersections). Suppose that ℋ is a nonempty set. Then there
exists a unique set, denoted ⋂

𝐻∈ℋ
𝐻 such that 𝑥 ∈ ⋂

𝐻∈ℋ
𝐻 if and only if 𝑥 ∈ 𝐻 for

every𝐻 ∈ ℋ.
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Proof. Let 𝑃(𝑎) be the predicate, “For every 𝐻 ∈ ℋ, 𝑎 ∈ 𝐻”. By hypothesis, there
exists 𝐻0 ∈ ℋ. By the axiom of subset selection

⋂
𝐻∈ℋ

𝐻 = {𝑥 ∈ 𝐻0 ∶ 𝑃(𝑥)}

is a set. If 𝑥 ∈ 𝐻 for every 𝐻 ∈ ℋ, then certainly 𝑥 ∈ 𝐻0 and 𝑃(𝑥) is true. Likewise,
if 𝑥 ∈ 𝐻0 and 𝑃(𝑥) is true, then 𝑥 ∈ 𝐻 for every 𝐻 ∈ ℋ. Thus, ⋂

𝐻∈ℋ
𝐻 is the set we

are looking for. Any other set 𝑍 with the property that 𝑥 ∈ 𝑍 if and only if 𝑥 ∈ 𝐻, for
every 𝐻 ∈ ℋ must be equal to ⋂

𝐻∈ℋ
𝐻 by the axiom of extensionality. □

We certainly need to know that there are nonempty sets. The axiom of power sets
is one way of creating nonempty sets.

Axiom 6.9 (Axiom of power sets). If 𝑋 is a set, then there exists a set 𝒫(𝑋) (the power
set of 𝑋) such that 𝐴 ∈ 𝒫(𝑋) if and only if 𝐴 ⊂ 𝑋 .

The proof of the next theorem uses the axiom of power sets in conjunction with
the axiom of subset selection.

Theorem 6.10. Suppose that 𝑋 is a set. Then {𝑋} is a set.

In particular, we have our first nonempty set, namely {∅}!
Axiom 6.11 (Axiom of unions). Suppose thatℋ is a set. Then there exists a set ⋃

𝐻∈ℋ
𝐻

such that 𝑥 ∈ ⋃
𝐻∈ℋ

𝐻 if and only if there exists 𝐻 ∈ ℋ such that 𝑥 ∈ 𝐻.

The axiom of extensionality guarantees that the set ⋃
𝐻∈ℋ

𝐻 from the axiom of

unions will be the unique set 𝑋 such that 𝑥 ∈ 𝑋 if and only if there exists 𝐻 ∈ ℋ
such that 𝑥 ∈ 𝐻.

Notice that the axiom of union says that we can only take the union of a collection
of sets to obtain a set if that collection is itself a set. In the previous chapter, however,
we often wrote things like ⋃

𝜆∈Λ
𝐴𝜆. When we did this, we always assumed that Λ was a

set, but we never made any assumption about the collection {𝐴𝜆 ∶ 𝜆 ∈ Λ}. For ⋃
𝜆∈Λ

𝐴𝜆
to be guaranteed to be a set, we do need {𝐴𝜆 ∶ 𝜆 ∈ Λ} to be a set as well. The next
axiom guarantees that if we have a set (such asΛ) and a way of matching each element
of Λ to a set 𝐴𝜆, then {𝐴𝜆 ∶ 𝜆 ∈ Λ} will also be a set. The statement of the axiom uses
predicates to make precise what we mean by “matching”.

Axiom 6.12 (Axiom of replacement). Suppose that 𝑃(𝑎, 𝑏) is a predicate in two free
variables and thatΛ is a set. Suppose that for each 𝜆 ∈ Λ, there is a unique set𝐴𝜆, such
that 𝑃(𝜆, 𝐴𝜆) is true. Then {𝐴𝜆 ∶ 𝜆 ∈ Λ} is a set.

The axiom of replacement can be rather difficult to appreciate. Here are two ex-
amples to show how it can be used in conjunction with the other axioms to guarantee
the existence of certain kinds of sets.
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Theorem 6.13 (Pairing theorem). Suppose that 𝑋 and 𝑌 are sets. Then {𝑋, 𝑌}
is a set.

Proof. Recall that {∅} is a set. By the axiom of power sets, Λ = {∅, {∅}} is a set. Let
𝑃(𝑎, 𝑏) be the predicate

(𝑎 = ∅ and 𝑏 = 𝑋) or (𝑎 = {∅} and 𝑏 = 𝑌 ).

Notice that for each 𝜆 ∈ Λ there is a unique set 𝐴𝜆 such that 𝑃(𝜆, 𝐴𝜆) is true. That is,
if 𝜆 = ∅, then 𝑋 is the unique set such that 𝑃(𝜆, 𝑋) is true, and if 𝜆 = {∅}, then 𝑌 is
the unique set such that 𝑃(𝜆, 𝑌) is true. Thus, by the axiom of replacement, {𝑋, 𝑌} is a
set. □

Use the axiom of union and the axiom of extensionality to explain why the next
corollary is true.

Corollary 6.14. Suppose that𝑋 and𝑌 are sets. Then there is a unique set, denoted𝑋∪𝑌 ,
such that 𝑧 ∈ 𝑋 ∪ 𝑌 if and only if 𝑧 ∈ 𝑋 or 𝑧 ∈ 𝑌 .

The next corollary lets us begin the process of creating a set that can function as
the set of natural numbers.

Corollary 6.15. If 𝑋 is a set, then 𝑋 ∪ {𝑋} is also a set.

For a set 𝑋 , we call the set 𝑆(𝑋) = 𝑋 ∪ {𝑋} the successor of 𝑋 .
Example 6.16. Corollary 6.15 implies that the following are all sets.

• 𝑆(∅) = {∅}
• 𝑆(𝑆(∅)) = {∅, 𝑆(∅)}
• 𝑆(𝑆(𝑆(∅))) = {∅, 𝑆(∅), 𝑆(𝑆(∅))}
• etc. ♦

As in our discussion of natural number systems (Definition 2.27), we can now set
about basing arithmetic on set theory as follows:

Definition 6.17 (Individual natural numbers). Make the following definitions.
• Define 𝟎 = ∅.
• Define 𝟏 = 𝑆(𝟎).
• Define 𝟐 = 𝑆(𝟏).
• Define 𝟑 = 𝑆(𝟐).
• etc.

Exercise 6.18 (A chance to ponder). In our development of set theory so far, we have
defined the numbers 𝟐 and 𝟑 (for example) to be sets. In fact, 𝟐 ⊂ 𝟑. How do you
feel about this? Should numbers be sets? If not, what are they? What’s a more basic
concept: number or set?
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Althoughwe could continue on to definewhatever natural numberwewish, we do
not yet have a set of natural numbers. The axiom of infinity will be crucial in creating
such a set.

Axiom 6.19 (Axiom of infinity). There exists a set 𝑁 with the following properties.

• 𝟎 ∈ 𝑁 (that is, ∅ ∈ 𝑁).
• For every 𝐴 ∈ 𝑁, 𝑆(𝐴) ∈ 𝑁.

Observe that the statement of the second property relies on our assumption that
elements of a set are themselves sets. (Otherwise, 𝑆(𝐴) may not always be defined.)
We would like for the set 𝑁 given by the axiom of infinity to satisfy the Peano axioms.
That is, wewould like it to satisfy the definition of “natural number system” (Definition
2.27). As stated, however, it may not. Section 6.3 shows how to create a natural number
system from the axiom of infinity.

There are two final axioms of set theory that we should mention. Both are rather
technical. The first is intended to helpmake set theory match with our intuition of sets
as collections. It will rule out the possibility that a set can be an element of itself. The
second is most useful when we phrase it in terms of functions, and so we will defer
discussion of it until later.

Axiom 6.20 (Axiom of foundation). For every nonempty set 𝑋 , there exists 𝐴 ∈ 𝑋
such that 𝐴 ∩ 𝑋 = ∅.

Theorem 6.21 (Sets are not elements of themselves). For every set𝑊 ,𝑊 ∉ 𝑊 .

Remember, however, that for every set 𝑋 , 𝑋 is a subset of itself!

Proof. We prove this by contradiction. Assume that𝑊 is a set such that𝑊 ∈ 𝑊 . By
Theorem 6.10, 𝑋 = {𝑊} is set. Since𝑊 ∈ 𝑊 and𝑊 ∈ 𝑋 , we have𝑊 ∩ 𝑋 ≠ ∅.

Now since𝑊 ∈ 𝑋 , 𝑋 is nonempty. By the axiom of foundation, there exists 𝐴 ∈ 𝑋
such that 𝐴 ∩ 𝑋 = ∅. Since𝑊 is the unique element of 𝑋 , 𝐴 = 𝑊 . Thus,𝑊 ∩ 𝑋 = ∅,
contradicting our earlier statement. Thus, no set can be an element of itself. □

To prove the following theorem, apply the axiom of foundation to the set {𝑋, 𝑌}.
In terms of our intuition, this says that there are not two backpacks 𝑋 and 𝑌 such that
𝑋 is an item in 𝑌 and 𝑌 is an item in 𝑋 .

Theorem 6.22. There do not exist sets 𝑋 and 𝑌 such that 𝑋 ∈ 𝑌 and 𝑌 ∈ 𝑋 .

Here is a new proof of the theorem we call Russell’s paradox (Theorem 3.40). Its
proof relies on the axiom of foundation.
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Theorem 6.23 (Russell’s paradox revisited). There does not exist a set 𝑈 such
that 𝐴 ∈ 𝑈 if and only if 𝐴 is a set.

Proof. If there were a set 𝑈 such that 𝐴 ∈ 𝑈 if and only 𝐴 is a set, then 𝑈 ∈ 𝑈. This
contradicts Theorem 6.21. Thus, there is no such set 𝑈. □

In our previous proof of Russell’s paradox, we considered a set 𝑅 such that 𝐴 ∈ 𝑅
if and only if 𝐴 ∉ 𝐴. We have established, using the axiom of foundation, that 𝐴 ∉ 𝐴
for every set 𝐴. Thus, the set 𝑅 cannot exist, either.

Finally, we present the axiom of choice. Figure 6.1 shows how it works. The axiom
simply says we can pick one element out of each set from a collection of sets and that
these elements together form a set.

Axiom 6.24 (Axiom of choice (AC)). Suppose thatℋ is a nonempty set such that ∅ ∉
ℋ. Then for each 𝑈 ∈ ℋ, there exists 𝑎𝑈 ∈ 𝑈 such that 𝐴 = {𝑎𝑈 ∶ 𝑈 ∈ ℋ} is a set.

As stated, theAC should seemplausible, andwemaywonderwhy it is evenneeded.
So what’s the problem? The problem is when we said “choose”. Since we had no way
of doing that with a predicate, without AC, there is no guarantee that we can collect
all of the 𝑎𝑈 together into a set (which we wanted to call 𝐴). The point of the AC is
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H
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Figure 6.1. A depiction of how the AC works. For each set that is an element of the
setℋ, we choose an element and put all those elements into a new set, called 𝐴. The
AC guarantees that there is a way of making the selection of elements so that 𝐴 is a set.

that we choose to believe this is a valid thing to do. It does, however have some sur-
prising consequences. See, for example, [131]. The axiom is now widely accepted by
mathematicians and plays an important role in the elementary theory of the category
of sets (ETCS). However, those with a computational bent still object to it since the
axiom does not specify how to choose the elements from each of the sets.

Example 6.25. Let𝐴 = {1, 2, 3} and 𝐵 = {6, 7, 8}. Sinceℋ = {𝐴, 𝐵} is a set, the AC says
that we can create a set by choosing one item from each of 𝐴 and 𝐵. So, for instance,
the AC might tell us that {1, 6} is a set. Alternatively, it might tell us that {2, 8} is a
set. There are other ways of deducing that {1, 6} and {2, 8} are sets, however. The true
impact of the AC is for infinite collections of sets. ♦

6.2. The controversies

Ha! ha! ha! But you know there is no such thing as choice in reality . . .
—Fyodor Dostoevsky4

4Fyodor Dostoevsky (1821–1881) was an influential novelist whose must-read works include Crime and Punishment
and The Brothers Karamazov. This quotation is from Notes from Underground, translated by Constance Garnett (1918). In
context, the narrator is wrestling with issues of free will, determinancy, and the nature of reason.
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Over the years, many of the ZFC axioms have proved to be controversial. The an-
cient Greeks, for example, would have been very unhappy with the axiom of infinity as
it postulates the existence of an actual infinity rather than just a potential infinity. The
existence of the set ℕ allows us think of all the natural numbers as existing as a com-
plete unit. While theGreekswould have agreed that there is always a next number, they
would not have agreed that we can conceive of all the numbers simultaneously. The ax-
iom of infinity continues to be denied by certain mathematicians known as “finitists”.
Most modern mathematicians, however, accept it without difficulty. The AC was also
controversial as it led to a number of counterintuitive results. At the present, however,
most mathematicians have made their peace with the AC and feel free to use it when it
suits them. Currently, the axiom of power sets is themost controversial (see the discus-
sion in [2]). As we will see in Chapter 10, the axiom of power sets implies the existence
of very, very large sets. These sets are essentially never used in mainstream mathe-
matics, and so the axiom of power sets seems to create far more mathematics than is
actually useful. Again, however, most mathematicians are happy to use the axiom of
power sets in the limited contexts in which they need it. If a logical contradiction were
discovered in the ZFC axioms, however, we would all have to rethink it!

6.3. The existence of a natural number system

Every conclusion presumes premisses. These premisses are either self-evi-
dent and need no demonstration, or can be established only if based on other
propositions; and, as we cannot go back in this way to infinity, every deduc-
tive science and geometry in particular, must rest upon a certain number of
indemonstrable axioms.

—Henri Poincaré5

5Poincaré (1854–1912) made numerous outstanding contributions to many areas of both pure and applied mathemat-
ics. This quote is from the 1905 translation of Science and Hypothesis [101].
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As an application of the ZFC axioms, we will show that the axiom of infinity gives
rise to a set satisfying the Peano axioms (Section 2.4). We begin by showing that the set
given to us by the axiom of infinity satisfies the first two of the Peano axioms.

Theorem6.26. Suppose that𝑁 is a set such that ∅ = 𝟎 ∈ 𝑁 and for every𝐴 ∈ 𝑁,
the set 𝑆(𝐴) = 𝐴 ∪ {𝐴} ∈ 𝑁. Then Axioms (P1) and (P2) hold for (𝑁, 𝟎, 𝑆). That
is,
(P1) There does not exist 𝑛 ∈ 𝑁 such that 𝑆(𝑛) = 𝟎.
(P2) For every 𝑛,𝑚 ∈ 𝑁, if 𝑆(𝑛) = 𝑆(𝑚), then 𝑛 = 𝑚.

Proof. Consider 𝑛 ∈ 𝑁. By definition 𝑆(𝑛) = 𝑛 ∪ {𝑛}, so 𝑛 ∈ 𝑆(𝑛). In particular,
𝑆(𝑛) ≠ ∅ for every 𝑛 ∈ 𝑁. Thus, for all 𝑛 ∈ 𝑁, 𝑆(𝑛) ≠ 𝟎. Hence, Axiom (P1) holds.

We prove Axiom (P2) by contradiction. Suppose that there exist 𝑛,𝑚 ∈ 𝑁 such
that 𝑛 ≠ 𝑚 but 𝑆(𝑛) = 𝑆(𝑚). Since 𝑛 ∈ 𝑆(𝑛) we have 𝑛 ∈ 𝑆(𝑚) by the axiom of
extensionality. By definition of 𝑆(𝑚), we have 𝑛 ∈ 𝑚 ∪ {𝑚}. By definition of union,
𝑛 ∈ 𝑚 or 𝑛 ∈ {𝑚}. But if 𝑛 ∈ {𝑚}, then 𝑛 = 𝑚 since 𝑚 is the unique element of {𝑚}.
Thus, 𝑛 ∈ 𝑚. A similar argument shows that 𝑚 ∈ 𝑛. But 𝑛 and 𝑚 are sets, so we
contradict Theorem 6.22. Thus, Axiom (P2) holds. □

It may not be the case, however, that 𝑁 satisfies Axiom (P3) of Definition 2.27. It
may be too big! Consider the following example.

Example 6.27. Suppose that we already know all about the rational numbers and el-
ementary arithmetic. Consider the following set.

𝑁 = { 0, 1, 2, 3, 4, 5, . . . ,
1/2, 3/2, 5/2, 7/2, 9/2, . . . } .

For 𝑛 ∈ 𝑁, let 𝑆(𝑛) = 𝑛 + 1. Notice that 0 ∈ 𝑁 and that for every 𝑛 ∈ 𝑁, 𝑆(𝑛) ∈ 𝑁.
Thus, (𝑁, 0, 𝑆) satisfies Axioms (P1) and (P2).

Now let 𝐴 = {0, 1, 2, 3, 4, . . .}. Observe that (𝐴, 0, 𝑆) also satisfies Axioms (P1) and
(P2). Axiom (P3) would insist that 𝐴 = 𝑁. But 𝐴 ≠ 𝑁, since 3/2 ∈ 𝑁 and 3/2 ∉ 𝐴.
Thus, if the axiom of infinity handed us this set 𝑁, we would not (yet) have a natural
number system. ♦

As the previous example indicates, the key to creating a natural number system
will be to construct a set satisfying axioms (P1) and (P2) which is as small as possible.
That is, we will want a subset 𝐍 ⊂ 𝑁 such that 𝐍 satisfies (P1) and (P2), and if 𝑍 ⊂ 𝑁
is any other subset containing 𝟎 and the successors of all its elements, then𝐍 ⊂ 𝑍. We
have seen several constructions of this sort in Section 5.7.

Theorem 6.28. Let𝑁 be a set such that ∅ = 𝟎 ∈ 𝑁 and for all 𝐴 ∈ 𝑁, 𝐴∪ {𝐴} =
𝑆(𝐴) ∈ 𝑁. Then, there is a subset 𝐍∗ ⊂ 𝑁, such that 𝟎 ∈ 𝐍∗ and (𝐍∗, 𝟎, 𝑆) is a
natural number system.
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Proof. We are given a set 𝑁 such that 𝟎 ∈ 𝑁, and for all 𝐴 ∈ 𝑁 the set 𝑆(𝐴) ∈ 𝑁. Let
𝐒 ⊂ 𝒫(𝑁) be the set of all subsets 𝑍 of 𝑁 such that 𝟎 ∈ 𝑍, and for all 𝐴 ∈ 𝑍, 𝑆(𝐴) ∈ 𝑍.
The set 𝐒 is the set of all possible candidates for natural number systems.

⟨ Use axioms of set theory to explain why 𝐒 is a set. ⟩

By assumption, 𝑁 ∈ 𝐒 so 𝐒 is nonempty. By Theorem 6.26 (applied to 𝑍 in place of
𝑁), every 𝑍 ∈ 𝐒 satisfies Axioms (P1) and (P2). Define

𝐍∗ = ⋂
𝑍∈𝐒

𝑍.

Recall from Theorem 6.8 that𝐍∗ is a set.

⟨ Show that𝐍∗ ∈ 𝐒. ⟩

Thus, by our previous remarks𝐍∗ satisfies Axioms (P1) and (P2).

⟨ Show that for every 𝑍 ∈ 𝐒, we have𝐍∗ ⊂ 𝑍. ⟩

Therefore,𝐍∗ is the smallest subset of 𝑁 containing 𝟎 and the successors of all its
elements. It remains to show that𝐍∗ satisfies Axiom (P3).

Suppose that 𝐴 ⊂ 𝐍∗ has the following properties.

• 𝟎 ∈ 𝐴
• If 𝑛 ∈ 𝐴, then 𝑆(𝑛) ∈ 𝐴.
By assumption, 𝐴 ∈ 𝐒. By our previous remarks, 𝐍∗ ⊂ 𝐴. Since we assumed

𝐴 ⊂ 𝐍∗, we have (by the axiom of extensionality) 𝐴 = 𝐍∗. Hence, 𝐍∗ satisfies Axiom
(P3).

Since (P1), (P2), and (P3) hold, (ℕ∗, 𝟎, 𝑆) is a natural number system. □

Back in Section 2.4, we explained how the existence of a natural number system is
enough to develop the basic arithmetic of natural numbers.

6.4. The existence of the Cartesian product

. . . they will be a superlatively happy pair.
—Charlotte Brontë6

In Definition 5.41 it is assumed that 𝑋 × 𝑌 is a set, however nothing we have said
so far indicates that there is such a set. Under the ETCS axiomatization of set theory,
this is taken as an axiom. But under ZFC, we can prove that, given sets 𝑋 and 𝑌 , there
is a set with the right kind of properties to be considered the Cartesian product 𝑋 × 𝑌
of 𝑋 and 𝑌 . That is, the Cartesian product exists as a set.7 Here we briefly sketch how
to do this. This idea is due to Kuratowski.

6Charlotte Brontë (1816–1855) was an English novelist. This quotation is from Jane Eyre: An Autobiography (1847).
7I think, therefore I’m a set?

.
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Theorem 6.29. Suppose that 𝑋 and 𝑌 are sets. Then for each 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 ,
there is a set (𝑥, 𝑦) with the property that (𝑎, 𝑏) = (𝑥, 𝑦) if and only if 𝑎 = 𝑥 and
𝑏 = 𝑦. Furthermore, {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌} is a set.

Proof. We have already seen (Theorem 6.13) that {𝑋, 𝑌} is a set. The axiom of union
guarantees that 𝑋 ∪ 𝑌 is a set. The axiom of power sets guarantees that 𝒫(𝑋 ∪ 𝑌) is a
set and that for a given 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 , {𝑥} and {𝑥, 𝑦} are sets. The axiom of subset
selection guarantees that

(𝑥, 𝑦) = {𝑧 ∈ 𝒫(𝑋 ∪ 𝑌) ∶ 𝑧 = {𝑥} or 𝑧 = {𝑥, 𝑦}}

is a set for each 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 . That is, (𝑥, 𝑦) = {{𝑥}, {𝑥, 𝑦}} is a set.
We claim that if (𝑥, 𝑦) = (𝑎, 𝑏), then 𝑥 = 𝑎 and 𝑦 = 𝑏. Suppose that (𝑥, 𝑦) = (𝑎, 𝑏).

Then, by definition, {{𝑥}, {𝑥, 𝑦}} = {{𝑎}, {𝑎, 𝑏}}. By the axiom of extensionality, either
𝑥 = 𝑎 and {𝑥, 𝑦} = {𝑎, 𝑏} or {𝑥} = {𝑎, 𝑏} and {𝑥, 𝑦} = {𝑎}. Suppose, first, that the former
happens. Then 𝑥 = 𝑎 and so {𝑥, 𝑦} = {𝑎, 𝑦} = {𝑎, 𝑏} which implies (by the axiom of
extensionality) that 𝑦 = 𝑏. On the other hand, if the latter occurs, then 𝑥, 𝑦 ∈ {𝑎}which
implies that 𝑥 = 𝑎 = 𝑦. Also, 𝑎, 𝑏 ∈ {𝑥} and so 𝑎 = 𝑏 = 𝑥. Consequently, 𝑥 = 𝑎 and
𝑦 = 𝑏, as desired.

We now wish to show that 𝑋 × 𝑌 is a set. Observe that for each 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 ,
(𝑥, 𝑦) ⊂ 𝒫(𝑋 ∪ 𝑌). Thus, by the axiom of subset selection,

𝑋 × 𝑌 = {𝑧 ∈ 𝒫(𝑋 ∪ 𝑌) ∶ ∃𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌 s.t. 𝑧 = (𝑥, 𝑦)}

is a set. □

6.5. Functions, formally

she is mythic soloist, storyteller, mathematician
her concert transforms us

—Laura Tohe8

In Section 5.6, we alluded to the connection between Cartesian products and func-
tions. Althoughwe do not thoroughly explore functions until Chapter 8, we can briefly
describe how theZFCaxioms, which are just about sets, also let usworkwith functions.
Here is an abbreviated definition of function.

8Laura Tohe is an accomplished writer, librettist, and poet. She was Navajo Nation Poet Laureate for 2015–2017.
These lines are exerpted from Laura Tohe, “Nálí, Her Solo” ©2022 by Laura Tohe. Originally published in Poem-a-Day on
November 24, 2022, by the Academy of American Poets. Used by permission.
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Informally, we define

Definition 6.30 (Informal definition of function). Let 𝑋 and 𝑌 be sets. A rela-
tionship 𝑓 between a set 𝑋 and a set 𝑌 is a function 𝑓∶ 𝑋 → 𝑌 if the following
conditions hold.

• The domain condition. For each 𝑥 ∈ 𝑋 , there exists a 𝑦 ∈ 𝑌 such that
𝑦 = 𝑓(𝑥).

• The well-defined condition. If 𝑎, 𝑏 ∈ 𝑋 and 𝑎 = 𝑏, then 𝑓(𝑎) = 𝑓(𝑏).

The philosophy undergirding ZFC is that everymathematical object should be able
to be modeled by a set. The remainder of this section shows how to do this for func-
tions. Under the ETCS axiom system, however, the notion of “function” is taken as an
undefined term and the foundational axioms of the theory guarantee that these sets
exist. So this section is not intended to help us understand what functions are, but
rather to help us understand how they relate to commonly accepted foundations of
mathematics.

Definition 6.31 (Formal definition of function). Let 𝑋 and 𝑌 be sets. A subset
𝑓 ⊂ 𝑋 × 𝑌 is a function from 𝑋 to 𝑌 if the following conditions hold.

• The domain condition. For each 𝑥 ∈ 𝑋 , there exists a 𝑦 ∈ 𝑌 such that
(𝑥, 𝑦) ∈ 𝑓.

• The well-defined condition. If (𝑎, 𝑦1) ∈ 𝑓 and (𝑏, 𝑦2) ∈ 𝑓 have the property
that 𝑎 = 𝑏, then 𝑦1 = 𝑦2.

If 𝑓 ⊂ 𝑋 × 𝑌 is a function from 𝑋 to 𝑌 , we write 𝑓∶ 𝑋 → 𝑌 . If (𝑥, 𝑦) ∈ 𝑓, then
we write 𝑦 = 𝑓(𝑥).

Exercise 6.32. Suppose that 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑋 → 𝑌 are two functions (according
to the set theoretic definition above). Prove that they are equal if and only if for every
𝑥 ∈ 𝑋 , we have 𝑓(𝑥) = 𝑔(𝑥). Remember to prove that this will mean that you need to
show 𝑓 ⊂ 𝑔 and 𝑔 ⊂ 𝑓.

The formal definition makes it clear that the domain condition is about existence
and the well-defined condition is about uniqueness. Notice also that our formal def-
inition means that a function is by definition equal to its graph (which was defined
in Section 5.6). This formal definition of a function is unfortunately counterintuitive
since we rarely think of a function as being a set. We more often think of it as being
a process or algorithm for converting elements of 𝑋 into elements of 𝑌 . So our formal
definition converts the movement that we associate with functions into the staticisity
that we associate with sets. Additionally, from amodern perspective we often consider
function-like objects (calledmorphisms) between objects that are not sets, and so the
desire that a function be a set is not as strong. Nevertheless, viewing functions as sets
does have the major advantage that we can discuss sets of functions. Prove the next
theorem using the results of this section.
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Theorem 6.33. Suppose that 𝑋 and 𝑌 are sets. Then
{𝑓| 𝑓 ∶ 𝑋 → 𝑌 is a function}

is a set.

Finally, we give an application of the formal definition of a function to the cre-
ation of Cartesian products. Recall that an ordered pair (𝑥, 𝑦)was defined to be the set
{{𝑥}, {𝑥, 𝑦}} and that 𝑋 × 𝑌 was the set of all ordered pairs (𝑥, 𝑦) with 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 .
We could have defined Cartesian products of more than two sets in a similar way, but
the definitions get overwhelmingly complicated. We can use functions to make life
easier. For instance, for sets 𝑋 , 𝑌 , and 𝑍 we can define an ordered triple (𝑥, 𝑦, 𝑧) to
be a function 𝑓∶ {1, 2, 3} → 𝑋 ∪ 𝑌 ∪ 𝑍 such that 𝑓(1) = 𝑥 ∈ 𝑋 , 𝑓(2) = 𝑦 ∈ 𝑌 , and
𝑓(3) = 𝑧 ∈ 𝑍. Observe that if 𝑓 and 𝑔 are two such ordered triples, then 𝑓 = 𝑔 if
and only if 𝑓(1) = 𝑔(1), 𝑓(2) = 𝑔(2), and 𝑓(3) = 𝑔(3). That is, if (𝑥, 𝑦, 𝑧) = 𝑓 and
(𝑥′, 𝑦′, 𝑧′) = 𝑔, then by the definition of function equality, (𝑥, 𝑦, 𝑧) = (𝑥′, 𝑦′, 𝑧′) if and
only if

𝑥 = 𝑓(1) = 𝑔(1) = 𝑥′,
𝑦 = 𝑓(2) = 𝑔(2) = 𝑦′, and
𝑧 = 𝑓(3) = 𝑔(3) = 𝑧′.

Inspired by this, we could define an ordered 𝑛-tuple (𝑥1, 𝑥2, . . . , 𝑥𝑛) for 𝑥𝑖 an ele-
ment of a set 𝑋𝑖 to be a function 𝑓∶ {1, . . . , 𝑛} → 𝑋1 ∪⋯∪𝑋𝑛 such that 𝑓(𝑖) = 𝑥𝑖 ∈ 𝑋𝑖
for each 𝑖 ∈ {1, . . . , 𝑛}. More generally still, if 𝑋𝜆 is a set for each 𝜆 in some index set Λ,
we can define the Cartesian product,

∏
𝜆∈Λ

𝑋𝜆 = {𝑓∶ Λ → ⋃
𝜆∈Λ

𝑋𝜆}.

This gives us a way of discussing “infinite ordered pairs” and “infinite Cartesian prod-
ucts” while being sure that we are still in the realms of set theory. (The capital pi for
“product” is standard usage, but a large × can also be used.)
Exercise 6.34. Let 𝑌 = {1, 2, 3} and 𝑋 = ℝ. For each 𝑦 ∈ 𝑌 , let 𝑋𝑦 = 𝑋 and for each
𝑥 ∈ 𝑋 , let 𝑌𝑥 = 𝑌 . Explain the difference between ∏

𝑦∈𝑌
𝑋𝑦 and ∏

𝑥∈𝑋
𝑌𝑥. Can you sketch

a picture of each?



Chapter 7

Equivalence Relations

Key Terms

• relation
• reflexive relation
• symmetric relation
• transitive relation
• equivalence relation
• equivalence class
• quotient set

. . . gracious as a newly laid table where related objects might gather. . .
—Barbara Guest1

So far in this text, we’ve carefully consideredwhat it means for two sets to be equal.
We have a very precise definition: two sets are equal if and only if they have the same
elements. But there are many places where the correct notion of “equals” is less evi-
dent.

Example 7.1. Is 0 = 2𝜋? When we consider 0 and 2𝜋 as numbers, the answer is
clearly: “No!” After all, 2𝜋 ≈ 6.28 > 0. On the other hand, when we consider them
as angles measured in radians, the answer is a definite: “Yes!” How can it be that
sometimes 0 does equal 2𝜋 and sometimes it does not? ♦

Example 7.2. Is 1
3 =

5
15? The answer fromelementary school is a clear: “Yes!” because

15 = 3⋅5 (cross-multiplying). However, if two things are actually equal, shouldn’t they
have exactly the same properties? And yet, we say that 13 has the the property that it is

1Barbara Guest (1920–2006) wrote many poems with affinities to visual art. This line is from “Words” from The
Collected Poems of Barbara Guest ©2008 by the Estate of Barbara Guest. Published by Wesleyan University Press. Used by
permission. [57]
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in lowest terms, while 5
15 does not. How can two things that are equal have different

properties? ♦

In this chapter we take up the question of what it means for two objects to be “the
same” and how “sameness” depends on the context in which we are working. We then
use our answer to the question to create an immense variety of new mathematics.

We begin with the more mundane, but still useful, discussion of how we might
organize elements of a set. We will discuss a certain type of organizational scheme,
called a “partition” and then relate partitions to the question of what it means for two
objects to be equivalent.

7.1. Partitions

It is the wittiest partition that ever I heard discourse, my lord.
—William Shakespeare, AMidsummer Night’s Dream

Consider how a residential collegemight assign its college students to dorm rooms.
Each student is assigned to some room (assuming no one lives off-campus), each room
(ideally) has at least one occupant, and no student is assigned to more than one room.
On some dean’s computer is a spreadsheet with a list of student names organized by
room assignment. This list is a partition of the students into dorm rooms. More for-
mally:

Definition 7.3 (Partition). Let 𝑋 be a set. A set 𝑃 ⊂ 𝒫(𝑋) is a partition of 𝑋
if the following hold:
(1) Nonempty. ∅ ∉ 𝑃.
(2) Covering. 𝑋 = ⋃

𝐴∈𝑃
𝐴

(3) Pairwise disjoint. If 𝐴, 𝐵 ∈ 𝑃, then either 𝐴 = 𝐵 or 𝐴 ∩ 𝐵 = ∅.
An element 𝐴 ∈ 𝑃 is called a room. If 𝑥 is an element of a room 𝐴, then we say
𝑥 inhabits 𝐴.a

aThe terminology of “room” and “inhabits” is nonstandard.

Connecting the definition to our dorm-room analogy, the set 𝑋 is the set of stu-
dents at the college; the set𝑃 corresponds to the set of roomassignments; the nonempty
condition guarantees each dorm room has an inhabitant; the covering condition guar-
antees every student is an inhabitant of some room; and the pairwise disjoint condition
guarantees that no student is an inhabitant of more than one room. It is best to think
about each element of the partition as a subset of the student body, rather than (say)
the dorm room itself as a physical space.

As another imperfect analogy, wemight think of a partition as being the floor plan
of a house. The house is divided into rooms and the partition is the list of rooms (in no
particular order). The nonempty criterion ensures that a room occupies some amount
of space in the house. The pairwise disjoint property says that no two rooms overlap
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P =

Figure 7.1. The house has been partitioned into rooms. The partition is the set of
rooms. Their union is the house, no room is empty, and they are pairwise disjoint.
Apparently, the stairway is not part of the house. Perhaps the ghost owns it by an
exception in deed.

and the covering property says that every point in the house lies in some room (Figure
7.1).

Observe that a partition is a set whose elements are sets. For some reason, many
of us have a difficult time coming to grips with such sets [21]. The following examples
and exercises are intended to help you overcome any discomfort.

Example 7.4. Consider the set 𝑋 = ℝ2. Let
𝐴 = {(𝑥, 𝑦) ∈ ℝ2 ∶ (𝑦 < 𝑥) or (𝑥 = 𝑦 and 0 < 𝑥)};

let 𝐵 = {(𝑥, 𝑦) ∈ ℝ2 ∶ |𝑥| < 𝑦}; and let 𝐶 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥 ≤ 𝑦 ≤ −𝑥}. Then the set
𝑃 = {𝐴, 𝐵, 𝐶} is a partition of 𝑋 . We depict it in Figure 7.2 by assigning colors to points
in ℝ2 based on which set in the partition they belong to. More generally, any way of
coloring points in ℝ2 corresponds to a partition of ℝ2 by considering each subset of
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Figure 7.2. We indicate the partition {𝐴, 𝐵, 𝐶} ofℝ2 by coloring the points in𝐴 orange,
the points in 𝐵 red, and the points in 𝐶 black.

points with the same color to be one room of the partition. Any particular room need
not be connected—it could just be a collection of disconnected points. ♦

Example 7.5. Here are some partitions of the real numbers.
(1) 𝑃1 = {ℝ}
(2) 𝑃2 = {{𝑥} ∶ 𝑥 ∈ ℝ}

(3) 𝑃3 = {(−∞, 0], (0,∞)}

(4) 𝑃4 = {(−∞, 0) ∪ (5, 7) ∪ (8,∞), [0, 5] ∪ [7, 8]}

(5) 𝑃5 = {(𝑛, 𝑛 + 1] ∶ 𝑛 ∈ ℤ}
The set 𝑃1 is a partition of ℝ with a single room, and every real number is an in-

habitant of this room. The set 𝑃2 is a partition ofℝwith infinitely many rooms, one for
each real number. Each real number 𝑥 is the sole inhabitor of the room {𝑥} containing
it. The set 𝑃3 is a partition ofℝwith two rooms. The positive real numbers inhabit one
room and the nonpositive real numbers inhabit the other. The partition 𝑃4 also has two
rooms. The first room is the union of three intervals and the second is the union of two
intervals. Finally, the set 𝑃5 is a partition ofℝwith infinitely many rooms, one for each
integer 𝑛. A real number 𝑥 inhabits the room (𝑛, 𝑛+1] if and only if 𝑛 < 𝑥 ≤ 𝑛+1. ♦

The next exercise shows that every nonempty set has at least two partitions.

Exercise 7.6. Let 𝑋 be a nonempty set. Prove the following.
(1) {𝑋} is a partition of 𝑋 .
(2) {{𝑥} ∶ 𝑥 ∈ 𝑋} is a partition of 𝑋 (recall that {𝑥} is not the same as 𝑥!).

Exercise 7.7. For each of the following statements, find a partition of ℕ satisfying the
stated requirement. You will create different partitions for each of the requirements.
(1) Every room of the partition has exactly two inhabitants.
(2) There are exactly three rooms in the partition.
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(3) There are infinitely many rooms in the partition, and each room has infinitely
many inhabitants.

7.2. Equivalence relations

I would strongly advise you, Mr. Worthing, to try and acquire some
relations as soon as possible.

—Oscar Wilde2

At first glance, equivalence relations seem to have nothing to do with partitions.
In the remainder of the chapter, however, we will see that they are essentially the same
concept. We start by defining the notion of “relation”. For the definition, recall from
Section 3.1 that a predicate is a sentence that becomes either true or false when the free
variables are given specific values. For example, the notion of “less than” applied to
the integers is a predicate in two free variables, since the sentence 𝑎 < 𝑏 is either true
or false once we know what the integers 𝑎 and 𝑏 are. This means that “less than” on
the integers is an example of a relation.

Definition 7.8. A relation 𝑅 is a predicate in two free variables, 𝑎 and 𝑏. If
the predicate 𝑅 is true for a particular choice of 𝑎 and 𝑏, we write 𝑎𝑅 𝑏, which
we read as “𝑎 is related to 𝑏”.

If 𝑋 is a set, a relation 𝑅(𝑎, 𝑏) is a relation on 𝑋 if 𝑎 and 𝑏 are both required to be
elements of 𝑋 . We often use other symbols instead of 𝑅 and, rather than writing 𝑅 as a
predicate, we simply give the condition which 𝑎 and 𝑏 are required to meet in order to
satisfy the predicate. In the next two examples, note that we are making definitions, so
the appearance of “if and only if” does not mean you have to prove two implications.

Example 7.9. Define a relation 𝑅 on ℕ by declaring 𝑎𝑅 𝑏 if and only if |𝑏 − 𝑎| is an
odd prime. For example, 3𝑅 8 but it is not the case that 7𝑅 9. ♦
Example 7.10. Let 𝑋 be a set and define a relation 𝑅 on𝒫(𝑋) by declaring𝐴𝑅 𝐵 if and
only if 𝐴 ⊂ 𝐵. ♦

As in the next two examples, we are free to use symbols other than 𝑅 to denote a
relation.

Example 7.11. Define a relation≤ onℕ∗ by declaring that 𝑎 ≤ 𝑏 if and only if there ex-
ists𝑚 ∈ ℕ∗ such that 𝑎+𝑚 = 𝑏. We see that the relationwe have just defined coincides
with the usual notion of “less than or equal to” for the extended natural numbers. ♦
Example 7.12. Define a relation ∼ on ℝ2 by declaring (𝑥, 𝑦) ∼ (𝑎, 𝑏) if and only if
there exists 𝑘 ≠ 0 such that (𝑥, 𝑦) = (𝑘𝑎, 𝑘𝑏). ♦

The next definition gives various properties that a relation may or may not have.
We will focus on relations that are equivalence relations, although partial orders are
also important in mathematics.

2Oscar Wilde (1854–1900) was a comic playwright. The quotation is from his hilarious farce, The Importance of Being
Earnest (1891).
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Definition 7.13. Suppose that ∼ is a relation. It is:
• reflexive if, for all 𝑥, 𝑥 ∼ 𝑥.
• symmetric if, for all 𝑥, 𝑦, if 𝑥 ∼ 𝑦, then 𝑦 ∼ 𝑥.
• antisymmetric if whenever 𝑥 ∼ 𝑦 and 𝑦 ∼ 𝑥, then 𝑥 = 𝑦.
• transitive if, for all 𝑥, 𝑦, 𝑧, if 𝑥 ∼ 𝑦 and 𝑦 ∼ 𝑧, then 𝑥 ∼ 𝑧.

If ∼ is reflexive, symmetric, and transitive, it is an equivalence relation. If ∼
is reflexive, antisymmetric, and transitive it is a partial order.

If we take the terminology “related” as an indication of the meaning, we can un-
derstand the definition by noting that the reflexive property means that each person is
related to himself or herself; the symmetric property means that if I’m related to you
then you’re related tome; transitivitymeans that if I’m related to you and you’re related
to Mary Ellen Rudin, then I’m also related to Mary Ellen Rudin.

Example 7.14. In her book Hidden Figures about the Black women mathematicians
who were critical to the early years of NASA, Margot Lee Shetterly writes, “Spaceship-
flying computers might be the future, but it didn’t mean John Glenn had to trust them.
He did, however, trust the brainy fellas who controlled the computers. And the brainy
fellas who controlled the computers trusted their computer, Katherine Johnson. It
was as simple as eighth-grade math: by the transitive property . . . John Glenn trusted
Katherine Johnson” [116]. In that sentence, Shetterly is humorously asserting that
“trust” is a transitive relation. ♦

Exercise 7.15. Here is a list of sets with relations. Determine if the relation is reflexive,
symmetric, antisymmetric, or transitive.

(1) The real numbers ℝ with the relation ≤ (the usual “less than or equal to”).
(2) The set 𝒫(ℝ2) with the relation ⊂.

(3) The set {0, {0}, {{0}}} with the relation ∈ (meaning “is an element of”).

(4) The set

𝑁 = {0, {0}, {0, {0}}, {0, {0}, {0, {0}}}, . . . }

with the relation ∈ (meaning “is an element of”).
(5) The positive real numbers ℝ+ with the relation ∼ defined by 𝑎 ∼ 𝑏 if and only if

𝑎
𝑏 ≤ 1.

(6) The integers ℤ with the relation ≡5, defined by declaring 𝑥 ≡5 𝑦 if and only if
𝑥 − 𝑦 = 5𝑘 for some 𝑘 ∈ ℤ.

(7) The set ℝ2 ⧵ {(0, 0)} with the relation ∼ defined by declaring (𝑥, 𝑦) ∼ (𝑎, 𝑏) if and
only if there exists 𝑘 ∈ ℝ ⧵ {0} such that (𝑥, 𝑦) = (𝑘𝑎, 𝑘𝑏).

(8) The set ℤ×ℕwith the relation ∼ defined by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if
𝑎𝑑 ≤ 𝑏𝑐.

(9) Let 𝑎 and 𝑏 be real numbers. Define 𝑎 ∼ 𝑏 if and only if |𝑎 − 𝑏| ≤ 1.
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(10) Let 𝑎 and 𝑏 be points in ℝ2. Define 𝑎 ∼ 𝑏 if and only if 𝑑(𝑎, 𝑏) ≤ 1. (Here 𝑑(𝑎, 𝑏)
is the distance from 𝑎 to 𝑏.)

(11) A group𝐺 having operation ∘ and identity 𝟙. The relation∼ is defined by declaring
𝑔1 ∼ 𝑔2 if and only if there exists ℎ ∈ 𝐺 such that 𝑔1 = ℎ−1 ∘ 𝑔2 ∘ ℎ.

If ∼ is an equivalence relation, and if 𝑎 ∼ 𝑏, then we say that 𝑎 and 𝑏 are related
or are equivalent (under the equivalence relation∼). We read 𝑎 ∼ 𝑏 as “𝑎 is related to
𝑏” or “𝑎 is equivalent to 𝑏”. Equivalence relations turn out to be the key to answering
the questions raised at the beginning of this chapter. We often use equivalence rela-
tions when we want to think of two things that are different as being “the same”. For
example, the numbers 0 and 2𝜋 are different real numbers, but when we treat them
as angles they are “the same”. Since it is easy to confuse “the same” with “equal,” we
prefer to say that, when thought of as angles, 0 and 2𝜋 are equivalent real numbers.
The next theorem, which you’ll be asked to generalize, makes this more precise.

Theorem 7.16. Define the relation ∼ on ℝ by declaring 𝑥 ∼ 𝑦 if and only if
𝑥 − 𝑦 = 2𝜋𝑘 for some 𝑘 ∈ ℤ. Then ∼ is an equivalence relation.

Proof. We must show that ∼ is reflexive, symmetric, and transitive.
Reflexive: Suppose that 𝑥 ∈ ℝ. Then,

𝑥 − 𝑥 = 0 = 2𝜋(0).
Since 0 ∈ ℤ, 𝑥 ∼ 𝑥. Since this holds for all 𝑥 ∈ ℝ, ∼ is reflexive.

Symmetric: Suppose that 𝑥, 𝑦 ∈ ℝ and that 𝑥 ∼ 𝑦. We will show that 𝑦 ∼ 𝑥.
By the definition of ∼, since 𝑥 ∼ 𝑦, there exists 𝑘 ∈ ℤ such that 𝑥 − 𝑦 = 2𝜋𝑘.

Multiplying both sides of the equation by (−1) shows that
𝑦 − 𝑥 = 2𝜋(−𝑘).

Since −𝑘 is also an integer, 𝑦 ∼ 𝑥. Hence, ∼ is symmetric.
Transitive: Suppose that 𝑥, 𝑦, 𝑧 ∈ ℝ and that 𝑥 ∼ 𝑦 and 𝑦 ∼ 𝑧. We will show that

𝑥 ∼ 𝑧. By the definition of ∼, there exist 𝑘, ℓ ∈ ℤ such that3

𝑥 − 𝑦 = 2𝜋𝑘, and
𝑦 − 𝑧 = 2𝜋ℓ.

Adding the two equations shows that 𝑥 − 𝑧 = 2𝜋(𝑘 + ℓ). Since 𝑘 + ℓ ∈ ℤ,
𝑥 ∼ 𝑧, as desired. Thus, ∼ is reflexive, symmetric and transitive. Consequently, it
is an equivalence relation. □

Exercise 7.17. Define ∼ on ℤ × ℕ by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if 𝑎𝑑 = 𝑏𝑐.
Prove that ∼ is an equivalence relation. For reasons that we’ll see later, you should use
only facts about integers, and not any facts about rational numbers that aren’t integers.

Here are some more examples. For each one, you should verify that it is reflexive,
symmetric, and transitive.

3Notice how we chose to use the symbol ℓ rather than to overuse 𝑘!
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Example 7.18 (Equivalence relations).
(1) Let 𝑘 be an integer. For 𝑎, 𝑏 ∈ ℝ, define 𝑎 ∼ 𝑏 if and only if 𝑎 − 𝑏 is a multiple of

𝑘. Then ∼ is an equivalence relation on ℝ.
(2) For real numbers 𝑥 and 𝑦, define 𝑥 ∼ 𝑦 if and only if 𝑥 − 𝑦 is a rational number.

Then ∼ is an equivalence relation on ℝ.
(3) Let 𝑈 be a set and let 𝐴 ⊂ 𝑈 be a subset. Define 𝑥 ∼ 𝑦 if and only if either both 𝑥

and 𝑦 are elements of 𝐴 or 𝑥 = 𝑦. Then ∼ is an equivalence relation on 𝑈.
(4) Let 𝐶([0, 1]) be the set of all continuous real-valued functions on the interval

[0, 1] ⊂ ℝ. For 𝑓, 𝑔 ∈ 𝐶([0, 1]), define 𝑓 ∼ 𝑔 if and only if

∫
1

0
𝑓 𝑑𝑥 = ∫

1

0
𝑔 𝑑𝑥.

Then ∼ is an equivalence relation.
(5) Let 𝐶1(ℝ) be the set of all real-valued functions onℝwhich are differentiable and

have continuous derivative (for example, 𝑓(𝑡) = 𝑒3𝑡). For 𝑓, 𝑔 ∈ 𝐶1([0, 1]), define
𝑓 ∼ 𝑔 if and only if

∀𝑡 ∈ ℝ, 𝑓′(𝑡) = 𝑔′(𝑡). ♦

Exercise 7.19. Let 𝑈 be a set and let 𝐴 ⊂ 𝑈 be a subset. Define 𝑥 ∼ 𝑦 if and only if
either both 𝑥 and 𝑦 are elements of 𝐴 or both 𝑥 and 𝑦 are not elements of 𝐴. Show that
∼ is an equivalence relation on 𝑈. As a challenge, use a partition of a nonempty set 𝑋
to create an equivalence relation on 𝑋 . Be sure to prove it is actually an equivalence
relation.

Exercise 7.20. Suppose that 𝑑 is a metric on a set 𝑋 . For each 𝑥 ∈ 𝑋 and 𝑟 > 0, let
𝐵𝑑(𝑥, 𝑟) be the open ball of radius 𝑟 centered at 𝑥 ∈ 𝑋 . That is,

𝐵𝑑(𝑥, 𝑟) = {𝑦 ∈ 𝑋 ∶ 𝑑(𝑥, 𝑦) < 𝑟}.
For metrics 𝑑 and 𝑑′, define 𝑑 ∼ 𝑑′ if and only if the following two conditions hold.

• For every 𝑥 ∈ 𝑋 and 𝑟 > 0, there exists 𝑟′ > 0 such that
𝐵𝑑′(𝑥, 𝑟′) ⊂ 𝐵𝑑(𝑥, 𝑟).

• For every 𝑥 ∈ 𝑋 and 𝑟′ > 0, there exists 𝑟 > 0 such that
𝐵𝑑(𝑥, 𝑟) ⊂ 𝐵𝑑′(𝑥, 𝑟′).

Prove that ∼ is an equivalence relation on the set of metrics on 𝑋 .

Exercise 7.21. Let 𝑋 be a metric space and let 𝒟 be the set of all metrics on 𝑋 . For
metrics 𝑑, 𝑑′ ∈ 𝒟, define the following relations ∼ on𝒟. For each, prove that ∼ is an
equivalence relation.

(1) 𝑑 ∼ 𝑑′ if and only if there exists 𝑘 > 0 such that 𝑑′(𝑥, 𝑦) = 𝑘𝑑(𝑥, 𝑦), for all
𝑥, 𝑦 ∈ 𝑋 .

(2) 𝑑 ∼ 𝑑′ if and only if there exists 𝐶 ≥ 0 such that, for all 𝑥, 𝑦 ∈ 𝑋 ,
𝑑(𝑥, 𝑦) − 𝐶 ≤ 𝑑′(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑦) + 𝐶.
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(3) 𝑑 ∼ 𝑑′ if and only if there exists 𝐾 ≥ 1 and 𝐶 ≥ 0 such that for all 𝑥, 𝑦 ∈ 𝑋 , we
have

1
𝐾 𝑑(𝑥, 𝑦) − 𝐶 ≤ 𝑑′(𝑥, 𝑦) ≤ 𝐾𝑑(𝑥, 𝑦) + 𝐶.

The next theorem begins to suggest that there is a connection between partitions
and equivalence relations. The idea is to show that partitions give rise to equivalence
relations by defining elements of 𝑋 to be related if and only if they inhabit the same
room of the partition.

Theorem 7.22 (Partitions give rise to equivalence relations). Suppose that 𝑋 is
a nonempty set and that 𝑃 is a partition of 𝑋 . Define ∼ on 𝑋 by declaring 𝑎 ∼ 𝑏
if and only if there exists 𝐴 ∈ 𝑃 such that 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐴. Then ∼ is an
equivalence relation on 𝑋 .

In the next section, we show that equivalence relations also give rise to partitions.

7.3. Equivalence classes

Pitch class. A pitch without reference to the octave or register in which
it occurs. There are twelve pitch classes employed in Western tonal music,
each of which is represented in each octave of the entire range of pitches.

—Don Michael Randel4

Given an equivalence relation on 𝑋 and an element 𝑥 ∈ 𝑋 , it is natural to consider
all the other elements of 𝑋 which are related to 𝑥. This set is called the equivalence
class of 𝑥. For instance, in music we often give two pitches that are some number of
octaves apart the same note name. As in the quote above, when we refer to an “A,” we
are referring to any number of pitches, any two of which are separated by some number
of octaves. The “A” is the equivalence class of pitches, and a particular element of the
class is the “A” in some particular octave, for instance, the pitch at 440 Hertz which
orchestras use for tuning. More generally,

Definition 7.23. Let 𝑋 be a set and let ∼ be an equivalence relation on 𝑋 . For
each 𝑥 ∈ 𝑋 define the equivalence class of 𝑥 to be

[𝑥] = {𝑦 ∈ 𝑋 ∶ 𝑥 ∼ 𝑦}.
We also say that 𝑥 is a representative of the equivalence class [𝑥].

The equivalence class of an element 𝑥 depends on both the element 𝑥 and on the
equivalence relation ∼. Recall that 𝑥 ∼ 𝑦 means that 𝑥 and 𝑦 are related (using the
equivalence relation ∼). Developing the metaphor, the equivalence class [𝑥] is just
the family of 𝑥 (that is, everyone who is related to 𝑥). Figure 7.3 shows an example
involving families (i.e., equivalence classes) of two-dimensional shapes.

4Harvard Concise Dictionary Of Music, edited by Don Michael Randel, Cambridge, Mass.: The Belknap Press of Har-
vard University Press, Copyright ©1999 by the President and Fellows of Harvard College. Used by permission. All rights
reserved. [106]
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Figure 7.3. We can put an equivalence relation on shapes by declaring two shapes to
be equivalent if and only if they are are related by scaling and translation. The equiv-
alence class of an equilateral triangle is its “family”: the set of all equilateral triangles.
Similarly, the equivalence class of a circle is its “family”: the set of all circles.

Example 7.24. Let ∼ be the equivalence relation on ℝ defined by declaring 𝑥 ∼ 𝑦 if
and only if 𝑥 − 𝑦 is an integer multiple of 2𝜋. Then:

• [0] = {. . . , −6𝜋,−4𝜋,−2𝜋, 0, 2𝜋, 4𝜋, 6𝜋, . . .}.
• [𝜋] = {. . . , −3𝜋,−𝜋, 𝜋, 3𝜋, 5𝜋, . . .}.
• [2𝜋] = {. . . , −8𝜋,−6𝜋,−4𝜋,−2𝜋, 0, 2𝜋, 4𝜋, 6𝜋, 8𝜋, . . .}. ♦

Notice that [0] = [2𝜋]. This is not an accident, as shown by Theorem 7.32.

Example 7.25 (Evens and odds). Let ∼ be the equivalence relation on the integers
defined by 𝑥 ∼ 𝑦 if and only if 𝑥 − 𝑦 is even. Then there are precisely two equivalence
classes: the even integers and the odd integers. ♦

Example 7.26 (In and out). Let 𝑈 be a set and let 𝐴 ⊂ 𝑈. Let ∼ be the equivalence
relation on 𝑈 defined by 𝑥 ∼ 𝑦 if and only if either both 𝑥 and 𝑦 are elements of 𝐴 or
both 𝑥 and 𝑦 are not elements of 𝐴. There are precisely two equivalence classes: 𝐴 and
𝑈 ⧵ 𝐴. ♦

Exercise 7.27. For the following sets 𝑋 , equivalence relations ∼, and elements 𝑥 ∈ 𝑋 ,
determine the equivalence class for the given element.
(1) Let 𝑋 = ℤ. For 𝑎, 𝑏 ∈ 𝑋 , define 𝑎 ∼ 𝑏 if and only if 𝑎 − 𝑏 ∈ 3ℤ.

(a) Let 𝑥 = 0. Find [𝑥].
(b) Let 𝑥 = 1. Find [𝑥].
(c) Let 𝑥 = 2. Find [𝑥].
(d) Let 𝑥 = 3. Find [𝑥].
(e) Let 𝑥 = 4. Find [𝑥].

(2) Let 𝑋 = 𝒫({1, 2, 3, 4, 5}). For 𝐴, 𝐵 ∈ 𝑋 , define 𝐴 ∼ 𝐵 if and only if 𝐴 and 𝐵 have
the same number of elements.
(a) Let 𝐴 = {1, 2}. Find [𝐴].
(b) Let 𝐴 = {2, 3}. Find [𝐴].
(c) Let 𝐴 = {1}. Find [𝐴].
(d) Let 𝐴 = {2}. Find [𝐴].
(e) Let 𝐴 = {1, 2, 3, 4, 5}. Find [𝐴].
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(3) Let 𝑋 = ℤ × ℕ. Define (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if 𝑎𝑑 = 𝑏𝑐.
(a) Let (𝑎, 𝑏) = (1, 2). Find [(𝑎, 𝑏)].
(b) Let (𝑎, 𝑏) = (2, 4). Find [(𝑎, 𝑏)].
(c) Let (𝑎, 𝑏) = (1, 3). Find [(𝑎, 𝑏)].
(d) Let (𝑎, 𝑏) = (3, 9). Find [(𝑎, 𝑏)].
(e) Let (𝑎, 𝑏) = (5, 2). Find [(𝑎, 𝑏)].
(f) Let (𝑎, 𝑏) = (10, 4). Find [(𝑎, 𝑏)].

(4) Let 𝑋 = 𝐶1(ℝ) be the set of all real-valued functions 𝑓 on ℝ such that 𝑓 is differ-
entiable and 𝑓′ is continuous. Define 𝑓 ∼ 𝑔 if and only if 𝑓′(𝑡) = 𝑔′(𝑡) for every
𝑡 ∈ ℝ.
(a) Let 𝑓(𝑡) = 𝑡2 for all 𝑡 ∈ ℝ. Find [𝑓].
(b) Let 𝑓(𝑡) = 𝑒2𝑡 for all 𝑡 ∈ ℝ. Find [𝑓].
(c) Let 𝑓 ∈ 𝑋 be arbitrary. Find [𝑓].

(5) Let 𝑋 = ℝ4. Let𝑊 = {(𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝑋 ∶ 𝑥 + 𝑦 + 𝑧 +𝑤 = 0}. For 𝐯,𝐰 ∈ 𝑋 , define
𝐯 ∼ 𝐰 if and only if 𝐯 −𝐰 ∈ 𝑊 .
(a) Let 𝐯 = (0, 0, 0, 0). Find [𝐯]
(b) Let 𝐯 = (1, 0, −1, 0). Find [𝐯].
(c) Let 𝐯 = (3, 3, 3, 3). Find [𝐯].
(d) Let 𝐯 = (4, 3, 2, 3). Find [𝐯].

Developing the ideas from the previous example, we can begin to answer the ques-
tions posed in the introduction to the chapter.

Example 7.28 (Angles). Define∼ onℝ by declaring 𝑥 ∼ 𝑦 if and only if 𝑥−𝑦 = 2𝜋𝑘 for
some 𝑘 ∈ ℤ. Then for a given 𝜃 ∈ ℝ, define the angle 𝜃 radians to be the equivalence
class [𝜃]. We claim that [𝜃] = [𝜃 + 2𝜋𝑘] for any 𝑘 ∈ ℤ. Assuming the claim, we see
that angle 𝜃 radians is equal to the angle 𝜃 + 2𝜋𝑘 radians for any 𝑘 ∈ ℤ. ♦

Exercise 7.29. Prove the claim in Example 7.28. Have we shown that (𝑎, 𝑏) ∼ (𝑐, 𝑑) if
and only if there exists 𝑘 ∈ ℕ such that (𝑐, 𝑑) = (𝑘𝑎, 𝑘𝑏) or (𝑎, 𝑏) = (𝑘𝑐, 𝑘𝑑)? If not, is
this something you could prove?

Example 7.30 (Rational numbers). Define ∼ on ℤ × ℕ by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if
and only if 𝑎𝑑 = 𝑏𝑐. For a given pair (𝑎, 𝑏) ∈ ℤ × ℕ, we let the notation 𝑎

𝑏 mean the
equivalence class [(𝑎, 𝑏)]. We claim that

[(𝑎, 𝑏)] = [(𝑘𝑎, 𝑘𝑏)]

for any 𝑘 ∈ ℕ. Thus, we have the well known fact that

𝑎
𝑏 = 𝑘𝑎

𝑘𝑏

for every 𝑘 ∈ ℕ. ♦
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Exercise 7.31. Prove the claim in Example 7.30.

In Exercise 7.27, and based on Examples 7.28 and 7.30, you may have begun to
guess that equivalence classes are equal whenever their representatives are related.
We can think of this using a familial metaphor. Informally:

• each person is a member of their own family;
• if two people are related then they have the same family; and
• two people’s families are either exactly the same or have no person in common.

Twopeople are related exactlywhen theyhave the same family. Although themetaphor
helps us believe that 𝑥 ∼ 𝑦 exactly when [𝑥] = [𝑦], we actually need to prove this.5 The
proof is a lengthy series of element arguments using the reflexive, symmetric, and tran-
sitive properties.

Theorem 7.32 (Fundamental properties of equivalence relations). Let 𝑋 be a
set and assume that ∼ is an equivalence relation on 𝑋 . Then the following are
true.
(1) For every 𝑥 ∈ 𝑋 , 𝑥 ∈ [𝑥].
(2) For all 𝑥, 𝑦 ∈ 𝑋 , we have 𝑥 ∼ 𝑦 if and only if [𝑥] = [𝑦].
(3) For all 𝑥, 𝑦 ∈ 𝑋 , if [𝑥] ∩ [𝑦] ≠ ∅, then [𝑥] = [𝑦].

Proof. We prove each of the three required properties.
Proof of (1): Let 𝑥 ∈ 𝑋 .

⟨ Use the reflexive property and the definition of equivalence class to showthat 𝑥 ∈ [𝑥]. ⟩
Proof of (2): We must prove both directions. Let 𝑥, 𝑦 ∈ 𝑋 be arbitrary.
Proof of⇒: Assume that 𝑥 ∼ 𝑦. We must show that [𝑥] = [𝑦].

⟨ Choose an arbitrary element of [𝑥]—but don’t call it 𝑥, since that’s al-
ready taken!—and show that it is also an element of [𝑦]. ⟩
⟨ Choose an arbitrary element of [𝑦]—but don’t call it 𝑦, since that’s al-
ready taken!—and show that it is also an element of [𝑥]. ⟩

Hence [𝑥] ⊂ [𝑦] and [𝑦] ⊂ [𝑥], so [𝑥] = [𝑦].
Proof of⇐: Assume that [𝑥] = [𝑦]. We will show that 𝑥 ∼ 𝑦.

⟨ Do it! ⟩

5Indeed, if themetaphor is pushed too far, it ceases to describe an equivalence relation. For example, must I be related
to every cousin of my cousin?
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Proof of (3): Suppose that [𝑥] ∩ [𝑦] ≠ ∅. We will show that [𝑥] = [𝑦].
Let 𝑧 ∈ [𝑥] ∩ [𝑦].

⟨ Use previous results to show that [𝑧] = [𝑥] and [𝑧] = [𝑦] and, therefore,
that [𝑥] = [𝑦]. ⟩ □

7.4. Quotient sets

Both visual and musical compositions are appreciated for the beauty of a set
of complex relations embodied in them. And as in puremathematics, so also
in the abstract arts, these interesting relationships are discovered, or created,
within structures composed of utterances denoting no tangible object.

—Michael Polanyi6

At the very beginning of the book, we said that sets are a way of thinking of a
“many” as a “one”. Given an equivalence relation on 𝑋 and the equivalence classes
[𝑥] ⊂ 𝑋 for all 𝑥 ∈ 𝑋 , we can package the equivalence classes together into a set, called
the quotient set. Since each [𝑥] ⊂ 𝑋 , the quotient set will be a set whose elements are
sets. Indeed, the quotient set is a subset of 𝒫(𝑋).

Definition 7.33 (Quotient set). Let ∼ be an equivalence relation on a set 𝑋 .
Define the quotient set 𝑋/ ∼ to be the set such that 𝑧 ∈ 𝑋/ ∼ if and only if
there exists 𝑥 ∈ 𝑋 such that 𝑧 = [𝑥]. That is,

𝑋/ ∼ = {[𝑥] ∶ 𝑥 ∈ 𝑋}.

If the equivalence class [𝑥] of𝑥 is𝑥’s family, wemight think of the quotient set𝐴/ ∼
as a church picnic or class reunion—a gathering of all the families, as in Figure 7.4.
We need to remember that, as with actual gatherings, families can be of different sizes.
Some equivalence classes may have just one element; some may have two elements;
some may even have infinitely many elements!

Example 7.34 (Evens and odds, again). Let ∼ be the equivalence relation on the inte-
gers defined by 𝑥 ∼ 𝑦 if and only if 𝑥 − 𝑦 is even. Then there are precisely two equiva-
lence classes: the even integers and the odd integers. Thus, ℤ/ ∼ = {[0], [1]}. ♦

Example 7.35 (In and out, again). Let 𝑈 be a set and let 𝐴 ⊂ 𝑈. Let ∼ be the equiva-
lence relation on 𝑈 defined by 𝑥 ∼ 𝑦 if and only if either both 𝑥 and 𝑦 are elements of
𝐴 or both 𝑥 and 𝑦 are not elements of 𝐴. There are precisely two equivalence classes:
𝐴 and 𝑈 ⧵ 𝐴. Thus, 𝑈/ ∼ = {𝐴,𝑈 ⧵ 𝐴}. ♦

Example 7.36 (Angles, again). Let ∼ be the equivalence relation defined on ℝ by
declaring 𝑥 ∼ 𝑦 if and only if 𝑥 − 𝑦 = 2𝜋𝑘 for some 𝑘 ∈ ℤ. An angle measured
in radians is an equivalence class [𝜃] ∈ ℝ/ ∼ and the quotient set ℝ/ ∼ is the set of
angles measured in radians. ♦

6Usedwith permission of Routledge andUniversity of Chicago Press, fromPersonal Knowledge: Towards a post-critical
philosophy, Michael Polanyi ©1973; permission conveyed through Copyright Clearance Center, Inc. and by University of
Chicago Press [102].
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Figure 7.4. The quotient set is the set of all equivalence classes. Each element of the
quotient set is an equivalence relation, that is, a set of related elements.

Example 7.37 (Rationals, again). Let ∼ be the equivalence relation defined on ℤ × ℕ
by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if 𝑎𝑑 = 𝑏𝑐. The set of rationals is the quotient
set ℚ = (ℤ × ℕ)/ ∼. An element of ℚ of the form [(𝑎, 𝑏)] is denoted by 𝑎

𝑏 . ♦

Exercise 7.38. Determine the quotient set 𝑋/ ∼ for each of the following equivalence
relations.

(1) Let 𝑋 = ℤ and define 𝑎 ∼ 𝑏 if and only if 𝑏 − 𝑎 ∈ 3ℤ.
(2) Let 𝑋 = ℤ and define 𝑎 ∼ 𝑏 if and only if 𝑏 − 𝑎 ∈ 4ℤ.
(3) Let 𝑋 = ℝ2 and define (𝑥, 𝑦) ∼ (𝑎, 𝑏) if and only if one of the following holds:

• 𝑥 ≥ 𝑦 and 𝑎 ≥ 𝑏,
• 𝑥 < 𝑦 and 𝑎 < 𝑏.

(4) Let 𝑋 = ℝ2 and define (𝑥, 𝑦) ∼ (𝑎, 𝑏) if and only one of the following holds:
• 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑎 ≥ 0, 𝑏 ≥ 0,
• 𝑥 < 0, 𝑦 < 0, 𝑎 < 0, 𝑏 < 0,
• 𝑥𝑦 < 0 and 𝑎𝑏 < 0,
• 𝑥 = 0 and 𝑦 < 0 and 𝑎 = 0 and 𝑏 < 0,
• 𝑦 = 0 and 𝑥 < 0 and 𝑏 = 0 and 𝑎 < 0.

Example 7.39. Let 𝑋 = [0, 1] ⊂ ℝ and let 𝐴 = {0, 1} ⊂ 𝑋 . Define 𝑥 ∼ 𝑦 if and only if
either both 𝑥 and 𝑦 are elements of 𝐴 or both 𝑥 and 𝑦 are elements of 𝐴𝐶 . Then 𝑋/ ∼
“is” a circle, as in Figure 7.5. ♦



7.4. Quotient sets 163
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Figure 7.5. The circle “is” the quotient space of the interval under the relation ∼ de-
fined by 𝑥 ∼ 𝑦 if and only if 𝑥 = 𝑦 or {𝑥, 𝑦} = {0, 1}.

Example 7.40. Let 𝑆 = [−1, 1] × [−1, 1] ⊂ ℝ2. Define an equivalence relation on 𝑆 as
follows.

• For every (𝑥, 𝑦) ∈ 𝑆, (𝑥, 𝑦) ∼ (𝑥, 𝑦).
• For every 𝑦 ∈ [−1, 1], let (−1, 𝑦) ∼ (+1, 𝑦) and (+1, 𝑦) ∼ (−1, 𝑦).

(Check that this actually is an equivalence relation.) We have taken a solid square and
declared each point on a vertical edge to be “the same as” the corresponding point on
the opposite vertical edge. In essence, we have glued the vertical edges together. We
can draw a picture of this, if we allow ourselves to bend and distort. See Figure 7.6. ♦

Figure 7.6. Rolling up a toaster pastry and sealing the edges with frosting, makes a cylinder!
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Example 7.41. Let 𝑆 = [−1, 1] × [−1, 1] ⊂ ℝ2. Define an equivalence relation on 𝑆 as
follows.

• For every (𝑥, 𝑦) ∈ 𝑆, (𝑥, 𝑦) ∼ (𝑥, 𝑦).
• For every 𝑦 ∈ [−1, 1], let (−1, 𝑦) ∼ (+1, 𝑦) and (+1, 𝑦) ∼ (−1, 𝑦).
• For every 𝑥 ∈ [−1, 1], let (𝑥, −1) ∼ (𝑥, +1) and (𝑥, +1) ∼ (𝑥, −1).

(Check that this actually is an equivalence relation.) We have taken a solid square and
declared each point on the edge to be “the same as” the point on the edge opposite it.
The four corners of the square are all equivalent to each other. In essence, we have
glued opposite points on the boundary of the square together. We can draw a picture
of this, if we allow ourselves to bend and distort. See Figure 7.7. ♦

Figure 7.7. How to make a hollow bagel from a toaster pastry.

In Figure 7.5, the word “is” was in scare quotes, since we have discussed only the
definition of a particular set (the quotient set). For instance, in Example 7.39, the circle
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𝑆1 is literally the set {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1}, but that is not, as a set, equal to 𝑋/ ∼.
To claim that the quotient set 𝑋/ ∼ is the circle, we should have a way of taking any
concept which is defined for 𝑆1 or any theoremwhich is true for 𝑆1 and converting into
a similar concept or true theorem for 𝑋/ ∼ and vice versa.

Similarly, in Examples 7.36 and 7.37, we need to be careful when we claim that we
have created the set of angles or the set of rationals. To most of us, the set of angles or
the set of rationals is more than just a set—it comes with extra structure. For instance,
we may want to add angles or rationals or we may want to be able to discuss what it
means for two angles or two rationals to be close to each other. Simply writing a set
as quotient sets does not by itself mean that the set comes equipped with the ability to
add or with a metric. We’ll take this issue up again in Section 7.6.

Look back over each example in Exercise 7.38. Notice that in each case 𝑋/ ∼ is a
partition of 𝑋 . The next section shows this is not an accident.

7.5. Equivalence relations vs. partitions

[A]t each step, it was a struggle that I loved working through. I didn’t mind
being stuck and feeling dumb. I knew I could get through it if I kept plug-
ging away. In today’s language, I would say that I was lucky to have formed a
“growthmindset” about learningmath—Iwaswilling towork on hard prob-
lems to find success—rather than a “fixed mindset,” where I judged myself
harshly when I didn’t know something. To this day, I still benefit from this
mindset, and I’ve basicallymade a career out of trying new things that I don’t
know anything about. It’s in the process ofmakingmistakes and figuring out
how to make progress where the real fun begins.

—Laura Taalman7

In this section, we see that every equivalence relation gives rise to a partition, and
we will also see how every partition gives rise to an equivalence relation; equivalence
relations and partitions are two sides of the same coin.

PARTITIONS
ON X

EQUIVALENCE
RELATIONS

ON X

We saw in Theorem 7.22 that, given a partition 𝑃 on a set 𝑋 , we can define an
induced equivalence relation ∼𝑃 on 𝑋 by declaring two elements of 𝑋 to be related

7Laura Taalman is amathematician, 3D-print designer, and author. This quote is from the book Living Proof: Stories of
Resilience Along theMathematical Journey (Allison K. Henrich, Emille D. Lawrence, Matthews A. Pons, and David G. Taylor,
eds., American Mathematical Society and Mathematical Association of America, 2019), a collection of autobiographical
stories of mathematicians persisting through struggle. Quotation used with permission. [68]



166 7. Equivalence Relations

if and only if they inhabit the same room. If, on the other hand, we begin with an
equivalence relation∼ on𝑋 , the quotient set𝑋/ ∼ is a partition of𝑋 . The rooms are the
equivalence classes. Since two elements of 𝑋 inhabit the same equivalence class if and
only if they are related, the induced equivalence relation from this partition is equal to
the original equivalence relation∼. The next two resultsmake this relationship precise.
The first result has a straightforward proof using Theorem 7.32.

Theorem 7.42 (Quotient sets are partitions). Suppose that 𝑋 is a nonempty set,
and that ∼ is an equivalence relation on 𝑋 . Then the quotient set 𝑋/ ∼ is a parti-
tion𝑃 of𝑋 . Furthermore, two elements of𝑋 are related by the equivalence relation
∼ if and only if they are related by the induced equivalence relation ∼𝑃 .

Theorem 7.43 (Partitions induce equivalence relations). Given a partition 𝑃 of
a set 𝑋 and the equivalence relation ∼𝑃 defined above, we have 𝑋/ ∼𝑃 = 𝑃.

7.6. Angle addition

“For a complete logical argument”, Arthur began with admirable solemnity,
“we need two prim Misses—”

“Of course!” she interrupted. “I remember that word now. And they
produce—?”

“A Delusion”, said Arthur.
“Ye-es?” she said dubiously. “I don’t seem to remember that so well.

But what is the whole argument called?”
“A Sillygism?”
“Ah, yes! I remember now. But I don’t need a Sillygism, you know, to

prove that mathematical axiom you mentioned.”
“Nor to prove that ‘all angles are equal,’ I suppose?”
“Why, of course not! One takes such a simple truth as that for granted!”

—Lewis Carroll8

Recall from Example 7.36, our definition of “angle”:

Definition 7.44 (Angles). An angle is an element of ℝ/ ∼ where 𝑥 ∼ 𝑦 if and
only if 𝑥 = 𝑦+2𝜋𝑘 for some 𝑘 ∈ ℤ. We say that the equivalence class [𝑥] ∈ ℝ/ ∼
is an angle of 𝑥 radians.

We know from experience that the idea of adding two angles makes sense. For
example, if we add 𝜋 radians to 𝜋 radians we get 2𝜋 radians, and if we add 3𝜋 radians

8The quotation is from Sylvie and Bruno (1889). Arthur and Lady Muriel are discussing the nature of truth and the
scientific method, but Arthur is amusingly encouraging Lady Muriel to make a hash of the logic, axioms, and method from
Euclid’s Elements. (A syllogism is a particular form of logical argument.) As we’ve seen, the challenge is not showing that
“all angles are equal” (they aren’t!), but rather explaining how different numbers represent the same angle. For that we need
equivalence relations!
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to 𝜋 radians we still get 2𝜋 radians (which is the same angle as 4𝜋 radians). To make
this notion of angle addition mathematically precise, we do the following:

Definition 7.45. Suppose that [𝑥], [𝑦] ∈ ℝ/ ∼ are angles. We define their sum
by

[𝑥] + [𝑦] = [𝑥 + 𝑦].

Just because we declare a definition doesn’t mean that it makes sense. In particu-
lar, we know that [0] = [2𝜋] and that [𝜋/3] = [−(11/3)𝜋]. Clearly we want

[0] + [𝜋/3] = [2𝜋] + [−(11/3)𝜋].
But does equality actually hold, when we insist on using Definition 7.45? The next
lemma guarantees that angle addition makes sense, not just in that specific case, but
in all cases.

Lemma 7.46. Suppose that [𝑥] = [𝑎] and [𝑦] = [𝑏]. Then [𝑥] + [𝑦] = [𝑎] + [𝑏].

Proof. By definition [𝑥] + [𝑦] = [𝑥 + 𝑦] and [𝑎] + [𝑏] = [𝑎 + 𝑏]. We must show that
[𝑥 + 𝑦] = [𝑎 + 𝑏].

Since [𝑥] = [𝑎] and [𝑦] = [𝑏], by Theorem 7.32 we must have 𝑥 ∼ 𝑎 and 𝑦 ∼ 𝑏. By
the definition of ∼, .

⟨ Finish the thought. ⟩
⟨ Show that 𝑥 + 𝑦 ∼ 𝑎 + 𝑏. ⟩

Thus, by Theorem 7.32, we have [𝑥 + 𝑦] = [𝑎 + 𝑏], as desired. □

As a result of Lemma 7.46, we say that angle addition is well defined. We also
need to show that addition has all the usual properties: that is, angles with + form a
group.

Lemma 7.47. Let 𝐴 be the set of angles and let + be defined as above. Using + as the
operation and [0] as the identity, 𝐴 is a group. Furthermore, for all [𝑥], [𝑦] ∈ 𝐴, [𝑥] +
[𝑦] = [𝑦] + [𝑥].

Proof. Wemust show that (𝐴, [0], +) satisfies the axioms of a group and, additionally,
that + is commutative. We supply the proof that + is associative and leave the other
proofs for the reader.
Claim: Angle addition is associative.

Proof of the Claim. This proof is based on the fact that addition of real numbers is
associative. Let [𝑥], [𝑦], and [𝑧] be angles. We must show that

([𝑥] + [𝑦]) + [𝑧] = [𝑥] + ([𝑦] + [𝑧]).

By the definition of +, ([𝑥] + [𝑦]) = [𝑥 + 𝑦]. Hence,
([𝑥] + [𝑦]) + [𝑧] = [(𝑥 + 𝑦)] + [𝑧] = [(𝑥 + 𝑦) + 𝑧].
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Similarly,
[𝑥] + ([𝑦] + [𝑧]) = [𝑥] + ([𝑦 + 𝑧]) = [𝑥 + (𝑦 + 𝑧)].

Since addition of real numbers is associative, 𝑥 + (𝑦 + 𝑧) = (𝑥 + 𝑦) + 𝑧. Consequently,

[(𝑥 + 𝑦) + 𝑧] = [𝑥 + (𝑦 + 𝑧)].

And so,

([𝑥] + [𝑦]) + [𝑧] = [𝑥] + ([𝑦] + [𝑧]) □

⟨ Finish the proof of the theorem! ⟩ □

7.7. Constructing the integers and rationals

And further I discovered to them numbering, pre-eminent among subtle de-
vices . . .

—Aeschylus9

In this sectionwe showhow, knowing only about the natural numbers, the concept
of an equivalence relation allows us to create the integers and the rational numbers.
The ideas themselves are lovely, but they are also practical: computers begin life sim-
ply as electrical circuits; they know nothing about mathematics and they have to be
“taught” how to work with integers and rational numbers. The constructions in this
section give one way this might be done (assuming the computer already knows about
the natural numbers.)

7.7.1. Constructing the integers. Assume that, as in Section 2.4, we have from
first principles constructed the sets ℕ and ℕ∗ = ℕ ∪ {0}. Assume also that we have
defined all the basic concepts from arithmetic for the numbers in ℕ∗. For example,
given 𝑎, 𝑏 ∈ ℕ∗ we know what the numbers 𝑎 + 𝑏 and 𝑎 ⋅ 𝑏 = 𝑎𝑏 are. We also know
what the symbols 𝑎 ≤ 𝑏mean. Not only that, we understand the basic rules governing
the interaction between the symbols. For example, we know that if 𝑎, 𝑏, 𝑐 ∈ ℕ∗, then
𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐 and 𝑏 ≤ 𝑐 ⇒ 𝑎𝑏 ≤ 𝑎𝑐. Here are some of the basic facts we assume
we know for all 𝑎, 𝑏, 𝑐 ∈ ℕ∗:

• If 𝑎 + 𝑏 = 𝑐 and 𝑎 + 𝑏′ = 𝑐, then 𝑏 = 𝑏′ (the cancellation property for addition).
• 𝑎 + 0 = 0 + 𝑎 = 𝑎 (0 is the additive identity).
• If 𝑎𝑏 = 𝑐 and 𝑎𝑏′ = 𝑐, then 𝑏 = 𝑏′ (the cancellation property for multiplication).
We now need to define the set ℤ and show how the definitions of addition, multi-

plication, and≤ can be extended toℤ so that all the familiar properties from arithmetic
hold. This actually takes rather a lot of fairly tedious effort, so we will only give the fla-
vor of how this is done.

9In Greek mythology, Prometheus is the giver of gifts to humankind, including the gift of arithmetic. In this speech,
Prometheus is recounting those gifts. Quotation from Prometheus Bound, Aeschylus. Transl. David Grene. ©1942 Univer-
sity of Chicago. Used with permission. [5]
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Definition 7.48 (Negative naturals). For 𝑎 ∈ ℕ, let−𝑎 denote the ordered pair
(1, 𝑎) and define −(−𝑎) = 𝑎. Let −ℕ = {−𝑎 ∶ 𝑎 ∈ ℕ} and let ℤ = −ℕ ∪ ℕ∗.

Definition 7.49 (Addition for ℤ). Define the following for 𝑎, 𝑏 ∈ ℤ.

𝑎 + 𝑏 =
⎧⎪
⎨⎪
⎩

𝑎 + 𝑏 if 𝑎, 𝑏 ∈ ℕ∗

𝑐 if 𝑎 ∈ ℕ∗, 𝑏 ∈ −ℕ and ∃𝑐 ∈ ℕ∗ s.t. (−𝑏) + 𝑐 = 𝑎
𝑐 if 𝑏 ∈ ℕ∗, 𝑎 ∈ −ℕ and ∃𝑐 ∈ ℕ∗(−𝑎) + 𝑐 = 𝑏
−((−𝑎) + (−𝑏)) if 𝑎, 𝑏 ∈ −ℕ

Exercise 7.50. Using basic facts about the definition of+ for elements ofℕ∗ and using
Definition 7.49, prove the following facts.

(1) For all 𝑎 ∈ ℤ, 𝑎 + 0 = 0 + 𝑎 = 𝑎.

(2) For all 𝑎, 𝑏 ∈ ℤ, 𝑎 + 𝑏 = 𝑏 + 𝑎.

Exercise 7.51. Usemultiplication onℕ∗ to definemultiplication on ℤ. Show the com-
mutative, associative, and distributive properties.

7.7.2. Constructing the rationals. We now assume that we have constructed ℤ
and that it is possible to add, subtract, multiply, and compare these numbers and that
these operationswork theywaywe learned them in elementary school. Wemust define
ℚ, extend the definitions of+, ⋅, and≤ to elements ofℚ and prove that these operations
continue to work the way we expect them to. Once again to completely carry out this
program requires too much tedium, but we do enough to give the flavor of how it can
be done.

The next definition appeared in Example 7.37.

Definition 7.52. The rational numbers ℚ are defined to be the quotient set
(ℤ × ℕ)/ ∼ where

(𝑎, 𝑏) ∼ (𝑐, 𝑑)
if and only if 𝑎𝑑 = 𝑏𝑐. We will write 𝑎

𝑏 instead of [(𝑎, 𝑏)].

Recall from Exercise 7.17 that the relation ∼ in Definition 7.52 is an equivalence
relation.
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Definition 7.53. We define the following operations on ℚ:
• addition is defined by

𝑎
𝑏 +

𝑐
𝑑 = 𝑎𝑑 + 𝑏𝑐

𝑏𝑑 ,

• negation is defined by
−𝑎𝑏 = −𝑎

𝑏 ,
• multiplication is defined by

𝑎
𝑏 ⋅

𝑐
𝑑 = 𝑎𝑐

𝑏𝑑 .
Also we say that

0
1 ≤

𝑎
𝑏

if and only 𝑎𝑏 ∈ ℕ∗.
If 𝑟 and 𝑞 are rational numbers, we define 𝑟 − 𝑞 to be equal to 𝑟 + (−𝑞). We say
that 𝑞 ≤ 𝑟 if and only if 01 ≤ 𝑟 − 𝑞.

Lemma 7.54. The previous definitions of−,+, ⋅, and≤ are well defined. That is, they do
not depend on the particular members of the equivalence classes used in the definitions.

Question: Where do these definitions come from?
Answer: They come from the fact that we already know how rational numbers

should behave.
Question: If we already know how rational numbers should behave, why should

we do all this hard work?
Answer: It’s the work that shows us these basic arithmetic facts can be created

solely from the axioms of set theory. Furthermore, maybe we can adapt the construc-
tion to create brand new number systems! In Chapter 12, we will show how to con-
struct the reals from the rationals and we will adapt a construction of the real numbers
to create a new number system called the 10-adics.

Notice that our construction of the integers ℤ does make ℕ a subset of ℤ; but our
creation of ℚ does not make ℤ a subset of ℚ. This can be rectified by redefining the
integer 𝑛 to be the rational number 𝑛

1 for all 𝑛 ∈ ℤ. We should then show that this
redefinition preserves all of the structures on ℤ (such as addition, multiplication, and
the notion of ≤). We’ll move onto different things instead, but at this point you know
enough that you could complete the task if you were sufficiently motivated.

7.8. Modular arithmetic

No bodily sense makes contact with all numbers, for they are innumerable.
How do we know that this rule holds throughout? How can any phantasy or
phantasm yield such certain truth about numbers which are innumerable?
Wemust know this by the inner light, of which bodily sense knows nothing.

—Augustine10

10Augustine (343–430) was from the the North African city of Hippo and is the most influential of all post-Biblical
Christian theologians. Much of his work concerns the application of Platonic philosophy to Christian belief and practice.
This quote is from a section of his writing where he compares the pursuit of wisdom to the understanding of numbers.
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Exercise 7.55. What day of the week will it be in 180 days?

If you answered this question quickly and correctly, it’s likely that you divided 180
by 7, found the remainder to be 5, and either counted forward five days from today or
two days backward from today. If you did this, you used modular arithmetic. Modular
arithmetic is a valuable concept in its own right and it provides a wonderful forum for
using equivalence classes.

The basic idea is, once a natural number 𝑝 is chosen, to define integers 𝑎 and 𝑏
to be equivalent modulo 𝑝 if and only if their difference is an integer multiple of 𝑝.
More formally, let 𝑝 ∈ ℕ and define the relation ≡𝑝 on ℤ as follows:

(𝑎 ≡𝑝 𝑏) ⇔ ∃𝑘 ∈ ℤ s.t. 𝑏 = 𝑎 + 𝑘𝑝.
We say that 𝑎 is equivalent (or congruent) to 𝑏 modulo (or mod) 𝑝. Some authors
write 𝑎 ≡ 𝑏 (mod 𝑝) instead of 𝑎 ≡𝑝 𝑏.

Theorem 7.56 (Equivalence mod 𝑝 is an equivalence relation). If 𝑝 ∈ ℕ, then
≡𝑝 is an equivalence relation on ℤ.

The quotient set ℤ/ ≡𝑝 is usually denoted ℤ/𝑝ℤ (or by some authors ℤ𝑝). We refer
to the set as the “integers mod 𝑝”. The key to connecting the integers mod 𝑝 to Exercise
7.55 lies in understanding the relationship between the equivalence classes which are
elements of ℤ/𝑝ℤ and division of integers. We’ll use the division algorithm which says
that when dividing an integer 𝑛 by a natural number 𝑝, the remainder 𝑟will always be
strictly less than 𝑝. We’ll prove the division algorithm in Chapter 9. More precisely, for
𝑝 ≥ 1, the division algorithm implies that for every 𝑛 ∈ ℤ, there exist unique 𝑞 ∈ ℤ,
𝑟 ∈ ℕ∗ such that

𝑛 = 𝑝𝑞 + 𝑟
and

0 ≤ 𝑟 < 𝑝.
It follows that the possible remainders when dividing by 𝑝 are

0, 1, 2, . . . , 𝑝 − 1.
When 𝑛 = 𝑝𝑞 + 𝑟, we have 𝑛 − 𝑟 ∈ 𝑝ℤ. Thus, 𝑛 ≡𝑝 𝑟. We conclude that

ℤ/𝑝ℤ = {[0], [1], . . . , [𝑝 − 1]} .
Figure 7.8 uses this insight to depict the integers modulo 8.

Just as we extended the definition of addition and multiplication from ℤ to ℚ, we
can also extend it from ℤ to ℤ/𝑝ℤ.

Definition 7.57. Suppose that 𝑝 ∈ ℕ. Then we define + and ⋅ on ℤ/𝑝ℤ as
• [𝑎] + [𝑏] = [𝑎 + 𝑏],
• [𝑎] ⋅ [𝑏] = [𝑎 ⋅ 𝑏].

Quotation from “On FreeWill”, Augustine (transl. Burleigh) in Philosophy in theMiddle Ages, Hyman,Walsh, andWilliams,
eds., Hackett Publishing ©1973. Used with permission. [8]
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Figure 7.8. We can picture the integers modulo 8 by placing the number line in an
infinite spiral so that it makes a complete turn every eight integers. Integers on the
same ray extending from the center of the spiral lie in the same equivalence class. The
red outer circle shows the equivalence classes.

In other words, the sum of the classes is the class of the sums and the product of
the classes is the class of the products.

Example 7.58. Let 𝑝 = 5. We work in ℤ/𝑝ℤ. From the definition of addition, we have

[0] + [2] = [2]
and

[5] + [7] = [12].
But recall that 0 ≡5 5 and 2 ≡5 7. Thus, [0] = [5] and [2] = [7] (by Theorem 7.32).
Fortunately, 2 ≡5 12, so [2] = [12].

Similarly, from the definitions, we have

[0] ⋅ [2] = [0]
and

[5] ⋅ [7] = [35].
Observe that [0] = [35]. ♦

In the previous example, we’ve seen how different ways of writing the equivalence
classes produced answers after addition or multiplication which looked different but
which were actually equal. Was this just a fluke of our choice to consider 𝑝 = 5, or
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perhaps our choice to consider the classes [0] and [2]? As we’ve seen, just because we
make a definition, doesn’t mean that it doesn’t lead to contradictions.

More generally, in the definition of + on ℤ/𝑝ℤ, for instance, we use particular
representatives of the classes [𝑎] and [𝑏] to define [𝑎] + [𝑏]. However, we know that
if 𝑎′ ∈ [𝑎] and 𝑏′ ∈ [𝑏], then [𝑎′] = [𝑎] and [𝑏′] = [𝑏]. With our definition, are we
guaranteed that [𝑎′] + [𝑏′] = [𝑎] + [𝑏]? The next lemma says “yes”.
Lemma 7.59 (Modular arithmetic is well defined). Suppose that [𝑎′] = [𝑎] and [𝑏′] =
[𝑏]. Then [𝑎′] + [𝑏′] = [𝑎] + [𝑏] and [𝑎′] ⋅ [𝑏′] = [𝑎] ⋅ [𝑏].

Theorem7.60. Let𝑝 ∈ ℕ. Then (ℤ/𝑝ℤ, [0], +) is a group such that the operation
+ is commutative.

7.9. Application: Configuration spaces of unlabeled points

When discussing a particular piece of mathematics, the mathematicianmay
ask, “Now, what is really going on here?” That is, what is the core mathe-
matical idea? A piece of mathematics, a proof for example, may go on for
pages and pages andmay include detailed calculations and subtle logical ar-
guments. However, there is often a surprisingly concise mathematical idea
that forms the basis for all the detailed work.

—William Byers11

In Section 5.8, we considered the problem of describing all possible positions of
two robots, Marvin and K-9, who canmove around the factory floor 𝐹 = [0, 1]×[0, 1].
We saw that their possible positions are described by the configuration space𝒞2(𝐹) =
(𝐹 × 𝐹) ⧵ Δ, where Δ = {(𝑎, 𝑏) ∈ 𝐹 × 𝐹 ∶ 𝑎 = 𝑏} is the diagonal.12 Since elements of
of 𝒞2(𝐹) are of the form (𝑎, 𝑏) with 𝑎, 𝑏 ∈ 𝐹 and 𝑎 ≠ 𝑏, we see that the single point
(𝑎, 𝑏) ∈ 𝒞2(𝐹) tells us the position 𝑎 ∈ 𝐹 of Marvin and the position 𝑏 ∈ 𝐹 of K9.
We subtract the diagonal Δ from 𝐹 × 𝐹 to ensure that the two robots never occupy the
same location.

A similar problem is to find a way of describing all possible positions of two indis-
tinguishable points in a set (likely ametric space)𝐹. For instance, if we have two specks
of dust moving around in a soap film, we could begin by considering the configuration
space of two labeled points as we did previously. Supposing that the soap film can be
described as a square 𝐹 = [0, 1]×[0, 1], then each element of the set𝒞2(𝐹) = (𝐹×𝐹)⧵Δ
is a potential position of the two dust specks. However, this description is unsatisfac-
tory as our dust specks (unlikeMarvin and K9) are indistinguishable from each other.
To see this, observe that (𝑎, 𝑏) ∈ 𝒞2(𝐹) is never equal to (𝑏, 𝑎), but since the specks are
indistinguishable, the points (𝑎, 𝑏) and (𝑏, 𝑎) represent the same configuration of dust
specks. Indeed, for each possible position of the two dust specks, we have two elements
of 𝒞2(𝐹). Although we could just work with this ambiguity, it would be better to find

11Used with permission, William Byers, How Mathematicians Think: Using Ambiguity, Contradiction, and Paradox
to Create Mathematics, Princeton University Press, ©2010; permission conveyed through Copyright Clearance Center, Inc.
[23]

12Remember that since 𝑎, 𝑏 ∈ 𝐹 = [0, 1] × [0, 1], we have (𝑎, 𝑏) = ((𝑥, 𝑦), (𝑧,𝑤)) for some 𝑥, 𝑦, 𝑧,𝑤 ∈ [0, 1].
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a set such that there is a (natural) correspondence between elements of the set and po-
sitions of the dust specks. We can create such a set using an equivalence relation. For
notational convenience, we denote 𝒞2(𝐹) simply by 𝒞.

Definition 7.61 (Unordered configuration space). Suppose that 𝐹 is a set. The
ordered configuration space of two distinguishable points in 𝑋 is the set

𝒞 = (𝐹 × 𝐹) ⧵ Δ,
where Δ = {(𝑎, 𝑏) ∈ 𝐹 × 𝐹 ∶ 𝑎 ≠ 𝑏}. The unordered configuration space of
two indistinguishable points in 𝑋 is the quotient set

𝒞 = 𝒞/ ∼,
where ∼ is the equivalence relation defined as follows. For (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝒞,
declare (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if (𝑎, 𝑏) = (𝑐, 𝑑) or (𝑎, 𝑏) = (𝑑, 𝑐).

Exercise 7.62. Verify that ∼ is an equivalence relation.

Observe that each element [(𝑎, 𝑏)] ∈ 𝒞 is the set whose elements are (𝑎, 𝑏) and
(𝑏, 𝑎). Thus, the elements of 𝒞 are matched with positions of two indistinguishable
points in 𝐹.

It may seem that we haven’t gained much by this construction. However, in many
instances, we can analyze the set 𝒞 (along with whatever other structures it might
admit) to gain a useful perspective on possible point positions in 𝐹. For instance, if we
let 𝐹 = [0, 1] (so we are considering the positions of two indistinguishable points on a
line segment), then 𝒞 is the triangle pictured on the right of Figure 7.9. Formally, we
have chosen from each class [(𝑥, 𝑦)] ∈ 𝒞 the element which is in the upper left half of
the square [0, 1] × [0, 1].

Figure 7.9. On the left we notice that [0, 1] × [0, 1] ⧵ Δ is union of two triangles. On
the right, we apply the equivalence relation to glue the two triangles together. The
resulting unordered configuration space is equivalent to a right triangle with missing
hypotenuse, depicted on the right.

If instead we consider 𝐹 = 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2+𝑦2 = 1}, then 𝐹 ×𝐹 is the torus
𝑆1 × 𝑆1, which we represent as a square with opposite sides identified. Then, 𝒞 is the
result of removing a certain curve Δ = {(𝑎, 𝑏) ∈ 𝑆1 × 𝑆1 ∶ 𝑎 = 𝑏} from the torus, as on
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the top left of Figure 7.10. Recall that the four corners of the square all represented the
same point of𝐹×𝐹 and that deletingΔ removes that point, so𝒞 consists of two triangles
each with a single edge and all vertices removed. Taking the quotient, to arrive at 𝒞,
we identify the lower triangle with the upper triangle via the reflection across the line
𝑦 = 𝑥. As before, we can depict the result of the gluing as a triangle. For convenience,
we stretch the triangle out to a rectangle with two opposite sides deleted and the other
two opposite sides identified via a map that flips one of the edges. We see, therefore,
that there is a sense in which 𝒞 is an open Möbius band. We conclude that each point
on a Möbius band (with its boundary edge removed) corresponds to a positioning of
two distinct but indistinguishable points on a circle.

impose ∼

stretch

Figure 7.10. On the top left we have the ordered configuration space of two points
on a circle. Moving to the top right, we impose an equivalence relation to obtain the
unordered configuration space. We then manipulate the diagram to conclude that the
unordered configuration space of two indistinguishible points on a circle can be repre-
sented as a Möbius band.

7.10. Additional problems

I will never write a student off or underestimate their ability to learn. I will
never separate my students into the categories of those who can do math
and those who cannot—only those who aspire to do the work that it takes
to succeed in math and those who do not. I try to give generously of myself
to my students and show them the grace that was shown to me so many
years ago. In the end, this is all that any of us can do to make room in the
mathematics community for everyone.

—Emille Davie Lawrence13

(1) Consider a graph 𝐺 with a vertex set 𝑉 and an edge set 𝐸. Define a relation ∼ on
𝑉 such that 𝑎 ∼ 𝑏 if and only if there is an edge 𝑒 ∈ 𝐸 having endpoints 𝑎 and 𝑏.
What conditions must 𝐺 satisfy in order for ∼ to be an equivalence relation?

13Emille Davie Lawrence is a mathematician in San Francisco. This quote is from an essay about how her own expe-
rience of exclusion in mathematics has shaped her work with students. She is an editor of Living Proof: Stories of Resilience
Along the Mathematical Journey [68], from which this quote is taken, with permission.
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(2) Suppose that 𝐺 is a graph with vertex set 𝑉 and edge set 𝐸. Define a relation∼ on
𝑉 as follows. Declare 𝑎 ∼ 𝑏 if and only if there is a list of vertices

𝑣0, 𝑣1, . . . , 𝑣𝑛
(which can be however long or short we want) such that 𝑎 = 𝑣0, 𝑏 = 𝑣𝑛 and for
each 𝑖 ∈ {0, . . . , 𝑛 − 1}, the vertices 𝑣𝑖 and 𝑣𝑖+1 are the endpoints of an edge in 𝐺.
Prove that ∼ is an equivalence relation.

(3) This problem concerns partial orders. We use ≤ to denote any partial order, not
just the usual “less than or equal to” for real numbers.
(a) Let 𝑌 be a set and let 𝑋 = 𝒫(𝑌). Define ≤ on 𝑋 by declaring 𝐴 ≤ 𝐵 if and

only if 𝐴 ⊂ 𝐵. Prove that ≤ is a partial order. Give an example of a set 𝑌 and
elements 𝐴, 𝐵 ∈ 𝒫(𝑌) such that neither 𝐴 ≤ 𝐵 nor 𝐵 ≤ 𝐴. This indicates
one substantial difference between partial orders in general and the notion
of “less than or equal to” on ℝ.

(b) Let 𝑌 be a set and let 𝑋 = 𝒫(𝑌). Define ≤ on 𝑋 by declaring 𝐴 ≤ 𝐵 if and
only if 𝐴 ⊃ 𝐵. Prove that ≤ is a partial order.

(c) Define ≤ on ℝ3 by declaring (𝑥, 𝑦, 𝑧) ≤ (𝑎, 𝑏, 𝑐) if and only if one of the fol-
lowing occurs.

• (𝑥, 𝑦, 𝑧) = (𝑎, 𝑏, 𝑐)
• 𝑥 < 𝑎
• 𝑥 = 𝑎 and 𝑦 < 𝑏
• 𝑥 = 𝑎, 𝑦 = 𝑏, and 𝑧 < 𝑐

Prove that ≤ is a partial order. (This is called the lexicographic order or
dictionary order on ℝ3.)

(4) Define ∼ on ℝ2 by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if there exist 𝑘, ℓ ∈ ℤ such
that (𝑐, 𝑑) = (𝑎 + 𝑘, 𝑏 + ℓ). Prove that ∼ is an equivalence relation. Also do your
best to draw a reasonable picture of the quotient set ℝ2/ ∼.
(Hint for drawing a picture: Observe that every point in ℝ2 is related to at least
one point in the square [0, 1] × [0, 1]. So you can just think about the points in
that square and how the equivalence relation glues them together.)

(5) Define ∼ on ℝ2 by declaring (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if there exist 𝑘, ℓ ∈ ℤ such
that (𝑐, 𝑑) = (𝑎 + 𝑘, (−1)𝑘(𝑏 + ℓ)). Prove that ∼ is an equivalence relation. Also
do your best to draw a reasonable picture of the quotient set ℝ2/ ∼.
(Hint for drawing a picture: Observe that every point in ℝ2 is related to at least
one point in the square [0, 1] × [0, 1]. So you can just think about the points in
that square and how the equivalence relation glues them together.)

(6) Define∼ onℝ by declaring 𝑥 ∼ 𝑦 if and only if 𝑥−𝑦 ∈ ℚ. For equivalence classes
[𝑥] and [𝑦], define [𝑥] + [𝑦] = [𝑥 + 𝑦].
(a) Prove that ∼ is an equivalence relation.
(b) Prove that + is well defined on ℝ/ ∼. That is, assume that [𝑥] = [𝑥′] and

[𝑦] = [𝑦′]. Show that [𝑥] + [𝑦] = [𝑥′] + [𝑦′].
(7) Is it possible to define “modular fractions”? Let 𝑝 ≥ 2 be an integer and let 𝑋 =

ℤ/𝑝ℤ. Define ∼ on 𝑋 = 𝑋 × (𝑋 ⧵ {[0]}) by declaring ([𝑎], [𝑏]) ∼ ([𝑐], [𝑑]) if and
only if [𝑎] ⋅ [𝑑] = [𝑏] ⋅ [𝑐]. If 𝑝 = 2, then 𝑋 = {([0], [1]), ([1], [1])}. In that case,
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the two elements of 𝑋 are not related to each other, and it follows that ∼ is an
equivalence relation. Answer the following questions for 𝑝 = 3 and 𝑝 = 4.
(a) Is ∼ an equivalence relation?
(b) If ∼ is an equivalence relation, is addition well defined on 𝑋/ ∼?
Speculate about what happens if 𝑝 > 4.

(8) Let (𝐺, 𝟙, ∘) be a group and let 𝐻 ⊂ 𝐺 be a subgroup. Define ∼ on 𝐺 by declaring
𝑥 ∼ 𝑦 if and only if there exists ℎ ∈ 𝐻 with 𝑥 = ℎ−1 ∘ 𝑦 ∘ ℎ. Prove that ∼ is an
equivalence relation on 𝐺.

(9) Let (𝐺, 𝟙, ∘) be a group and let𝐻 ⊂ 𝐺 be a subgroup such that ℎ1 ∘ ℎ2 = ℎ2 ∘ ℎ1 for
all ℎ1, ℎ2 ∈ 𝐻. Define ∼ on 𝐺 by declaring 𝑥 ∼ 𝑦 if and only if there exists ℎ ∈ 𝐻
with 𝑥 = ℎ−1 ∘ ℎ−1 ∘ 𝑦 ∘ ℎ ∘ ℎ. Prove that ∼ is an equivalence relation on 𝐺.

(10) Recall thatℚ is the quotient set for ℤ×ℕ under the equivalence relation ∼where
we define (𝑎, 𝑏) ∼ (𝑐, 𝑑) if and only if 𝑎𝑑 = 𝑏𝑐. We write 𝑎

𝑏 to denote the equiva-
lence class [(𝑎, 𝑏)]. Define⊕ (called “freshman addition”) on ℚ by

𝑎
𝑏 ⊕

𝑐
𝑑 = 𝑎 + 𝑐

𝑏 + 𝑑 .

Is⊕ well defined? That is, if 𝑎𝑏 =
𝑎′
𝑏′ and

𝑐
𝑑 =

𝑐′
𝑑′ is

𝑎
𝑏 ⊕

𝑐
𝑑 = 𝑎′

𝑏′ ⊕
𝑐′
𝑑′ ?

(11) Suppose that 𝑋 is a set with a metric 𝑑. Let ∼ be an equivalence relation on 𝑋
such that each equivalence class has only finitely many elements. Let 𝑋 = 𝑋/ ∼
be the quotient set. Define 𝑑 on 𝑋 by

𝑑([𝑥], [𝑦]) = min {𝑑(𝑎, 𝑏) ∶ 𝑎 ∈ [𝑥], 𝑏 ∈ [𝑦]}.

Prove that 𝑑 satisfies all the axioms of a metric, except possibly the triangle in-
equality. Give an example of a specific metric space and equivalence relation
such that all equivalance classes are finite, but where 𝑑 does not satisfy the trian-
gle inequality.

(12) Here is another example where division on quotient sets is not well defined, even
though multiplication is. (This example is adapted from [16].) Let 𝑋 = ℤ ⧵ {0}.
For 𝑎, 𝑏 ∈ 𝑋 , define 𝑎 ∼ 𝑎′ if and only if either 𝑎 = 𝑎′ or |𝑎| = |𝑎′| ≥ 2. Thus, for
example, (−3) ∼ 3 but (−1) ≁ (1).
(a) Prove that ∼ is an equivalence relation.
(b) For [𝑎], [𝑏] ∈ 𝑋/ ∼, define [𝑎] ⋅ [𝑏] = [𝑎𝑏]. Prove that this multiplication is

well defined.
(c) Find an example of classes [𝑎], [𝑏], [𝑐] such that [𝑎] ⋅ [𝑏] = [𝑎] ⋅ [𝑐] but [𝑏] ≠

[𝑐].
(13) Given a set 𝑋 , define an EQREL set for 𝑋 to be a subset 𝐴 ⊂ 𝑋 × 𝑋 such that the

following hold.
(ER1) For every 𝑥 ∈ 𝑋 , (𝑥, 𝑥) ∈ 𝐴.
(ER2) For every 𝑥, 𝑦 ∈ 𝑋 , if (𝑥, 𝑦) ∈ 𝐴, then also (𝑦, 𝑥) ∈ 𝐴.
(ER3) For every 𝑥, 𝑦, 𝑧 ∈ 𝑋 , if (𝑥, 𝑦) ∈ 𝐴 and (𝑦, 𝑧) ∈ 𝐴, then (𝑥, 𝑧) ∈ 𝐴.
Do the following:
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(a) Show that if 𝐴 is an EQREL set for 𝑋 , then there exists an equivalence rela-
tion ∼𝐴 on 𝑋 , such that 𝑥 ∼𝐴 𝑦 if and only if (𝑥, 𝑦) ∈ 𝐴.

(b) Show that if ∼ is an equivalence relation on 𝑋 , then there is an EQREL set
𝐴∼ for 𝑋 , such that (𝑥, 𝑦) ∈ 𝐴∼ if and only if 𝑥 ∼ 𝑦.

(c) Suppose that we start with an EQREL set 𝐴, create the equivalence relation
∼𝐴 and then, from that equivalence relation create theEQREL set𝐴∼𝐴 . Does
this new set equal 𝐴? Why or why not?

(d) Suppose that we start with an equivalence relation ∼, create the EQREL set
𝐴∼, and then, from that set create the equivalence relation∼𝐴∼ . Is it the case
that for all 𝑥, 𝑦 ∈ 𝑋 , we have that 𝑥 ∼ 𝑦 if and only if 𝑥 ∼𝐴∼ 𝑦? Why or why
not?

We conclude that EQREL sets are essentially the same concept as equivalence
relations, and thus also are essentially the same concept as partitions.

(14) Suppose that 𝑋 is a set and that 𝐵 ⊂ 𝑋 × 𝑋 . We want to find an equivalence
relation on 𝑋 such that if (𝑥, 𝑦) ∈ 𝐵, then 𝑥 ∼ 𝑦. We think of 𝐵 as telling us the
pairs of elements from 𝑋 that we want to insist are related to each other. Can we
expand that list out to ensure that we have an equivalence relation? One way to
do so would simply be to declare that 𝑥 ∼ 𝑦 for every pair of elements 𝑥, 𝑦 ∈ 𝐵.
But declaring everything in 𝑋 to be equivalent is unlikely to be useful. Is there
another way? There is! And your challenge is to find it.

Prove that there is a relation ∼ on 𝑋 such that the following hold.
• ∼ is an equivalence relation.
• For all (𝑥, 𝑦) ∈ 𝐵, 𝑥 ∼ 𝑦.
• If ≃ is another equivalence relation on 𝑋 such that 𝑥 ≃ 𝑦 for all 𝑥, 𝑦 ∈ 𝐵,
then 𝑎 ≃ 𝑏 implies that 𝑎 ∼ 𝑏 for all 𝑎, 𝑏 ∈ 𝑋 . In other words, ∼ is the
smallest equivalence relation on 𝑋 such that a pair of elements from 𝑋 are
related whenever they are in 𝐵.
(Hint: Use EQREL sets instead of equivalence relations, but keep in mind

that 𝐵 may not be an EQREL set.)
(15) (This problem is based on the exposition of chip-firing in [51]. That review lists a

number of interesting questions regarding chip-firing, but perhaps you can think
of your own?) Let 𝐺 be a graph without loops or multiple edges14 having vertex
set 𝑉 and edge set 𝐸. For a vertex 𝑣 ∈ 𝑉 , the neighbors of 𝑣 are those vertices
𝑤 ∈ 𝑉 such that there is an edge 𝑒 ∈ 𝐸 whose endpoints are 𝑣 and𝑤. The degree
of a vertex 𝑣 is the number of neighbors of 𝑣. Suppose that at each vertex 𝑣 ∈ 𝑉 ,
we have a number 𝑁(𝑣) ∈ ℤ of chips. (If 𝑁(𝑣) < 0, we think of the vertex 𝑣 as
being in debt.) We call the pair (𝐺, 𝑁) a configuration. We define the operation
of firing at vertex 𝑣 to be the result of decreasing 𝑁(𝑣) by deg(𝑣) and increasing
𝑁(𝑤) by 1 for each neighbor 𝑤 of 𝑣. The operation that is inverse to chip-firing
at 𝑣 is called lending at 𝑣. Suppose that (𝐺, 𝑁) and (𝐺, 𝑁′) are configurations.
Declare (𝐺, 𝑁) ∼ (𝐺,𝑁′) if and only if there is a sequence of chip-firings and
lendings that take us from (𝐺, 𝑁) to (𝐺, 𝑁′).
(a) Prove that ∼ is an equivalence relation. In what follows, let [(𝐺, 𝑁)] be the

equivalence class of the configuration (𝐺, 𝑁).
14That is, for each pair of distinct vertices 𝑣 and𝑤 there is at most one edge with endpoints at 𝑣 and𝑤.
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(b) Draw a connected graph 𝐺 with at least four vertices, no loops, and no mul-
tiple edges. Find two configurations (𝐺, 𝑁) and (𝐺,𝑀) such that (𝐺, 𝑁) ≁
(𝐺,𝑀), and prove that no sequence of firings and lendingswill convert (𝐺, 𝑁)
into (𝐺,𝑀).

(c) Suppose that 𝐺 is a graph with no loops and no multiple edges. If (𝐺, 𝑁)
and (𝐺,𝑀) are configurations, let (𝐺, 𝑁 + 𝑀) be the configuration where
𝑁 +𝑀(𝑣) = 𝑁(𝑣) + 𝑀(𝑣) for each vertex 𝑣. Define addition on equivalence
classes by

[(𝐺, 𝑁)] + [(𝐺,𝑀)] = [(𝐺, 𝑁 +𝑀)].
Prove that this is well defined.





Chapter 8

Functions

Key Terms

• definition of a function and inverse function
• domain, codomain, range, graph of a function
• identity, constant, and coordinate functions
• function composition
• finite and infinite sequence
• injective, surjective, bijective function
• inverse function

It is not necessary that 𝑦 be subject to the same rule as regards 𝑥 throughout
the interval; indeed, one need not even be able to express the relationship
through mathematical operations . . . It doesn’t matter if one thinks of this
[correspondence] so that different parts are given by different laws or desig-
nates it [the correspondence] entirely lawlessly.

—Lejeune Dirichlet1

8.1. The definition of a function

In searching out this matter, I found it by no means clearly laid down what
is meant by the solution of a differential equation: and, on looking further, I
found some degree of ambiguity attaching to the word “equation” itself.

—Augustus De Morgan2

1Dirichlet (1805–1859) made important contributions to both number theory and analysis. Reprinted from The Gen-
esis of Point Set Topology, Jerome H. Manheim, pp. 52–53, Copyright ©1964. Used with permission.

2Quotation from On the question, What is the Solution of a Differential Equation? Trans. Camb. Phil. Soc (10) 1864.
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If 𝑋 and 𝑌 are sets, a function 𝑓∶ 𝑋 → 𝑌 is a way of transforming the elements of
𝑋 into elements of 𝑌 . Beginning calculus courses study functions 𝑓∶ ℝ → ℝ, what it
means to graph such functions, and how to determine if they are continuous or differ-
entiable. More advanced calculus classes study differentiable functions 𝑓∶ ℝ2 → ℝ
and 𝑓∶ ℝ3 → ℝ (and perhaps other types of functions). Linear algebra classes study
linear functions 𝑓∶ ℝ𝑛 → ℝ𝑚. In this text, we study functions in complete general-
ity. The key concepts from this section are used throughout theoretical and applied
mathematics. In Chapter 6 we gave a formal definition of “function” in terms of sets.
For most purposes, however, thinking of a function as a particular kind of set is unnec-
essary and maybe even more of a hinderance than a help. In what follows, we give a
definition of function in terms of predicates and then explore ways of visualizing func-
tions, their properties, and their applications. For particular types of functions, such as
continuous functions, there are an enormous number of applications, and we cannot
possibly do justice to any of them.

Definition 8.1 (Function). Let 𝑋 and 𝑌 be sets. A function 𝑓∶ 𝑋 → 𝑌 is a
predicate, written as 𝑦 = 𝑓(𝑥) or 𝑓(𝑥) = 𝑦, in two free variables 𝑥 ∈ 𝑋 and
𝑦 ∈ 𝑌 such that the following conditions hold.

• The domain condition. For each 𝑥 ∈ 𝑋 , there exists a 𝑦 ∈ 𝑌 such that
𝑦 = 𝑓(𝑥).

• The well-defined condition. If 𝑎, 𝑏 ∈ 𝑋 and 𝑎 = 𝑏, then 𝑓(𝑎) = 𝑓(𝑏).
The set 𝑋 is called the domain of 𝑓, the set 𝑌 is called the codomain of 𝑓, and
the set

range (𝑓) = {𝑦 ∈ 𝑌 ∶ ∃𝑥 ∈ 𝑋 such that 𝑦 = 𝑓(𝑥)}
is called the range or image of 𝑓. The range of 𝑓∶ 𝑋 → 𝑌 is also denoted
(somewhat misleadingly) as 𝑓(𝑋). Two functions 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝐴 → 𝐵
are equal if and only if 𝐴 = 𝑋 , 𝐵 = 𝑌 , and 𝑓(𝑥) = 𝑔(𝑥) for all 𝑥 ∈ 𝑋 .

In Definition 8.1, we could combine the domain and well-defined conditions into
the single requirement that for each 𝑥 ∈ 𝑋 there exists a unique 𝑦 ∈ 𝑌 with 𝑦 = 𝑓(𝑥).
Thewaywehave stated the definition, however, is a better guide for constructing proofs
involving functions.

One popular metaphor is that a function is a machine for converting inputs to
outputs. The domain is the set of all potential inputs to 𝑓. The domain condition
requires that all potential inputs are indeed valid inputs. The codomain of 𝑓 is the set
of all potential outputs from 𝑓. The range of 𝑓 is the set of actual outputs of 𝑓. The
definition of function does not require that all possible outputs are actual outputs. A
function for which the codomain equals the range is said to be surjective or onto. We’ll
talk more about such functions later.

The well-defined condition ensures that putting the same input into the machine
will always result in the same output. It is the basis for elementary algebra. For in-
stance, since the function 𝑓∶ ℝ → ℝ defined by 𝑓(𝑥) = 𝑥2 is well defined, we can
square both sides of any true equation and still have a true equation. For example, if
𝑥 − 3 = 𝑦 + 5, then (𝑥 − 3)2 = (𝑦 + 5)2. The relation 𝑓∶ [0,∞) → ℝ defined by
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𝑓(𝑥) = ±√𝑥 is not well defined, since −√4 ≠ +√4. We will elaborate on the notion of
“well defined” in Section 8.6.

Example 8.2. Define 𝑓∶ ℝ → ℝ by 𝑓(𝑥) = 1/𝑥. Then 𝑓 is not a function, since the
domain condition is not satisfied. The number 𝑓(0) is not defined, but 0 is an element
of the domain. For 𝑓∶ 𝑋 → 𝑌 to be a function, it must be the case that 𝑓(𝑥) is defined
for every 𝑥 ∈ 𝑋 . If, on the other hand, for each 𝑥 ∈ ℝ, we define 𝑓∶ ℝ → ℝ by

𝑓(𝑥) = {1/𝑥 if 𝑥 ≠ 0,
5 if 𝑥 = 0,

we do have a function. The range of 𝑓 is ℝ ⧵ {0}, since for each 𝑦 ∈ ℝ ⧵ {0}, if we set
𝑥 = 1/𝑦, we have 𝑓(𝑥) = 𝑦. The codomain, on the other hand, is ℝ since that is what
we specified when we initially wrote 𝑓∶ ℝ → ℝ. ♦

Risking possible confusion, once a function 𝑓∶ 𝑋 → 𝑌 has been specified, we will
often refer to𝑓∶ 𝑋 → 𝑌 using only the symbol 𝑓. Also, if 𝑓 is understood from context,
the notation 𝑥 ↦ 𝑦 means the same thing as 𝑦 = 𝑓(𝑥). For example, if 𝑓∶ ℝ → ℝ is
the function defined by 𝑓(𝑥) = 𝑥2 for all 𝑥 ∈ 𝑋 , then 3 ↦ 9.

Example 8.3. Here are some examples of functions 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑}. Each
definition is formatted in a slightly different way, for the sake of variety.

(1) Define 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑} by
𝑓(1) = 𝑎,
𝑓(2) = 𝑏,
𝑓(3) = 𝑐.

(2) Define 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑} by 𝑓(𝑥) = 𝑏 for all 𝑥 ∈ {1, 2, 3}.
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(3) Define 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑} by

𝑓(𝑥) =
⎧
⎨
⎩

𝑎 if 𝑥 = 1,
𝑏 if 𝑥 = 2,
𝑐 if 𝑥 = 3. ♦

Exercise 8.4. Find three more examples of functions 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑}. Use
whatever method of formatting you prefer.

As in calculus classes, we can sometimes specify a function by giving a formula.

Example 8.5.
(1) Define 𝑓∶ ℝ → ℝ by letting

𝑓(𝑥) = 𝑥2 − 2𝑥 + 1
for all 𝑥 ∈ ℝ.

(2) Define 𝑔∶ ℝ2 → ℝ by letting
𝑔((𝑥, 𝑦)) = 𝑥2𝑦

for all (𝑥, 𝑦) ∈ ℝ2.
Then both 𝑓 and 𝑔 are functions. ♦

When the domain of a function is a set of ordered pairs, the nested parentheses in
the definition of a function can be difficult to read, so wewill often drop the outer set of
parentheses. Thus, in part (2) of Example 8.5 we would write 𝑔(𝑥, 𝑦) = 𝑥2𝑦 instead of
𝑔((𝑥, 𝑦)) = 𝑥2𝑦. If we do keep both pairs of parentheses, we will often write the outer
pair slightly larger to aid readability. This is not, however, necessary.

Example 8.6. Define 𝑓∶ ℤ → ℕ by letting
𝑓(𝑛) = 𝑛2 + 1

for all 𝑛 ∈ ℤ.
Observe that since we specified that the domain of 𝑓 is ℤ, the value 𝑓(1/2) is un-

defined, even though it makes sense to plug 1/2 in for 𝑛 in the formula 𝑛2 + 1. ♦

The next example shows that we can define functions without writing down a for-
mula.

Example 8.7 (Stereographic projection). Let 𝑆2 be the unit sphere in ℝ3. That is,

𝑆2 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ 𝑥2 + 𝑦2 + 𝑧2 = 1}.
Let 𝐍 = (0, 0, 1) be the north pole. Define a function (called stereographic projec-
tion) 𝜎∶ 𝑆2 ⧵ {𝐍} → ℝ2 as follows. For 𝐱 ∈ 𝑆2, draw the line passing through 𝐍 and
𝐱. This line intersects the plane with equation 𝑧 = −1 at some point (𝑎, 𝑏, −1). Let
𝜎(𝐱) = (𝑎, 𝑏). See Figure 8.1. Stereographic projection is often used to make maps of
the polar regions of Earth and its moon. ♦

We will also often specify functions piecewise. What matters is that we specify a
unique 𝑓(𝑥) for every element 𝑥 of the domain.
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x

N

(σ(x),−1)

Figure 8.1. Defining stereographic projection by drawing a line passing through the
north pole of the sphere and a given point in 𝑆2 ⧵ {𝐍}.

Example 8.8. Define 𝑓∶ ℕ → ℕ by letting

𝑓(𝑛) = {𝑛/2 if 𝑛 is even,
3𝑛 − 1 if 𝑛 is odd. ♦

In the remainder of the text, you will often be required to define various kinds
of functions, usually satisfying certain requirements that depend on the situation (for
instance an injective function, or a continuous function, etc.). Although, in principle, if
you are told to “define a function” you could just give the definition and not prove that
it is a function or that it satisfies the desired properties; in practice, you must always
provide a proof that you have done what was requested.

Definition of a function satisfying certain properties

To Define: A function 𝑓∶ 𝑋 → 𝑌 satisfying certain properties.
Structure of Definition and Proof: For each 𝑥 ∈ 𝑋 , define

𝑓(𝑥) = ⟨ formula or description saying what 𝑓(𝑥) is ⟩.
To verify that 𝑓∶ 𝑋 → 𝑌 is a function we show the following.
(1) Domain condition. That 𝑓(𝑥) exists and that 𝑓(𝑥) ∈ 𝑌 for every 𝑥 ∈ 𝑋 .
(2) Well-defined condition. That, for all 𝑎, 𝑏 ∈ 𝑋 , if 𝑎 = 𝑏, then 𝑓(𝑎) = 𝑓(𝑏).

⟨ Prove all of the previous statements unless completely obvious. ⟩
⟨ Prove that the function has the desired properties. ⟩ □
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The structure suggested by the outline above involves defining a function by saying
what it does to each element 𝑥 ∈ 𝑋 . In more abstract settings, the definition of 𝑓(𝑥),
for a particular 𝑥, may not be given by a formula the way most functions in calculus
are. What matters is that you have specified exactly what 𝑓(𝑥) is for each 𝑥 ∈ 𝑋 : this
can also be done by writing sentences or by using previously constructed functions.
In many cases the well-defined condition is obvious, but we will see many examples
where it is important. Typically you only need to worry about this step if the elements
of 𝑥 can be represented in more than one way and the definition of 𝑓 depends on a
particular representation. We will elaborate on this in Section 8.6.

Recall that from our definition that two functions 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝐴 → 𝐵 are
equal if and only if they have the same domain (i.e., 𝑋 = 𝐴), the same codomain (i.e.,
𝑌 = 𝐵), and take the same value at every element of the domain (i.e., for every 𝑥 ∈ 𝑋 ,
𝑓(𝑥) = 𝑔(𝑥)).

Example 8.9. Let 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 +𝑦2 = 1} be the unit circle and let id∶ 𝑆1 →
𝑆1 be the function defined by id(𝑧) = 𝑧 for all 𝑧 ∈ 𝑆1. (The function id is called the
identity function on 𝑆1.) Let 𝑅∶ 𝑆1 → 𝑆1 be a rotation by 2𝜋 radians.

Observe that id(𝑧) = 𝑅(𝑧) for every 𝑧 ∈ 𝑆1. Since id and 𝑅 have the same domain,
the same codomain, and the same effect on every point 𝑧 of 𝑆1, the function id equals
the function 𝑅. The functions are equal, even though applying id seems to mean that
we don’t move the circle at all, and applying 𝑅 seems to mean rotating the circle a full
revolution. The definition of a function does not take into account howmuch work we
put into doing the function—onlywhat the domain, codomain, and end result are.3 ♦

Here is a classic result concerning the geometry of ℝ. Recall that the distance
between real numbers 𝑎 and 𝑏 is defined to be

𝑑(𝑎, 𝑏) = |𝑎 − 𝑏| = √(𝑎 − 𝑏)2.
The point of the theorem is to show that if a function 𝑇 ∶ ℝ → ℝ preserves distance
and doesn’t move either 0 or 1, then 𝑇 is equal to the identity function id∶ ℝ → ℝ
defined by id(𝑥) = 𝑥 for all 𝑥 ∈ ℝ.

Theorem 8.10. Suppose that 𝑇 ∶ ℝ → ℝ is a function with the following prop-
erties:
(1) for all 𝑎, 𝑏 ∈ ℝ, 𝑑(𝑎, 𝑏) = 𝑑(𝑇(𝑎), 𝑇(𝑏)),
(2) 𝑇(0) = 0,
(3) 𝑇(1) = 1.
Then 𝑇 = id.

Proof. Assume that 𝑇 ∶ ℝ → ℝ is a function which is distance preserving and that
𝑇(0) = 0 and 𝑇(1) = 1. We will show that 𝑇 = id. To do this, we must show that 𝑇
and id have the same domain and codomain and that for all 𝑥 ∈ ℝ, 𝑇(𝑥) = 𝑥. Since,
according to their definitions, 𝑇 and id have the same domain and codomain, we need

3Maybe this is like academic work—your grade ostensibly depends only on the quality of the work you turn in and
not on how much effort it took to complete it!
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only show that 𝑇(𝑥) = id(𝑥) for every 𝑥 ∈ ℝ. Let 𝑥 ∈ ℝ be arbitrary. Recall that
id(𝑥) = 𝑥, so we need to show that 𝑇(𝑥) = 𝑥. We may use the three given properties
of 𝑇.

Claim 1: Either 𝑇(𝑥) = 𝑥 or 𝑇(𝑥) = −𝑥.

⟨ Prove the claim. ⟩

Claim 2: Either 1 − 𝑇(𝑥) = 1 − 𝑥 or 1 − 𝑇(𝑥) = 𝑥 − 1.

⟨ Prove the claim. ⟩

Claim 3: 𝑇(𝑥) = 𝑥.

⟨ Prove the claim using Claims 1 and 2. ⟩

Since 𝑇(𝑥) = id(𝑥) for every 𝑥 ∈ ℝ and since 𝑇 and id have the same domain and
codomain, 𝑇 = id. □

8.2. Visualizing functions

Assessments of change, dynamics, and cause and effect are at the heart of
thinking and explanation. To understand is to know what cause provokes
what effect, by what means, at what rate. How then is such knowledge to be
represented?

—Edward R. Tufte4

8.2.1. Graphs of functions. Most of us, as a result of our previousmathematical
training, when confronted with the definition of a function will immediately try to
graph it. In beginning calculus courses, graphs are an incredibly useful tool for building
our intuition for how limits, derivatives, and integrals work. In other mathematical
situations, graphs are less useful. Nevertheless, even in our abstract setting, we can
define the graph5 of a function, even if we aren’t always able to use it.

Definition 8.11. If 𝑓∶ 𝑋 → 𝑌 is a function, we define

graph(𝑓) = {(𝑥, 𝑦) ∈ 𝑋 × 𝑌 ∶ 𝑦 = 𝑓(𝑥)}
to be the graph of the function 𝑓.

Example 8.12 (Graphing). If 𝑋 ⊂ ℝ and if 𝑓∶ 𝑋 → ℝ is given by a relatively “nice”
formula, we can plot each point of graph(𝑓) ⊂ ℝ2 (i.e., plot the graph of 𝑓). For
example, the left-hand image of Figure 8.2 shows part of the graph of the function
𝑓∶ ℝ ⧵ {0} → ℝ defined by 𝑓(𝑥) = 𝑥 sin(1/𝑥). As can be seen from this example, even
for functions given by simple formulas, the graph can be difficult to use.

4Edward R. Tufte has had an extraordinary influence on how people present data clearly, accurately, and concisely.
This quotation is from Edward R. Tufte, Visual Explanations. Graphics Press. (1997). Used with permission. [126]

5Don’t confuse this with a graph consisting of vertices and edges! If you studied Chapter 6, you’ll recognize that in
the world of axiomatic set theory, the graph of a function is actually exactly the same as the function itself.
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Figure 8.2. Graphs of the functons (left) 𝑓(𝑥) = 𝑥 sin(1/𝑥) and (right) 𝑔(𝑥) = 𝑥2𝑦.

Similarly, if 𝑔∶ ℝ2 → ℝ is a function given by a “nice” formula then (after identi-
fyingℝ2×ℝwithℝ3) we can draw the graph of 𝑔, as on the right-hand image of Figure
8.2, where the function given by 𝑔(𝑥, 𝑦) = 𝑥2𝑦 is pictured. ♦

To seewhy the graph of a function is only rarely useful, observe that if𝑓∶ ℝ2 → ℝ2

is a function, then graph(𝑓) ⊂ ℝ2 × ℝ2, which is a four-dimensional space! Thus,
even when the domain and the codomain are the easily visualized set ℝ2, graph(𝑓) is
difficult (maybe even impossible!) to visualize. If 𝑋 and 𝑌 are sets which themselves
aren’t easy to visualize (for example,ℝ1000), then graph(𝑓) is even less useful as away of
visualizing the graph. Truthfully, even in the casewhenwehave a function𝑓∶ ℝ → ℝ,
the graph may not be very useful.

Exercise 8.13. Define 𝑓∶ ℝ → ℝ by declaring, for all 𝑥 ∈ ℝ,

𝑓(𝑥) = {1/𝑞 𝑥 = 𝑝/𝑞 where 𝑞 ∈ ℕ, 𝑝 ∈ ℤ and 𝑝/𝑞 is in lowest terms,
0 𝑥 ∉ ℚ.

Do your best to draw graph(𝑓).

Each branch of mathematics has its ownways of visualizing the functions relevant
to that branch. In what follows, we will explore just a few examples of how different
types of functions may be visualized. We should keep in mind, however, that there is
no one way to visualize a given function 𝑓∶ 𝑋 → 𝑌 and for most functions there is
either no best way to visualize it or no way to usefully visualize the function at all.

Incidentally, we note that in the context of a function 𝑓∶ ℝ → ℝ, the well-defined
condition corresponds precisely to the statement that a vertical line inℝ2 intersects the
graph of 𝑓 in a unique point. This is often called the “vertical line test” in precollegiate
mathematics.

8.2.2. Venn Diagrams. We can sometimes visualize functions similarly to how
we visualize sets using Venn diagrams as in Figure 8.3. These schematics are very use-
ful for thinking about the relationship between the domain and codomain of a function
or the relationship between different functions.
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Figure 8.3. A schematic depiction of a function 𝑓∶ 𝑋 → 𝑌
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Figure 8.4. A function with finite domain and codomain

8.2.3. Dots and arrows. If 𝑋 and 𝑌 are (small) finite sets, we can draw a dot
for each element of 𝑋 and 𝑌 and draw arrows from each 𝑥 ∈ 𝑋 to the corresponding
𝑓(𝑥) ∈ 𝑌 . For example, the function 𝑓∶ {1, 2, 3} → {𝑎, 𝑏, 𝑐, 𝑑} defined by 𝑓(1) = 𝑐 and
𝑓(2) = 𝑓(3) = 𝑏, can be visualized as in Figure 8.4.

8.2.4. Labels and lightbulbs. Suppose that 𝑓∶ 𝑋 → 𝑌 is a function. By the
definition of function, this means that every 𝑥 ∈ 𝑋 is assigned to a unique 𝑦 ∈ 𝑌 .
We can think about the elements of 𝑌 as labels on the elements of 𝑋 . Here are some
examples.

Example 8.14. Let 𝐺 = (𝑉, 𝐸) be the graph pictured on both the left and right sides
of Figure 8.5. A function 𝑓∶ 𝑉 → ℝ assigns a real number label to the vertices. The
left side of the figure depicts just such a function 𝑓∶ 𝑉 → ℕ. The right side depicts a
function 𝑔∶ 𝐸 → ℝ by thinking of real numbers as labels on edges. ♦

Example 8.15. Let 𝑆 = [−1, 1]×[−1, 1] be a solid square inℝ2, and consider a function
𝑓∶ 𝑆 → {0, 1}. To visualize 𝑓 we could, in principle, label each point of 𝑆 with either
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Figure 8.5. Both the left and right sides show a graph 𝐺 = (𝑉, 𝐸). The left depicts a
function 𝑓∶ 𝑉 → ℝ; the right depicts a function 𝑔∶ 𝐸 → ℝ.

a 0 or a 1. This however would result in something completely unreadable. Instead,
we can think of each point of 𝑆 as a light bulb. We associate the number 0 with the
bulb being off (or black), and the number 1 with the bulb being on (or white). Figure
8.6 depicts the function 𝑓∶ 𝑆 → {0, 1}, which is defined by 𝑓(𝑥, 𝑦) = 0 if and only if
(sin(2𝜋𝑥) + cos(2𝜋𝑦))2 > 1. ♦

It is also possible to visualize a function 𝑓∶ 𝑋 → 𝑌 , by labeling each element
𝑦 ∈ 𝑌 with those elements 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦. This is typically much less
useful than labeling the elements of𝑋 with the corresponding element of 𝑦 as not every
element 𝑦 ∈ 𝑌 may have an associated element 𝑥 ∈ 𝑋 , and there may be elements
𝑦 ∈ 𝑌 such that there is more than one element 𝑥 ∈ 𝑋 with 𝑓(𝑥) = 𝑦. That is, if we
label the elements of 𝑌 , some elements of 𝑌 might have no labels and somemight have
more than one label. Figure 8.9 uses this method to depict a function with domain
{1, . . . , 24} and codomain ℝ2.

Figure 8.6. A depiction of a particular function 𝑓∶ [−1, 1] × [−1, 1] → {0, 1}.
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8.2.5. Transformations. In some cases, the domain𝑋 and codomain𝑌 of a func-
tion 𝑓∶ 𝑋 → 𝑌 can be easily visualized even when the graph of 𝑓 cannot be. In this
case, we think of 𝑓 as a transformation and draw “before” and “after” pictures of the
effect of 𝑓 on a representative subset of 𝑋 .

For example, if 𝑓∶ [−2𝜋, 2𝜋] → ℝ2 is the function defined by
𝑓(𝑡) = (3𝑡 cos(𝑡), 𝑡2 sin(𝑡)/2)

for all 𝑡 ∈ [−2𝜋, 2𝜋], we can draw, as in Figure 8.7, the before picture as the line seg-
ment extending from −2𝜋 to 2𝜋 and the after picture as the set of points ℝ2 which are
in the range of 𝑓.

−2π 2π

f

Figure 8.7. A depiction of a particular function 𝑓∶ [−2𝜋, 2𝜋] → ℝ2.

As another example, if we define 𝑔∶ ℝ2 → ℝ2 by
𝑔(𝑥, 𝑦) = (1.5𝑥, (𝑥2 + 0.5)𝑦)

for all (𝑥, 𝑦) ∈ ℝ2. We can get a sense for what 𝑔 does by drawing its effect on either a
circle or a grid of lines, as in Figure 8.8.

8.3. Important functions

There is no passion like that of a functionary for his function.
—attributed to Georges Clemenceau

We now turn to some of the most important and fundamental examples of func-
tions.

8.3.1. Identity Functions. We have already seen identity functions in a few ex-
amples. Here is a general definition.

Definition 8.16. For a set 𝑋 , the identity function on 𝑋 is the function
𝑓∶ 𝑋 → 𝑋 defined by 𝑓(𝑥) = 𝑥 for all 𝑥 ∈ 𝑋 . We will sometimes denote
the identity function on 𝑋 by id𝑋 .
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g

Figure 8.8. Two ways of visualizing the effect of a particular function 𝑔∶ ℝ2 → ℝ2.
The top row shows what 𝑔 does to the unit disc; the bottom row shows what 𝑓 does to
a grid of lines.

8.3.2. Constant Functions. Constant functions aren’t very interesting, but they
are certainly useful and they almost always exist.

Definition 8.17. Suppose that 𝑋 and 𝑌 are sets. A function 𝑓∶ 𝑋 → 𝑌 is a
constant function if there exists 𝑦0 ∈ 𝑌 such that for all 𝑥 ∈ 𝑋 , 𝑓(𝑥) = 𝑦0.

Exercise 8.18. Prove that if 𝑋 and 𝑌 are sets with 𝑌 nonempty, then there exists a
constant function 𝑓∶ 𝑋 → 𝑌 . In particular, if 𝑌 ≠ ∅, then there exists a function
𝑓∶ 𝑋 → 𝑌 . On the other hand, if 𝑋 = ∅, then no matter what the set 𝑌 is, there is a
unique function 𝑓∶ 𝑋 → 𝑌 (called the empty function).

8.3.3. Coordinate functions. Suppose that 𝑋 and 𝑌 are sets. From the defini-
tion of the Cartesian product 𝑋 × 𝑌 , we know that if 𝑎 ∈ 𝑋 × 𝑌 , there exist 𝑥 ∈ 𝑋 and
𝑦 ∈ 𝑌 such that 𝑎 = (𝑥, 𝑦). We can turn this observation into a pair of functions.
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Definition 8.19. Suppose that 𝑋 and 𝑌 are sets. Then the functions
𝑝𝑋 ∶ 𝑋 × 𝑌 → 𝑋
𝑝𝑌 ∶ 𝑋 × 𝑌 → 𝑌

defined by 𝑝𝑋(𝑥, 𝑦) = 𝑥 and 𝑝𝑌 (𝑥, 𝑦) = 𝑦 for all (𝑥, 𝑦) ∈ 𝑋 × 𝑌 are called the
coordinate functions of 𝑋 × 𝑌 .

8.3.4. Sequences. As a final example, we introduce sequences. These will play
an important role in this book; indeed we have already used them implicitly several
times. We will explore their properties more fully in Chapter 11.

Definition 8.20. Suppose that 𝑋 is a set. An infinite sequence in 𝑋 is a func-
tion 𝑠 ∶ ℕ → 𝑋 . A finite sequence in 𝑋 is a function 𝑠 ∶ {1, . . . , 𝑛} → 𝑋 for
some 𝑛 ∈ ℕ. If 𝑠 is a sequence (finite or infinite) in 𝑋 , we will often write 𝑠𝑛
in place of 𝑠(𝑛). Since sequences are completely defined by their terms, if we
know the terms 𝑠𝑛 of a sequence, we will often dispense with assigning another
name (for example 𝑠) to the sequence and simply call the sequence (𝑠𝑛). The
word sequence will, in this book, always mean an infinite sequence.

Example 8.21. Let 𝑠 ∶ ℕ → ℝ be defined by 𝑠(𝑛) = √𝑛. Then 𝑠1 = 1, 𝑠2 = √2,
𝑠3 = √3, 𝑠4 = 2, etc., and 𝑠 = (𝑠𝑛) is an example of a sequence in ℝ. ♦

Example 8.22. The sequence (1/𝑛) in ℝ has terms

1, 1/2, 1/3, 1/4, 1/5, . . . . ♦

Many mathematicians adopt the convention that the domain of a sequence is
ℕ∗ = ℕ ∪ {0} rather than just ℕ. Upon occasion in this text we will also have occa-
sion to consider the initial term of a sequence (𝑥𝑛) to be 𝑥0. If needed, we can indicate
the starting and ending term of a sequence using superscripts and subscripts:

(𝑥𝑘)𝑛𝑘=0 = 𝑥0, 𝑥1, . . . , 𝑥𝑛.

We can sometimes visualize sequences by numbering the points in the range of
the sequence, as in Figure 8.9, which depicts a sequence (𝑥𝑘)24𝑘=1. Observe that in the
figure, some points (namely 𝑥15 and 𝑥20) of ℝ2 are given more than one label. This is
because this particular function 𝑥∶ {1, . . . , 24} → ℝ2 happens to have the property that
𝑥(15) = 𝑥(20).

Warning 8.3.1. If (𝑥𝑘) is a sequence in a set 𝑋 , we must maintain a distinction
between a term 𝑥𝑘 of the sequence (this is an element of 𝑋), the location of the
term in the sequence (the index 𝑘), and the sequence itself (denoted (𝑥𝑘)).
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Figure 8.9. A finite sequence (𝑥𝑘)24𝑘=1 in ℝ2

8.4. Extended examples

No one can be convinced by a proof which is not understood, and to learn
up a mathematical proof which has not convinced us adds nothing to our
knowledge of mathematics. Indeed, no teacher will be satisfied with im-
parting a chain of formulae connected by formal operations as constituting
a mathematical proof, and no student of mathematics should be satisfied
with memorizing such sequences.

—Michael Polanyi6

Before proceedingwith our study of functions, we consider two extended examples
of sequences. The first concerns particular types of sequences in graphs and the second
sequences in a circle. The first helps us see howwemay visualize a sequence as away of
moving around in a space and the second helps us see howwemay visualize a sequence
as the result of repetitively applying a transformation.

8.4.1. Paths in graphs. Finite sequences (in this case, functions with domain
{0, . . . , 𝑛} for some 𝑛) play an especially important role in graph theory as they give us
a way of discussing paths in graphs. In this section, we introduce the terminology and
discuss what it means for a graph to be connected. In future sections we will explore
this idea more. We begin with an example.

6Usedwith permission of Routledge andUniversity of Chicago Press, fromPersonal Knowledge: Towards a post-critical
philosophy, Michael Polanyi ©1973; permission conveyed through Copyright Clearance Center, Inc. and by University of
Chicago Press. [102]
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Figure 8.10. The finite sequence 𝑎, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑏 is a path from 𝑎 to 𝑏 of length 6.

Example 8.23. Consider Figure 8.10. The arrows along the edges of the graph give a
way of moving along edges through the graph from vertex 𝑎 to vertex 𝑏. To specify our
route, we can list all the vertices we pass through:

𝑎, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑏.

The vertex 𝑣3 is the same as the vertex 𝑣5, so there are vertices that appear more than
once in the list. ♦

Definition 8.24 (Paths in graphs). Suppose that 𝐺 = (𝑉, 𝐸) is a graph such
that there is at most one edge between any two vertices. A path in 𝐺 is a finite
sequence

𝛼 = 𝑣0, 𝑣1, . . . , 𝑣𝑛
for some 𝑛 ∈ ℕ∗ such that the following conditions hold.

• Each 𝑣𝑖 (for 𝑖 ∈ {0, . . . , 𝑛}) is a vertex of 𝐺.
• For all 𝑖 ∈ {0, . . . , 𝑛 − 1}, the vertices 𝑣𝑖 and 𝑣𝑖+1 are the endpoints of an
edge in 𝐺.

The number 𝑛 is the length of 𝛼. If 𝑒 is an edge of 𝐺 such that there exists
𝑖 ∈ {0, . . . , 𝑛− 1}with the endpoints of 𝑒 equal to 𝑣𝑖 and 𝑣𝑖+1, then we say that 𝑒
is traversed by 𝛼. If 𝑎 and 𝑏 are vertices of 𝐺 such that 𝑣0 = 𝑎 and 𝑣𝑛 = 𝑏, we
say that 𝛼 is a path from 𝑎 to 𝑏. If 𝑣𝑛 = 𝑣0, we say that 𝛼 is closed. See Figure
8.10 for an example.
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Warning 8.4.1. Be sure to take the time to see how the picture of a path relates
to the formal definition of a path. What aspects of the formal definition does
the picture capture? What aspects doesn’t it capture? Can you draw a different
picture that captures those aspects missing from Figure 8.10?

Theorem 8.25. Let𝐺 = (𝑉, 𝐸) be a graph. Define a relation∼ on𝑉 by declaring
𝑎 ∼ 𝑏 if and only if there is a path from 𝑎 to 𝑏. Then ∼ is an equivalence relation
on 𝑉 .

By Theorem 7.42, the equivalence classes of 𝑉 under ∼ are a partition of 𝑉 . Sup-
pose that 𝑣 ∈ 𝑉 and that [𝑣] = {𝑤 ∈ 𝑉 ∶ 𝑣 ∼ 𝑤} is its equivalence class. The set [𝑣]
consists of all the vertices of 𝐺 such that there is a path in 𝐺 from 𝑣 to that vertex. We
can form a new graph by taking the vertex set to be [𝑣] and the edge set to be all those
edges in 𝐸 such that both endpoints of the edge lie in [𝑣]. The graph we get is called a
connected component of 𝐺. A nonempty graph 𝐺 is connected if it has exactly one
connected component. A graph is disconnected if it is not connected.

Exercise 8.26. What are the connected components of the graph in Figure 8.10?

We can distill the terminology to discuss graphs that are all of one piece:

Definition 8.27. A nonempty graph 𝐺 is connected if and only if for any two
vertices 𝑣 and 𝑤, there is a path in 𝐺 from 𝑣 to 𝑤.

If 𝑒 is an edge of a graph 𝐺 = (𝑉, 𝐸), we let 𝐺 ⧵ 𝑒 denote the graph (𝑉, 𝐸 ⧵ {𝑒})
obtained by removing the edge 𝑒 from 𝐺, but leaving its endpoints. This is an example
of abuse of notation since, technically, 𝑒 is not a subset of 𝐺 and so we shouldn’t write
𝐺 ⧵ 𝑒. See Figure 8.11.

Figure 8.11. Removing the red edge from the graph on the left produces the graph on the right.
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We conclude with two challenging theorems for you to prove. You may use the
following fact, which is a consequence of the well-ordering principle (Theorem 9.36).

Fact: If 𝐺 is a graph and there is a path in 𝐺 from a vertex 𝑎 to a vertex 𝑏, then
there is a shortest path from 𝑎 to 𝑏. That is, there exists a path 𝛼 in 𝐺 from 𝑎 to 𝑏 such
that if 𝛽 is any path in 𝐺 from 𝑎 to 𝑏, then the length of 𝛽 is at least the length of 𝛼.

The fact should seem plausible since path lengths are always nonnegative integers,
and if there were always a shorter path than whatever path we considered, eventually
we’d be considering a path with negative length, which is impossible. We can prove
it when it appears subsequently as in Theorem 9.44. Use it to prove the following im-
portant results from graph theory. The main point is to show that taking an edge away
from a connected graph results in a graph with at most two connected components.

Theorem 8.28. Suppose that 𝐺 is a connected graph.
(1) Suppose 𝛼 = 𝑣0, 𝑣1, . . . , 𝑣𝑛 is a shortest path in 𝐺 from 𝑎 to 𝑏. If 𝑣𝑖 = 𝑣𝑗 ,

then 𝑖 = 𝑗. (That is, 𝛼 has no repeated vertices.)
(2) Suppose that 𝑒 is an edge of 𝐺 and that ends(𝑒) = {𝑣, 𝑤}. Let 𝑎 be any

vertex of 𝐺. Let 𝛼 be a path in 𝐺 from 𝑎 to either 𝑣 or 𝑤 such that no path
in 𝐺 from 𝑎 to either 𝑣 or 𝑤 is shorter. Then 𝛼 does not traverse 𝑒. That is,
letting 𝛼 = 𝑣0, 𝑣1, . . . , 𝑣𝑛, there does not exist 𝑖 ∈ {0, . . . , 𝑛 − 1} such that
{𝑣𝑖, 𝑣𝑖+1} = {𝑣, 𝑤}.

(3) Suppose that 𝑒 is an edge of 𝐺. Then 𝐺 ⧵ 𝑒 has at most two connected com-
ponents.

A cycle in a graph 𝐺 is a closed path of positive length such that no edge of 𝐺 is
traversed more than once. A nonempty connected graph without a cycle is called a
tree. Trees are important tools for organizing information throughout mathematics
and computer science. The next theorem gives a characterization of trees. Its contra-
positive shows that a nonempty connected graph 𝐺 is a tree if and only if every edge
separates 𝐺 into two pieces.

Theorem8.29. Let𝐺 = (𝑉, 𝐸) be anonempty connected graph. Then there exists
a cycle in 𝐺 if and only if there exists an edge 𝑒 in 𝐺 such that 𝐺 ⧵ 𝑒 is connected.

8.4.2. Rotations of a circle. In this subsection, we consider an extended exam-
ple of a sequence in the unit circle 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥2 + 𝑦2 = 1}. We will explore
other aspects of this example in Section 11.5.

Choose some angle 𝜃 ∈ ℝ and let 𝑥0 = (1, 0) ∈ ℝ2. Create a sequence, by declar-
ing, for each 𝑛 ∈ ℕ, the point 𝑥𝑛 ∈ 𝑆1 to be the point obtained by rotating 𝑥0 counter-
clockwise by an angle of 𝑛𝜃. See Figure 8.12.

Changing the angle 𝜃 or changing the initial point 𝑥0 will give us a different se-
quence in 𝑆1. Typically, it is much more interesting to think about the effect of 𝜃 on
the sequence than the effect of initial point, since two sequences given by the same an-
gle but different initial points can be obtained from each other by applying a rotation
of the circle.
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Figure 8.12. The first nine points 𝑥1, . . . , 𝑥9 of a sequence in the unit circle, together
with the point 𝑥0.

Exercise 8.30.

(1) Find all angles 𝜃 ∈ ℝ such that (𝑥𝑛) is a constant sequence.
(2) Find an angle 𝜃 such that the sequence (𝑥𝑛) has exactly four distinct terms.

Considering the effect of 𝜃 on raises some questions:
• Is there an angle 𝜃 for which the sequence (𝑥𝑛) is periodic (that is, there is some
𝑁 ∈ ℕ such that for all 𝑚 ∈ ℕ, 𝑥𝑁+𝑚 = 𝑥𝑚?) What can you say about such
angles?

• Is there an angle 𝜃 for which the sequence (𝑥𝑛) has no repetitions?
• Is there an angle 𝜃 for which the sequence (𝑥𝑛) contains every point on the unit
circle? (I.e., is there an angle such that range (𝑥𝑛) = 𝑆1?)

• Is there an angle 𝜃 for which the sequence (𝑥𝑛) contains points arbitrarily close
to 𝑥0 but does not contain 𝑥0?
We will answer all of these questions over the remainder of the book. You can,

however, prove the next theorem now.7

Theorem 8.31. Let 𝜃 ∈ [0, 2𝜋), and let (𝑥𝑛) be the sequence where, for all 𝑛 ∈ ℕ,
𝑥𝑛 is the result of rotating 𝑥0 = (1, 0) by the angle 𝑛𝜃. Prove that the following
two statements are equivalent.
(1) There exist 𝑛,𝑚 ∈ ℕ ∪ {0} such that 𝑛 ≠ 𝑚 and 𝑥𝑛 = 𝑥𝑚.
(2) There exists 𝑟 ∈ ℚ such that 𝜃 = 𝑟𝜋.

7In fact, it appeared previously as Exercise (8) in Section 4.8.
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8.5. Combining and adapting functions

The acquisition of knowledge causes us to approach truth when it is a ques-
tion of knowledge about something we love . . .Truth is the radiant manifes-
tation of reality . . .To desire contact with a piece of reality is to love.

—Simone Weil8

Whenever we encounter a new mathematical object we should always ask, How
can we combine them or modify them to get more? With functions, two of the most
commonmodifications are to change the domain or codomain or to compose two func-
tions to create a third function.

8.5.1. Restricting domains and codomains. Althoughwe insist on specifying
the domain and codomain for a function 𝑓∶ 𝑋 → 𝑌 , there are times when we want to
vary them without changing what 𝑓 does to the elements we care about most.

Definition 8.32 (Restricted functions). Suppose that 𝑓∶ 𝑋 → 𝑌 is a function
and that 𝐴 ⊂ 𝑋 and that 𝐵 ⊂ 𝑌 such that range 𝑓 ⊂ 𝐵. Then:

• the function 𝑓|𝐴 ∶ 𝐴 → 𝑌 defined by 𝑓|𝐴(𝑎) = 𝑓(𝑎) for all 𝑎 ∈ 𝐴 is said
to be the restriction of 𝑓 to 𝐴; and

• the function𝑓∶ 𝑋 → 𝐵 is said to be obtained from𝑓∶ 𝑋 → 𝑌 by restrict-
ing the codomain to 𝐵. (Note that we still call the function 𝑓—which
might be confusing!)

Example 8.33. Let 𝑓∶ ℝ → ℝ be defined by

𝑓(𝑥) =
⎧
⎨
⎩

−𝑥 𝑥 ≤ −1,
0 𝑥 ∈ (−1, 1),
𝑥 𝑥 ≥ 1.

Then the restriction of 𝑓 to (−1, 1) is the function 𝑓|(−1,1) ∶ (−1, 1) → ℝ defined by
𝑓|(−1,1)(𝑥) = 0 for all 𝑥 ∈ (−1, 1). ♦

Example 8.34. Let 𝑓∶ ℝ2 → ℝ be the function defined by 𝑓(𝑥, 𝑦) = 𝑥2 − 𝑦2 for all
(𝑥, 𝑦) ∈ ℝ2. Let 𝐷 = {(𝑥, 𝑦) ∶ |𝑥| + |𝑦| ≤ 1} be the diamond of radius 1 centered at the
origin. Then the function

𝑓|𝐷 ∶ 𝐷 → ℝ
is defined by 𝑓|𝐷(𝑥, 𝑦) = 𝑥2 − 𝑦2 for all (𝑥, 𝑦) ∈ 𝐷. Even though 𝑓|𝐷 and 𝑓 are given
by the same formula, they are different functions since their domains differ. ♦

Example 8.35. Let𝑓∶ ℝ → ℝ be defined by𝑓(𝑥) = arctan(𝑥). Recall that range (𝑓) =
(−𝜋/2, 𝜋/2). The function

𝑓∶ ℝ → (−𝜋/2, 𝜋/2)
is obtained from 𝑓∶ ℝ → ℝ by restricting the codomain. Observe that it is still a
function as it satisfies the domain and well-defined conditions. The two functions

8From The Need for Roots, Simone Weil, Transl. Arthur Wills, p. 253 ©1952 by Rutledge Classics. Reproduced by
permission of Taylor & Francis Group. [135]
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𝑓∶ ℝ→ℝ and 𝑓∶ ℝ→ (−𝜋/2, 𝜋/2) are not equal since they have different codomains.
However, they are given by the same formula and we denote them both by 𝑓. If the
distinction between them is important, we would do better to introduce new notation.
For instance, we could say, Let 𝑔∶ ℝ → (−𝜋/2, 𝜋/2) be the function obtained from 𝑓
by restricting the codomain to the interval (−𝜋/2, 𝜋/2). ♦

Example 8.36. Let 𝑓∶ ℝ → ℝ be the function defined by 𝑓(𝑥) = 𝑥3 for every 𝑥 ∈ ℝ.
Then the relation

𝑓∶ ℝ → [−1, 1],

obtained by restricting the codomain to the interval [−1, 1], is not a function since the
domain condition is not satisfied. However,

𝑓|[−1,1] ∶ [−1, 1] → [−1, 1],

obtained by restricting both the domain and the codomain, is a function. ♦

8.5.2. Composing functions. We can also compose functions. You have seen
this before in the context of functions with domain and codomain equal to ℝ (or ℝ𝑛).
We give a general definition.

Definition 8.37 (Composition of functions). Suppose that 𝑓∶ 𝑋 → 𝑌 and
𝑔∶ 𝑌 → 𝑍 are functions. Then 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 defined, for all 𝑥 ∈ 𝑋 , by

𝑔 ∘ 𝑓(𝑥) = 𝑔(𝑓(𝑥))
is called the composition of 𝑔 and 𝑓.

Observe that function composition is read from right to left. That is, the function
on the right is the one that is applied first. Some mathematicians prefer to write func-
tion composition from left to right, but those authors, to be consistent, also write (𝑥)𝑓
rather than 𝑓(𝑥).

Example 8.38. Define 𝑓∶ ℝ2 → ℝ by 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦 for all (𝑥, 𝑦) ∈ ℝ2. Define
𝑔∶ ℝ → ℝ by 𝑔(𝑥) = cos(𝑥). Then

𝑔 ∘ 𝑓 ∶ ℝ2 → ℝ

is given by the formula
𝑔 ∘ 𝑓(𝑥, 𝑦) = cos(𝑥2 + 𝑦)

for all (𝑥, 𝑦) ∈ ℝ2. ♦

Example 8.39. Consider the following symmetries ofℝ2. Let 𝑇 ∶ ℝ2 → ℝ2 be a coun-
terclockwise rotation by an angle of 𝜋/2 radians. Let 𝑆 ∶ ℝ2 → ℝ2 be reflection across
the 𝑥-axis. We can visualize the effects of 𝑆 and 𝑇 on ℝ2 by looking at their effect on a
square centered at the origin with labels on its corners. See Figure 8.13. Observe that
𝑆 ∘ 𝑇 is a reflection of ℝ2 across the line 𝑦 = 𝑥, while 𝑇 ∘ 𝑆 is a reflection of ℝ2 across
the line 𝑦 = −𝑥. ♦
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Figure 8.13. Two compositions of symmetries of ℝ2.

The next theorem9 guarantees that function composition is associative.

Theorem 8.40. The following hold for all sets𝑋, 𝑌, 𝑍 and all functions 𝑓∶ 𝑋 →
𝑌 , 𝑔∶ 𝑌 → 𝑍, and ℎ∶ 𝑍 → 𝑊 :

• 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 is a function,
• 𝑓 ∘ id𝑋 = 𝑓,
• id𝑌 ∘𝑓 = 𝑓,
• (ℎ ∘ 𝑔) ∘ 𝑓 = ℎ ∘ (𝑔 ∘ 𝑓).

Several times in the proof of the theorem we need to show that two functions are
equal. Recall from Section 8.1 how to do this.

Proof. Claim 1: 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 is a function.
For each 𝑥 ∈ 𝑋 , there is a unique element 𝑦 ∈ 𝑌 such that 𝑓(𝑥) = 𝑦, since 𝑓 is

a function. Similarly, since 𝑔 is a function, there is a unique element 𝑧 ∈ 𝑍 such that
𝑔(𝑦) = 𝑧. Consequently, for each element 𝑥 ∈ 𝑋 , there is a unique element 𝑧 ∈ 𝑍 such
that 𝑔(𝑓(𝑥)) = 𝑧. Thus, 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 is a function.

Claim 2: 𝑓 ∘ id𝑋 = 𝑓 and id𝑌 ∘𝑓 = 𝑓.

⟨ Prove these statements. ⟩

Claim 3: (ℎ ∘ 𝑔) ∘ 𝑓 = ℎ ∘ (𝑔 ∘ 𝑓).

⟨ Prove this statement. ⟩ □

The relationship between various functions is often pictured using diagrams (the
names of sets connected by arrows representing the functions). Here is a typical exam-
ple. Suppose that 𝑓∶ 𝑋 → 𝑌 , 𝑔∶ 𝑌 → 𝑍, and ℎ∶ 𝑋 → 𝑍 are functions. If ℎ = 𝑔 ∘ 𝑓,

9In the formalization of set theory known as ETCS (see Chapter 6) this is taken as an axiom, and many properties of
sets are deduced on the basis of it.
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then the diagram

𝑋 𝑌

𝑍

𝑓

𝑔ℎ

is said to be commutative.
When there are more than three functions in play, we extend the definition of

“commutative diagram” so that any two paths (i.e., sequences of function composi-
tions) in the diagram that have the same start and end and which follow arrows pro-
duce equal functions.

Exercise 8.41 (Noncommutativity of composition). Where does the name “commu-
tative diagram” come from? It comes from the fact that function composition is, in
general, not commutative.
(1) Give examples of a set 𝑋 and functions 𝑓∶ 𝑋 → 𝑋 and 𝑔∶ 𝑋 → 𝑋 such that

𝑓 ∘ 𝑔 = 𝑔 ∘ 𝑓 (composition is sometimes commutative).
(2) Give examples of a set 𝑋 and functions 𝑓∶ 𝑋 → 𝑋 , 𝑔∶ 𝑋 → 𝑋 such that 𝑓 ∘ 𝑔 ≠

𝑔 ∘ 𝑓 (composition need not be commutative).
(3) Explain the connection between (1) and (2) and the statement that the following

diagram is commutative if and only if 𝑔 ∘ 𝑓 = 𝑘 ∘ ℎ.

𝑋 𝑌

𝑊𝑍

𝑓

𝑔ℎ

𝑘

8.6. Being well defined

One thing that topologists have learned in developing Topology is that it al-
most always pays to convert things into functions or mappings.

—Daniel Henry Gottlieb10

The practice of specifying functions via formulas is so engrained in the mathe-
matical practice of both mathematicians and nonmathematicians that a strange lo-
cution has developed. It applies when we talk about functions given by formulas in
such a way that it is not immediately clear that the formula actually defines a function
in the sense of Definition 8.1. The way it works is this: The writer (or speaker) will
give a definition of something purported to be a function and will then claim that it is

10The quotation is from “All the Way with Gauss-Bonnet”, Amer. Math. Monthly (1996). ©Mathematical Association
of America, 2023. All rights reserved. Used with permission. [52]
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well defined. What this means is that the purported function is actually a function in
the sense of Definition 8.1. Mostly this is an issue when elements of the domain can be
represented in more than one way and the definition of the purported function relies
on a particular representation. The well-defined condition ensures that we will always
get the same answer for the same input; there is consistency in the computation. Here
are some examples.

Example 8.42. Define 𝑓∶ ℝ → ℝ as follows. For each 𝑥 ∈ ℝ, let 𝑓(𝑥) be equal to
𝑥 + 𝑏, where 𝑏 ∈ {0, 1} is determined by flipping a coin (say “heads” = 0 and “tails” =
1). Then 𝑓 is not well defined, since 𝑓(0) will not be consistent; it may change when
we recompute 𝑓(0). ♦

Here is a slightly more sophisticated version of the previous example.

Example 8.43. Some computer code contains lines that the programmer considers a
function, but the lines rely on a random number generator to do a computation. Thus,
although the programmer considers it a function in her context, it is not a mathemat-
ical function since running the code multiple times on the same input may generate
different answers. ♦

Example 8.44. Define 𝑓∶ ℚ → ℤ by

𝑓(𝑎𝑏 ) = 𝑎

for all 𝑎/𝑏 ∈ ℚ.
Then 𝑓 is not well defined. (In other words, 𝑓 is not a function.) To see this con-

sider the number 1/2 = 3/6 ∈ ℚ. By the definition of 𝑓 we have
1
2 = 3

6 but
𝑓( 12 ) = 1 ≠ 3 = 𝑓( 36 )

Thus, 𝑓 is not well defined and so is not a function. ♦

Example 8.45. Define 𝑓∶ [0, 1) → ℝ as follows. For each 𝑟 ∈ ℝ, write 𝑟 in decimal
form as 𝑟 = .𝑟1𝑟2𝑟3 . . . where each 𝑟𝑖 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Let

𝑓(𝑟) = 𝑟1.

Then 𝑓 is not well defined since .199 = .200 but 𝑓(.199) = 1 and 𝑓(.200) = 2. ♦

Sometimes there is a way to rectify the ambiguity. Here is how we might fix the
previous two examples.

Example 8.46. Define 𝑓∶ ℚ → ℤ as follows. For each 𝑟 ∈ ℚ, write 𝑟 = 𝑎/𝑏 so that
𝑏 ∈ ℕ and so that𝑎 and 𝑏have no common factors other than±1. Then define𝑓(𝑟) = 𝑎.
Since (by Theorem 9.41) each element of ℚ has a unique representation as a fraction
in lowest terms with positive denominator, 𝑓 is well defined. That is, 𝑓∶ ℚ → ℤ is a
function. ♦

Example 8.47. Define 𝑓∶ [0, 1) → ℝ as follows. For each 𝑟 ∈ ℝ, write 𝑟 in decimal
form as 𝑟 = .𝑟1𝑟2𝑟3 . . . where each 𝑟𝑖 is one of the digits {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. If there
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is a choice of decimal representations, we will always choose the representation that
ends in all zeros. Let

𝑓(𝑟) = 𝑟1.
Then 𝑓 is well defined since we have stated precisely how to deal with numbers that
have more than one decimal representation. ♦

Exercise 8.48. Let 𝑓∶ ℤ → ℤ be defined by the predicate 𝑓(𝑛) = |𝑛| for each 𝑛 ∈ ℤ.
Let 𝑔∶ ℤ → ℤ be the predicate such that 𝑛 = 𝑔(𝑚) if and only if 𝑓(𝑛) = 𝑚. For
example, −2 = 𝑔(2), since 𝑓(−2) = 2. Explain why 𝑔 is not well defined, and explain
possible ways of modifying the definition so that it is well defined.

When working with functions defined on quotient sets (see Chapter 7), the issue
of a function being well defined is particularly important.

Example 8.49. Let ≡5 be the equivalence relation on ℤ defined by 𝑥 ≡5 𝑦 if and only
if 𝑥 − 𝑦 ∈ 5ℤ. Let ℤ/5ℤ be the quotient set. Define

𝑓∶ ℤ/5ℤ → ℤ/5ℤ
by letting

𝑓([𝑥]) = [3𝑥]
for all [𝑥] ∈ ℤ/5ℤ. We claim that𝑓 is awell-defined function. Weneed to do somework
to establish this claim, since a particular element in ℤ/5ℤ is equal to an equivalence
class [𝑥] for many different 𝑥 ∈ ℤ. Furthermore, it appears as though our definition of
𝑓 depends on the particular 𝑥 ∈ ℤ we choose.

To see that 𝑓 is well defined, suppose that [𝑎] = [𝑏]. By Theorem 7.32, we know
that 𝑎 ≡5 𝑏. By the definition of the equivalence relation, there exists 𝑘 ∈ ℤ such that
𝑎 − 𝑏 = 5𝑘. Thus,

3𝑎 − 3𝑏 = 5(3𝑘).
Hence, 3𝑎 ≡5 3𝑏. Therefore, by Theorem 7.32, [3𝑎] = [3𝑏]. Hence, 𝑓([𝑎]) = 𝑓([𝑏]), as
desired. ♦

Example 8.50. Let ≡5 be the equivalence relation on ℤ defined by 𝑥 ≡5 𝑦 if and only
if 𝑥 − 𝑦 ∈ 5ℤ, and let ℤ/5ℤ be the quotient set. Define

𝑓∶ ℤ/5ℤ → ℤ/5ℤ
by 𝑓([𝑛]) = [2𝑛]. We claim that 𝑓 is not well defined. To see this, observe that 𝑓([0]) =
[20] = [1] and

𝑓([5]) = [25] = [32] = [2].
Since [0] = [5] but [1] ≠ [2], the function 𝑓 is not well defined. ♦

Example 8.51. If 𝑎, 𝑏 ∈ ℤ with 𝑏 ≠ 0, let 𝑎||𝑏 be the integer part of the real number
𝑎/𝑏. For example, 3||2 = 1. Let≡10 be the equivalence relation onℤ defined by 𝑥 ≡10 𝑦
if and only if 𝑥 − 𝑦 ∈ 10ℤ. Define 𝑓∶ ℤ/10ℤ → ℤ/10ℤ by

𝑓([𝑥]) = [𝑥||2].

To show that 𝑓 is not well defined, we must find [𝑎], [𝑏] ∈ ℤ/10ℤ such that [𝑎] =
[𝑏] but 𝑓([𝑎]) ≠ 𝑓([𝑏]).
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Observe that 0||2 = 0 and 10||2 = 5. Thus,
𝑓([0]) = [0] and
𝑓([10]) = [5].

Recall that [0] ≠ [5], since 0 ≢10 5. However, [0] = [10], since 0 ≡10 10. Since the same
input produces two different outputs, our function is not well defined (and, hence, is
not a function). ♦

Exercise 8.52. Let ≡ be the equivalence relation on ℤ defined by declaring 𝑥 ≡ 𝑦 if
and only if 𝑥 − 𝑦 ∈ 27ℤ. We can define multiplication by 3 on ℤ/ ≡ by letting

𝑓([𝑥]) = [3𝑥]
for every [𝑥] ∈ ℤ/ ≡. As in Example 8.49, 𝑓 is well defined. What happens if we try to
define division by 3? Recall that for real numbers, we say that 𝑥 ÷ 3 = 𝑦 if and only if
3 ⋅ 𝑦 = 𝑥. Inspired by that, let 𝑔∶ ℤ/ ≡→ ℤ/ ≡ be defined by declaring 𝑔([𝑥]) = [𝑦]
if and only if [3𝑦] = [𝑥]. Show that 𝑔 satisfies neither the domain condition nor the
well-defined condition for being a function. Thus, we cannot define division by 3 for
the quotient set ℤ/ ≡.
Exercise 8.53. Determine if the following definitions of 𝑓 give well-defined functions.
(1) Define ≡15 on ℤ by declaring 𝑥 ≡15 𝑦 if and only if 𝑥 − 𝑦 ∈ 15ℤ. Consider

𝑓∶ ℤ/15ℤ → ℤ/15ℤ defined by the predicate 𝑓([𝑥]) = [𝑥2 + 1].
(2) Define ≡13 on ℤ by declaring 𝑥 ≡13 𝑦 if and only if 𝑥 − 𝑦 ∈ 13ℤ. Consider

𝑓∶ ℤ/13ℤ → ℤ/13ℤ. For [𝑥] ∈ ℤ/13ℤ, declare 𝑓([𝑥]) = [𝑦] if and only if [2𝑦] =
[𝑥].

(3) Define ≡15 on ℤ by declaring 𝑥 ≡15 𝑦 if and only if 𝑥 − 𝑦 ∈ 15ℤ. Consider
𝑓∶ ℤ/15ℤ → ℤ/15ℤ defined by the predicate let 𝑓([𝑥]) = [𝑦] if and only if
[5𝑦] = [𝑥].

(4) Let 𝑋 = [0, 1] ⊂ ℝ. Define ∼ on 𝑋 by declaring 𝑥 ∼ 𝑦 if and only if either 𝑥 = 𝑦
or {𝑥, 𝑦} = {0, 1}. Define 𝑓∶ 𝑋/ ∼ → ℝ by the predicate 𝑓([𝑥]) = sin(2𝜋𝑥).

(5) Let 𝑋 = [0, 1] ⊂ ℝ. Define ∼ on 𝑋 by declaring 𝑥 ∼ 𝑦 if and only if either 𝑥 = 𝑦
or {𝑥, 𝑦} = {0, 1}. Define 𝑓∶ 𝑋/ ∼ → ℝ by the predicate 𝑓([𝑥]) = sin(𝑥).

8.7. Properties of functions

I was clothed with armour of proof
—John Bunyan11

As we will see in Chapter 9, if 𝑋 and 𝑌 are sets with 𝑛 and 𝑚 elements, respec-
tively, then there are 𝑚𝑛 functions 𝑋 → 𝑌 . If 𝑋 or 𝑌 is infinite, there are even more!
Most of these functions, however, don’t capturemuch of interest about the relationship
between 𝑋 and 𝑌 or whatever properties they have. For example, if 𝑦0 ∈ 𝑌 , then no
matter what the set 𝑋 is, there is always the constant function defined by 𝑓(𝑥) = 𝑦0 for
all 𝑥 ∈ 𝑋 . Such a function (by itself) tells us nothing useful about 𝑋 or 𝑌 (except that

11John Bunyan (1628–1688) is the author of the allegory The Pilgrim’s Progress, from which this quote is taken. In
context, the word “proof” means strength.
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𝑌 ≠ ∅). We will often want to only consider useful functions, but what that means de-
pends on the context. In this section, we introduce terminology (much of which should
be familiar from precalculus) which will allow us to specify what counts as “useful” in
particular circumstances.

8.7.1. Injective/surjective/bijective. Two important properties that a function
may or may not have are the properties of being injective (also known as one-to-one)
and surjective (also known as onto).12

Definition 8.54 (Injective/surjective/bijective). Suppose that 𝑓∶ 𝑋 → 𝑌 is a
function. It is:

• injective (or one-to-one) if for all 𝑎, 𝑏 ∈ 𝑋 , if 𝑓(𝑎) = 𝑓(𝑏), then 𝑎 = 𝑏.
• surjective (or onto) if for every 𝑦 ∈ 𝑌 , there exists 𝑥 ∈ 𝑋 such that
𝑓(𝑥) = 𝑦.

• bijective if 𝑓∶ 𝑋 → 𝑌 is both injective and surjective.
If 𝑓∶ 𝑋 → 𝑌 is injective, we will often write 𝑓∶ 𝑋 ↪ 𝑌 . If 𝑓∶ 𝑋 → 𝑌 is sur-
jective, we will often write 𝑓∶ 𝑋 ↠ 𝑌 . To denote a bijection 𝑓∶ 𝑋 → 𝑌 , we
could combine the symbols↪ and↠ anduse↪→. We call injective functions in-
jections; surjective functions surjections, and bijective functions bijections.

Some people use the term “one-to-one correspondence” to mean “bijective”, but
this is easily confused with “one-to-one” and so we will avoid it.

For 𝑓∶ 𝑋 → 𝑌 to be a function, it must have the property that, for all 𝑎, 𝑏 ∈ 𝑋 ,
if 𝑎 = 𝑏, then 𝑓(𝑎) = 𝑓(𝑏). To be injective, it must have the property that, for all
𝑎, 𝑏 ∈ 𝑋 , if 𝑓(𝑎) = 𝑓(𝑏), then 𝑎 = 𝑏. That the property of having a unique output for
each input and the property of being injective are converses is no accident—we’ll see
why when we discuss inverse functions!

Here are equivalent formulations of the three terms. Observe that surjectivity is
related to a claim about existence and injectivity is related to a claim about uniqueness.

Theorem 8.55 (Equivalent formulations). Suppose that 𝑓∶ 𝑋 → 𝑌 is a func-
tion. Then:
(1) 𝑓∶ 𝑋 → 𝑌 is injective if and only if for every 𝑦 ∈ 𝑌 there is at most one

𝑥 ∈ 𝑋 with 𝑓(𝑥) = 𝑦.
(2) 𝑓∶ 𝑋 → 𝑌 is surjective if and only if range 𝑓 = 𝑌 .
(3) 𝑓∶ 𝑋 → 𝑌 is surjective if and only if for every 𝑦 ∈ 𝑌 there is at least one

𝑥 ∈ 𝑋 with 𝑓(𝑥) = 𝑦.
(4) 𝑓∶ 𝑋 → 𝑌 is bijective if and only if for every 𝑦 ∈ 𝑌 there is a unique 𝑥 ∈ 𝑋

with 𝑓(𝑥) = 𝑦.

12Some people think “injective” and “surjective” sound snooty, but “one-to-one” is too easy to confuse with “one-to-
one correspondence”. Injective also has the sense that we are putting one set inside another set. Using “injective” and “onto”
together would be just horrendous. Comments in [94] indicate that the widespread adoption of “injective” and “surjective”
in the mathematical community was relatively recent.
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It is often the case in mathematics that there are two (or more) possible formula-
tions of a concept. One of the formulations is easy to use in proofs, while the other
formulation produces good intuition about what the concept is capturing. Definition
8.54 above is the formulation that is easy to use in proofs, while Theorem 8.55 conveys
the essence of the ideas.

Example 8.56. Figure 8.14 shows four examples of functions froma set of fishermen to
a set of fish. They show various combinations of being injective (or not) and surjective
(or not). Be sure you look at each and say why each is or is not an injection, etc. ♦

(a) Neither injective nor surjective. (b) Surjective, but not injective.

(c) Injective, but not surjective. (d) Bijective

Figure 8.14. Four examples of functions from a set of fishermen to a set of fish.

Example 8.57. Prove that the function 𝑓∶ [0,∞) → ℝ defined by 𝑓(𝑥) = 1
𝑥2+1 is

injective. ♦

Proof. Assume that 𝑎, 𝑏 ∈ [0,∞) and that 𝑓(𝑎) = 𝑓(𝑏). We will show that 𝑎 = 𝑏.
Since 𝑓(𝑎) = 𝑓(𝑏), by the definition of 𝑓, we have

1
𝑎2 + 1 =

1
𝑏2 + 1.

Algebra then shows that
𝑎2 = 𝑏2.
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Thus,

(𝑎 − 𝑏)(𝑎 + 𝑏) = 0.

Since the product of two real numbers is 0 if and only if one of them is 0, either 𝑎 = 𝑏
or 𝑎 = −𝑏. If 𝑎 = −𝑏, then since 𝑎, 𝑏 ≥ 0, we have 𝑎 = 𝑏 = 0. Thus, in any case, 𝑎 = 𝑏.
Consequently, 𝑓 is injective. □

Notice how we use Definition 8.54 to prove that 𝑓 is injective. Although in some
circumstances there may be another way to prove a function is injective, in general we
follow the structure below.

Proving injectivity

To show: 𝑓∶ 𝑋 → 𝑌 is injective.
Structure of Proof: Assume 𝑎, 𝑏 ∈ 𝑋 and that 𝑓(𝑎) = 𝑓(𝑏). We will show that
𝑎 = 𝑏.

⟨ Apply the definition of 𝑓 and then do work. ⟩
Thus, 𝑎 = 𝑏. Since this is true for all 𝑎, 𝑏 ∈ 𝑋 , the function 𝑓 is injective. □

Proving the next theorem is an opportunity to practice using the proof structure.

Theorem 8.58 (Composition of injections is an injection). Suppose that
𝑓∶ 𝑋 → 𝑌 is an injection and 𝑔∶ 𝑌 → 𝑍 is also an injection. Then 𝑔∘𝑓 ∶ 𝑋 → 𝑍
is an injection.

Proofs of injectivity tend to be relatively straightforward. Many students find prov-
ing surjectivity to be harder. This is likely because a proof that a function is surjective is,
at its heart, an existence proof. If we want to show a function 𝑓∶ 𝑋 → 𝑌 is surjective,
we must show that if for every 𝑦 ∈ 𝑌 there exists an 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦.

Example 8.59. Let 𝑓∶ (0, 1) → (1,√5) be defined by 𝑓(𝑥) = √4𝑥2 + 1 for all 𝑥 ∈
(0, 1) ⊂ ℝ. Prove that 𝑓 is surjective. ♦

Proof. Let 𝑦 ∈ (1,√5). We will show that there exists 𝑥 ∈ (0, 1) such that 𝑓(𝑥) = 𝑦.
Define 𝑥 = √(𝑦2 − 1)/4.
Claim 1: 𝑥 ∈ (0, 1).
Since 1 < 𝑦 < √5, we have:

1 < 𝑦2 < 5 ⇒
0 < 𝑦2 − 1 < 4 ⇒
0 < (𝑦2 − 1)/4 < 1 ⇒
0 < √(𝑦2 − 1)/4 < 1 ⇒
0 < 𝑥 < 1.
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Claim 2: 𝑓(𝑥) = 𝑦.

𝑓(𝑥) = √4𝑥2 + 1
= √4(𝑦2 − 1)/4 + 1
= √𝑦2
= |𝑦|
= 𝑦.

In the calculations above, we used the fact that 𝑦2 − 1 ≥ 0 and that 𝑦 ≥ 0. □

Usually, as in the example above, to prove that a function 𝑓∶ 𝑋 → 𝑌 is surjective,
we follow a pattern much like any existence proof:

Proving surjectivity

To show: 𝑓∶ 𝑋 → 𝑌 is surjective.
Structure of Proof: Assume 𝑦 ∈ 𝑌 . We will show that there exists 𝑥 ∈ 𝑋 such
that 𝑓(𝑥) = 𝑦.

⟨ Define a particular 𝑥 ∈ 𝑋 . ⟩
⟨ Show 𝑓(𝑥) = 𝑦. ⟩

Thus, 𝑓 is surjective. □

Proving the next theorem is an opportunity to practice using the proof structure.

Theorem 8.60 (Composition of surjections is a surjection). Suppose that
𝑓∶ 𝑋 → 𝑌 is a surjection and 𝑔∶ 𝑌 → 𝑍 is also a surjection. Then 𝑔∘𝑓 ∶ 𝑋→ 𝑍
is a surjection.

To prove that a function 𝑓∶ 𝑋 → 𝑌 is a bijection, often we show that it is an
injection and a surjection. For example,

Theorem 8.61 (Composition of bijections is a bijection). Suppose that
𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑍 are bijections. Then 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍 is a bijection.

Proof. Assume 𝑓 and 𝑔 are bijections. We will show that 𝑔 ∘ 𝑓 is a bijection.
By the definition of bijection, 𝑓 and 𝑔 are both injections and are both surjections.

By Theorem 8.58, 𝑔∘𝑓 is an injection. By Theorem 8.60, 𝑔∘𝑓 is a surjection. Since 𝑔∘𝑓
is both an injection and a surjection, it is a bijection. □

After we discuss inverse functions, we will see that we can also prove a function is
a bijection by producing an inverse function for it.

Here is an example where we show a function is a bijection. In the proof of sur-
jectivity, the existence statement arises from an appeal to a previously proved theorem
(the intermediate value theorem). With some effort and perhaps the use ofWolframAl-
pha or similar software it is possible to write a proof following the general pattern. The
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injective proof is not particularly pretty, but we have decided to rely on some tedious,
but straightforward algebra rather than appeal to theoretical results from calculus, as
we do in the surjective proof. Can you write such a proof? Which proof do you think
is nicer?

Example 8.62. The function 𝑓∶ ℝ → ℝ defined by 𝑓(𝑥) = 𝑥(𝑥2 + 1) is a bijection.
We must show that 𝑓 is both injective and surjective.
Injective: Assume that 𝑎, 𝑏 ∈ ℝ and that 𝑓(𝑎) = 𝑓(𝑏). We will show that 𝑎 = 𝑏.
Since 𝑓(𝑎) = 𝑓(𝑏), by the definition of 𝑓

𝑎(𝑎2 + 1) = 𝑏(𝑏2 + 1).
By algebra, this is equivalent to

(𝑎3 − 𝑏3) + (𝑎 − 𝑏) = 0.
Factoring out (𝑎 − 𝑏), we obtain

(𝑎 − 𝑏)(𝑎2 + 𝑎𝑏 + 𝑏2 + 1) = 0.
The product of two real numbers is 0 if and only if at least one of them is 0. Thus, either
𝑎 − 𝑏 = 0 or 𝑎2 + 𝑎𝑏 + 𝑏2 + 1 = 0. Assume, first, that 𝑎2 + 𝑎𝑏 + 𝑏2 + 1 = 0. Using the
quadratic formula to solve for 𝑎 shows that

𝑎 = −𝑏 ± √𝑏2 − 4(𝑏2 + 1)
2 = −𝑏 ± √−3𝑏2 − 4

2 .

Since−3𝑏2−4 < 0 and since 𝑎 ∈ ℝ, we have a contradiction. Thus, 𝑎2+𝑎𝑏+𝑏2+1 ≠ 0.
Consequently, 𝑎 − 𝑏 = 0. Thus, 𝑎 = 𝑏, as desired.

Since 𝑓(𝑎) = 𝑓(𝑏) ⇒ 𝑎 = 𝑏 for all 𝑎, 𝑏 ∈ ℝ, we have shown that 𝑓 is injective.
Surjective: Let 𝑦 ∈ ℝ. We will show that there exists 𝑥0 ∈ ℝ such that 𝑓(𝑥0) = 𝑦.
The function 𝑓(𝑥) = 𝑥(𝑥2 + 1) is continuous and

lim
𝑥→∞

𝑓(𝑥) = ∞ and lim
𝑥→−∞

𝑓(𝑥) = −∞.

Thus, for the given 𝑦, there is an 𝑥+ such that 𝑓(𝑥+) > 𝑦 and there is an 𝑥− ∈ ℝ such
that 𝑓(𝑥−) < 𝑦. Hence, by the intermediate value theorem, there exists 𝑥0 ∈ (𝑥−, 𝑥+)
such that 𝑓(𝑥0) = 𝑦. Since this is true for all 𝑦 ∈ ℝ, the function 𝑓 is surjective. □ ♦

Exercise 8.63. Define 𝑓∶ ℕ → [0, 1] so that, for all 𝑛 ∈ ℕ,
𝑓(𝑛) = 1/𝑛2.

Prove that 𝑓 is injective but not surjective.

Exercise 8.64. Define 𝑓∶ ℕ → ℕ by

𝑓(𝑛) = {𝑛 + 1 𝑛 is odd
𝑛 − 1 𝑛 is even

for all 𝑛 ∈ ℕ. Prove that 𝑓 is a bijection.

Exercise 8.65. Let 𝑝 ∈ ℕ be prime. Define 𝑟∶ ℕ∗ → {0, 1, . . . , 𝑝 − 1} by letting 𝑟(𝑛) be
the remainder of 𝑛 after dividing by 𝑝. Prove that 𝑟 is surjective.
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Exercise 8.66. Let ≡ be the equivalence relation on ℤ defined by declaring 𝑥 ≡ 𝑦 if
and only if 𝑥 − 𝑦 ∈ 12ℤ. Define 𝑓∶ ℤ/ ≡→ ℤ/ ≡ by letting 𝑓([𝑥]) = [3𝑥] for every
[𝑥] ∈ ℤ/ ≡. Show that 𝑓 is a function and that it is neither injective nor surjective.
Exercise 8.67. Let ≡ be the equivalence relation on ℤ defined by declaring 𝑥 ≡ 𝑦 if
and only if 𝑥 − 𝑦 ∈ 13ℤ. Define 𝑓∶ ℤ/ ≡→ ℤ/ ≡ by letting 𝑓([𝑥]) = [3𝑥] for every
[𝑥] ∈ ℤ/ ≡. Show that 𝑓 is a function and that it is both injective and surjective.
Exercise 8.68. Find bijections between the following sets. You may assume whatever
facts from calculus you need.
(1) ℕ → ℕ ⧵ {1}
(2) ℕ → 2ℕ = {2, 4, 6, 8, . . .}
(3) ℕ → ℤ
(4) [2, 5] → [−1, 6] (These are both intervals in ℝ.)
(5) (𝑎, 𝑏) → (𝑐, 𝑑) where 𝑎 < 𝑏 and 𝑐 < 𝑑 (These are both intervals in ℝ.)
(6) (−𝜋/2, 𝜋/2) → ℝ

The next exercise concerns finding a bijection between a closed interval and a non-
closed interval. It is likely more challenging.

Exercise 8.69. Find a bijection 𝑓∶ [0, 1] → [0, 1).

(Hint: Consider trying to modify the identity map id∶ [0, 1] → [0, 1] so that it
misses the number 1 in the codomain. Choose some number 𝑟 ∈ [0, 1) and declare
𝑓(1) = 𝑟. In order to guarantee 𝑓 will be injective when we are done, you should then
pick some 𝑠 ≠ 𝑟 in [0, 1) and declare 𝑓(𝑟) = 𝑠. Continue on in this manner, and don’t
forget that 𝑓 needs to be defined on every element of [0, 1]. You’ll want to define your
function piecewise, as it is a fact from topology that there is no continuous surjection
[0, 1] → [0, 1).)

By restricting the codomain of a function, it is possible to make a function surjec-
tive. See Figure 8.15 for a schematic depiction.

Theorem 8.70. Suppose that 𝑓∶ 𝑋 → 𝑌 is a function. Restricting the codomain
of 𝑓makes the function 𝑓∶ 𝑋 → range 𝑓 surjective.

It would be nice to know that, without changing our codomain, it is possible to
restrict the domain of a function to make it injective. Informally, we can do this fairly
easily. Suppose that 𝑓∶ 𝑋 → 𝑌 is a function, as in Figure 8.16. For each element
𝑦 ∈ 𝑌 , let 𝑈𝑦 ⊂ 𝑋 be the set of all 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦. For each 𝑦 ∈ 𝑌 , choose a
single element 𝑎𝑦 ∈ 𝑈𝑦 and let 𝐴 = {𝑎𝑦 ∶ 𝑦 ∈ 𝑌}. Then consider 𝑔∶ 𝐴 → 𝑌 defined
by 𝑔(𝑥) = 𝑓(𝑥). If 𝑔(𝑥) = 𝑔(𝑥′), then 𝑥 = 𝑎𝑦 = 𝑥′ for 𝑦 ∈ 𝑓(𝑥). We designed 𝐴 so that
there is a unique 𝑎𝑦 for each 𝑦 ∈ 𝑌 . Thus, 𝑔must be injective.

The difficulty with this line of argument is that we haven’t given precise instruc-
tions for how to define each 𝑎𝑦. This means that it isn’t clear that 𝐴 is actually a set.
Might its existence lead to a logical contradiction such as Russell’s paradox? The ax-
iom of choice (AC) (mentioned in Chapter 6) says that we can define the set𝐴 in such a
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Figure 8.15. A schematic depiction of a nonsurjective function 𝑓∶ 𝑋 → 𝑌 . The yel-
low set on the right is the codomain of 𝑓, and the red proper subset indicates the range
of 𝑓. If we ignore all the points of 𝑌 that are not in the red, 𝑓 remains a function, now
having its range as the codomain. So it is surjective.

X
f Y

Figure 8.16. A schematic depiction of a nonsurjective function 𝑓∶ 𝑋 → 𝑌 . Suppose
that 𝑓 takes each of the yellow points in 𝑋 to the yellow point in 𝑌 and each of the aqua
points in 𝑋 to the aqua point in 𝑌 . When we create the set 𝐴 ⊂ 𝑋 so that 𝑓|𝐴 ∶ 𝐴 → 𝑌
is injective and has the same range as 𝑓, we will need to choose 𝐴 so that it contains
exactly one of the yellow points in 𝑋 and exactly one of the aqua points in 𝑌 .

fashion. Unfortunately, in a completely general setting, there is no way to give explicit
instructions for how to choose the 𝑎𝑦, so the AC is useful as a theoretical tool, but less
useful as a practical one. Here is an example:

Example 8.71. Consider the set of lines inℝ2. Each line can be expressed as the graph
of an equation of the form 𝛼𝑥+ 𝛽𝑦+ 𝛾 = 0, with not all three of 𝛼, 𝛽, 𝛾 equal to 0. This
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gives a function 𝜙 whose domain is the set ℝ3 ⧵ {0} and whose codomain is the set
of lines in ℝ3. That is, for (𝛼, 𝛽, 𝛾) ∈ ℝ3 with 𝛼𝛽𝛾 ≠ 0, the image 𝜙(𝛼, 𝛽, 𝛾) is the line
which is the graph of𝛼𝑥+𝛽𝑦+𝛾 = 0. The function𝜙 is not injective, since, for example,
the equations 2𝑥 + 3𝑦 + 4 = 0 and 2𝜋𝑥 + 3𝜋𝑦 + 4𝜋 = 0 have the same graph. Thus,
𝜙(2, 3, 4) = 𝜙(2𝜋, 3𝜋, 4𝜋). Is there a subset 𝐴 ⊂ ℝ3 ⧵ {0} such that the function 𝜙|𝐴 is
injective? That is, can each line in ℝ2 be described by a unique choice of (𝛼, 𝛽, 𝛾) ∈ 𝐴?

There is! For each line 𝐿, let 𝐻(𝐿) be the set of points (𝛼, 𝛽, 𝛾) ∈ ℝ3 such that 𝐿 is
the graph of the equation 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑧 = 0. Thenℋ = {𝐻(𝐿)} is a set whose elements
are nonempty sets. By the AC, there exists a unique 𝑐𝐿 = (𝛼𝐿, 𝛽𝐿, 𝛾𝐿) ∈ 𝐻(𝐿) for each
𝐿 such that

𝐴 = {𝑐𝐿 ∶ 𝐿 is a line }

is a set. Then the function 𝜙|𝐴 with domain 𝐴 and codomain the set of lines is a bijec-
tion. ♦

We generalize the example as follows. The proof uses material from Chapter 6; so
if you didn’t study that chapter you should feel free to skip the proof of this theorem.
The theorem itself will be useful in Chapter 10.

Theorem 8.72. Suppose that 𝑓∶ 𝑋 → 𝑌 is a function. There exists a subset
𝐴 ⊂ 𝑋 such that 𝑓|𝐴 ∶ 𝐴 → 𝑌 is injective and range (𝑓|𝐴) = range (𝑓).

Proof. Let 𝑦 ∈ 𝑌 . Let 𝑈𝑦 = {𝑥 ∈ 𝑋 ∶ 𝑦 = 𝑓(𝑥)}. It is a set by the axiom of subset
selection. The axiom of power sets guarantees that the set 𝒫(𝑋) of all subsets of 𝑋 is a
set. Applying the axiom of subset selection again, we see that

ℋ = {𝐻 ∈ 𝒫(𝑋) ∶ ∃𝑦 ∈ 𝑌 s.t. 𝐻 = 𝑈𝑦 and 𝑈𝑦 ≠ ∅}

is a set. By the AC, for each 𝑈𝑦 ∈ ℋ, there exists 𝑎𝑦 ∈ 𝑈𝑦 such that 𝐴 = {𝑎𝑦} is a set.
Since each 𝑎𝑦 ∈ 𝑋 , 𝐴 ⊂ 𝑋 .

We claim that 𝑓|𝐴 ∶ 𝐴 → 𝑌 is injective. The key is that 𝐴was created by choosing
exactly one element from each set in ℋ. Suppose that 𝑎, 𝑏 ∈ 𝐴 and that 𝑓|𝐴(𝑎) =
𝑓|𝐴(𝑏). Let 𝑦 = 𝑓|𝐴(𝑎) = 𝑓|𝐴(𝑏). We see that 𝑓(𝑎) = 𝑓(𝑏) = 𝑦 by the definition of
what it means to restrict the domain of a function. Consequently, 𝑎, 𝑏 ∈ 𝑈𝑦. Since
𝐴 ∩ 𝑈𝑦 = {𝑎𝑦} has a unique element, 𝑎 = 𝑏 = 𝑎𝑦. Thus, 𝑓|𝐴 is injective.

It remains to show that 𝑓|𝐴 has the same range as 𝑓. Clearly, range (𝑓|𝐴) ⊂
range (𝑓), since 𝑓|𝐴 is the restriction of 𝑓 to 𝐴 ⊂ 𝑋 . We will show that range (𝑓) ⊂
range (𝑓|𝐴). Suppose that 𝑦 ∈ range (𝑓). Recall that 𝐴 ∩ 𝑈𝑦 = {𝑎𝑦}. By the definition
of𝑈𝑦, 𝑓(𝑎𝑦) = 𝑦. Thus, range (𝑓) ⊂ range (𝑓|𝐴). Therefore, the ranges of 𝑓 and 𝑓|𝐴 are
equal. □

8.7.2. Inverses. As we noted in the introduction, we often want to be able to
“undo” the effect of a function. We make this precise through inverse functions. This
is a generalization of standard facts about functions from precalculus or linear algebra.
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Figure 8.17. A commutative diagram showing the relationship of a function 𝑓 to its
inverse 𝑓−1.

Definition 8.73 (Inverse function). Suppose that 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑋
are functions. They are inverses of each other if

for all 𝑥 ∈ 𝑋, 𝑔 ∘ 𝑓(𝑥) = 𝑥, and
for all 𝑦 ∈ 𝑌, 𝑓 ∘ 𝑔(𝑦) = 𝑦.

We also say that 𝑔 is an inverse function for 𝑓 and that 𝑓 is an inverse function
for 𝑔. Equivalently, 𝑓 and 𝑔 are inverses if 𝑓 ∘ 𝑔 = id𝑌 and 𝑔 ∘ 𝑓 = id𝑋 . See
Figure 8.17.

A functionmay or may not have an inverse, but if it does, the inverse is unique. As
a result of Theorem 8.74, if 𝑓 has an inverse we denote it 𝑓−1.

Theorem 8.74 (Inverse functions are unique). Suppose that 𝑓∶ 𝑋 → 𝑌 has an
inverse function 𝑔∶ 𝑌 → 𝑋 . Then 𝑔 is the unique inverse function for 𝑓.

Here is the crucial theorem concerning inverse functions.

Theorem 8.75 (A function has an inverse iff it is a bijection). A function
𝑓∶ 𝑋 → 𝑌 has an inverse function if and only if it is a bijection.

As a reminder, you should organize your proof of Theorem 8.75 as follows:

Proof. ⇐ Assume that 𝑓∶ 𝑋 → 𝑌 has an inverse function 𝑔∶ 𝑌 → 𝑋 . We will show
that 𝑓 is a bijection by showing it is injective and surjective.

⟨ Prove that 𝑓 is injective. ⟩
⟨ Prove that 𝑓 is surjective. ⟩
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⇒ Assume that 𝑓∶ 𝑋 → 𝑌 is a bijection. We will show that there is a function
𝑔∶ 𝑌 → 𝑋 such that 𝑓 and 𝑔 are inverses.

⟨ Define 𝑔∶ 𝑌 → 𝑋 . ⟩
⟨ Prove that 𝑔 is a function. ⟩
⟨ Show that 𝑓 ∘ 𝑔 = id𝑌 . ⟩
⟨ Show that 𝑔 ∘ 𝑓 = id𝑋 . ⟩ □

Exercise 8.76. Suppose that 𝑓∶ 𝑋 → 𝑌 has an inverse function 𝑓−1 ∶ 𝑌 → 𝑋 . Prove
the following:

(1) 𝑓−1 is a bijection
(2) 𝑓−1 has an inverse function(𝑓−1)−1

(3) 𝑓 = (𝑓−1)−1

A straightforward consequence concerns permutations.

Definition 8.77 (Permutations). Suppose that 𝑋 is a set. A bijection 𝑓∶ 𝑋 →
𝑋 is called a permutation of 𝑋 . The set of permutations of 𝑋 is denoted
Perm (𝑋).

Theorem 8.78. Suppose that 𝑋 is a set. Then Perm (𝑋) is a group with 𝟙 = id𝑋
and function composition as the operation.

8.7.3. Algebraic andmetric structures. The property of being injective and the
property of being surjective are properties that any function 𝑓∶ 𝑋 → 𝑌 may or may
not have, regardless of any particular structure on the sets 𝑋 and 𝑌 . When we restrict
consideration to sets 𝑋 and 𝑌 having a structure (such as being groups or being met-
ric spaces) it is natural to only consider functions between those sets which preserve
the properties of 𝑋 and 𝑌 . Here are two examples, both connected to concepts you’ve
encountered in previous math classes.

8.7.3.1. Group homomorphisms. If 𝑋 and 𝑌 are groups, a group homomor-
phism 𝑓∶ 𝑋 → 𝑌 relates the group structure on 𝑋 to the group structure on 𝑌 . If
you have taken linear algebra, you may recognize that linear functions between vector
spaces are examples of group homomorphisms.

Definition 8.79 (Group homomorphism). Suppose that 𝑋 is a group with op-
eration denoted ∘ and that 𝑌 is a group with operation denoted ∗. A homo-
morphism is a function 𝑓∶ 𝑋 → 𝑌 such that for all 𝑎, 𝑏 ∈ 𝑋 ,

𝑓(𝑎 ∘ 𝑏) = 𝑓(𝑎) ∗ 𝑓(𝑏).



216 8. Functions

Example 8.80. Let 𝑋 and 𝑌 be groups. If 𝟙𝑌 is the identity element of 𝑌 , then the
constant function 𝑓(𝑥) = 𝟙𝑌 (for all 𝑥 ∈ 𝑋) is a homomorphism. No other constant
function is a homomorphism. ♦

Example 8.81. Let 𝑚 ∈ ℝ and consider 𝑋 = ℝ and 𝑌 = ℝ as groups, both with + as
the operation. Then the function 𝑓∶ 𝑋 → 𝑌 defined by 𝑓(𝑥) = 𝑚𝑥 for all 𝑥 ∈ 𝑋 is a
homomorphism. If we replace ℝ with ℤ or ℚ, 𝑓 is still a homomorphism. ♦

Example 8.82. Let 𝑋 = ℝ be considered as a group with operation +, and let
𝑌 = (0,∞) ⊂ ℝ be considered as a group with multiplication ⋅ as the operation. Let
exp∶ 𝑋 → 𝑌 be the exponential function, defined by exp(𝑥) = 𝑒𝑥 for all 𝑥 ∈ 𝑋 . Then
exp is a group homomorphism. ♦

If 𝑓∶ 𝑋 → 𝑌 is a group homomorphism, then the set ker 𝑓 = {𝑥 ∈ 𝑋 ∶ 𝑓(𝑥) = 𝟙𝑌 }
is called the kernel of 𝑓. The following theorem is an important tool in group theory.
It is an analogue of theorems from linear algebra concerning the kernel and image of
linear functions.

Theorem 8.83. If𝑋 and𝑌 are groups and 𝑓∶ 𝑋 → 𝑌 is a homomorphism, then
ker 𝑓 is a subgroup of 𝑋 and range 𝑓 is a subgroup of 𝑌 .

8.7.3.2. Continuity. Just as homomorphisms are the useful functions between
groups, so continuous maps are the useful functions between metric spaces. You have
encountered the notion of continuity previously in precalculus and calculus; we will
consider a generalization of it to metric spaces. It turns out that continuity is such a
useful concept that it can be generalized to settings beyond metric spaces, but we will
not explore that here. Take a course in topology for more!

Definition 8.84 (Continuous function). Suppose that 𝑋 and 𝑌 are metric
spaces with metrics 𝑑𝑋 and 𝑑𝑌 , respectively. A function 𝑓∶ 𝑋 → 𝑌 is con-
tinuous at 𝑝 ∈ 𝑋 if for every 𝜖 > 0, there exists 𝛿 > 0 such that for all 𝑥 ∈ 𝑋 if
𝑑𝑋(𝑥, 𝑝) < 𝛿, then 𝑑𝑌 (𝑓(𝑥), 𝑓(𝑝)) < 𝜖. If 𝑓 is continuous at every 𝑝 ∈ 𝑋 , then
𝑓 is continuous.

This definition is rather complex, so to gain an intuitive understanding of what
it is conveying, consider the following problem. A company has a machine named 𝑓
that takes inputs and produces outputs for customers. Themachine is incredibly finely
tuned and, for a given input, is guaranteed to produce the specified output. Unfortu-
nately, the material that goes into the machine is imperfect, but the imperfections can
be measured and, for a cost, screened out. A customer comes to the company and asks
for a certain output 𝑓(𝑝) ∈ range (𝑓). The company says, “Due to the imperfections of
the inputs, we can’t guarantee that you will get precisely the output you ask for”. Since
the machine 𝑓 is continuous, they go on to add, “We can, however, get as close as you
want, if you’re willing to pay enough”. The customer responds, “OK, I’ll accept outputs
which differ by at most 𝜖 frommy desired output 𝑓(𝑝)”. The engineers working for the
company then figure out what imperfections of inputs are allowable and determine
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that as long as the inputs 𝑥 to the machine are within 𝛿 of 𝑝, the outputs 𝑓(𝑥) will be
within 𝜖 of the desired output 𝑓(𝑝).

This definition is most easily visualized for functions 𝑓∶ ℝ → ℝ, where we give
both the domain and codomain the Euclidean metric 𝑑(𝑎, 𝑏) = |𝑎 − 𝑏| for all 𝑎, 𝑏 ∈ ℝ.
Example 8.85. Look at the graph of the function 𝑓∶ ℝ → ℝ in Figure 8.18. ♦

graph(f)
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Figure 8.18. An example of a continuous function 𝑓∶ ℝ → ℝ. Observe that for the
given 𝑎0, whenever 𝑥 is within 𝛿 of 𝑎0, the output 𝑓(𝑥)will be within 𝜖 of 𝑓(𝑎0). Since
for every choice of 𝑎0 and 𝜖 > 0, there is some 𝛿 > 0 such that this is true, the function
is continuous.
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Example 8.86. To see how the definition of continuity breaks down for a discontinu-
ous function, consider the function 𝑓∶ ℝ → ℝ depicted in Figure 8.19. ♦

graph(f)
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Figure 8.19. An example of a discontinuous function 𝑓∶ ℝ → ℝ. Observe that for
the given 𝑝, if 𝑥 ≠ 𝑝 is less than 𝑝, then 𝑓(𝑥) will never be within the given 𝜖 of 𝑓(𝑝).
That is, there exists an 𝑝 ∈ ℝ and 𝜖 > 0 such that for all 𝛿 > 0, there exists 𝑥 ∈ ℝ such
that 𝑑𝑋 (𝑥, 𝑝) < 𝛿 but 𝑑𝑌 (𝑓(𝑥), 𝑓(𝑝)) ≥ 𝜖.

Exercise 8.87. Let ℝ have the usual Euclidean metric. Let 𝑓∶ ℝ → ℝ be defined by
𝑓(𝑥) = 3𝑥. Prove that 𝑓 is continuous at 𝑎0 = 0.

Exercise 8.88. Let ℝ have the usual Euclidean metric. Let 𝑓∶ ℝ → ℝ be defined by

𝑓(𝑥) = {𝑥 − 1 𝑥 ≤ 0,
𝑥 + 1 𝑥 > 0.

Prove that 𝑓 is not continuous at 𝑝 = 0.

Whether or not a given function is continuous depends heavily on the underlying
metrics, as demonstrated by the next exercise.

Exercise 8.89. Let 𝑋 = ℝ, with the usual Euclidean metric, and let 𝑌 = ℝ. Let
id∶ 𝑋 → 𝑌 be the identity function.

(1) Give 𝑌 the discrete metric 𝑑𝑌 (𝑥, 𝑦) = {1 𝑥 ≠ 𝑦
0 𝑥 = 𝑦

. Prove that id is discontinuous

at every 𝑝 ∈ ℝ.
(2) Give 𝑌 the Euclidean metric. Prove that id is continuous.

Just because a certain property of functions (such as continuity) is useful, doesn’t
mean that if a bijection 𝑓 has the property that its inverse 𝑓−1 also does. See Exercise
8.90.
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Exercise 8.90. Let 𝑋 and 𝑌 both equal ℝ, and let 𝑓∶ 𝑋 → 𝑌 be the identity function.
Let 𝑔∶ 𝑌 → 𝑋 also be the identity function. Observe that 𝑓 and 𝑔 are inverses. Find
metrics on 𝑋 and 𝑌 such that 𝑓∶ 𝑋 → 𝑌 is continuous, but 𝑔∶ 𝑌 → 𝑋 is discontinu-
ous.

In Chapter 11, we will discuss what it means for a sequence in a metric space to
converge. It turns out that a function between metric spaces is continuous if and only
if it takes convergent sequences to convergent sequences, but we do not explore that in
this text.

8.8. Application: Affine encryption

Wehave this kind of superpower, this cultivated superpower to look at some-
thing technical and see what’s really going on. It gives us an ability to in-
tervene on some black boxes. There are a lot of black boxes out there that
mathematicians have the skills to open.

—Moon Duchin13

Cryptology is the study of encoding information in such a way that the intended
recipient is the only one who can read the message. Modern cryptology is a blend of
mathematics, computer science, business, and psychology. Affine ciphers are one of
earliest and simplest ways to encode a message.

Suppose that Bob want to send the message
Mathematics is the queen of the sciences

to his friend Alice,15 but he doesn’t care about the punctuation, capitalization, or spac-
ing between words. One relatively simple way to encode it is to replace each letter with
the successive letter of the alphabet. So, for instance, he would replace 𝑎with 𝑏, 𝑏with
𝑐, etc. If there were a 𝑧 in the message, he would replace it with an 𝑎. Doing that, Bob
ends up with the message

nbuifnbujdtjtuifrvffopguiftdjfodft
Of course, instead of shifting each letter by one, he could choose to encode by shifting
by some other number of places. For instance, if he shifts by 5, he arrives at the coded
message

rfymjrfynhxnxymjvzjjstkymjxhnjshjx
Assuming that Alice knows themethod used to encode themessage, to decode the

message she just needs to shift by the correct amount backward through the alphabet.
So if Bob encodes by replacing 𝑎 with 𝑏, 𝑏 with 𝑐 and so forth, then Alice replaces 𝑎
with 𝑧, 𝑏 with 𝑎, and so forth. Similarly, if Bob shifted each letter forward by 5, then
Alice shifts each letter backward through the alphabet 5 places.

13MoonDuchin14 is amathematicianwho hasmade important contributions to geometric group theory and themath-
ematics of political redistricting. Quotation from interview with Moon Duchin by Sophia D. Merow, “A Pivotal Moment: A
Conversation with Moon Duchin”, Math Horizons 25 (2017) no. 2, 5–7. ©Mathematical Association of America, 2023. All
rights reserved. Used with permission. [90]

15The names Alice and Bob are traditional. According to Wikipedia, they first appeared in a paper by the inventors of
the now ubiquitous RSA encryption system.
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SinceAlice andBob ignore punctuation, capitalization, and spacing, they can iden-
tify each of the 26 letters of the alphabet with its position, beginning with 𝑎 being iden-
tified with 0, 𝑏 with 1, and so forth. The alphabet then is naturally identified with
the quotient set ℤ/26ℤ. The method for encryption that we’ve discussed so far then
corresponds with an encoding function

𝑇 ∶ ℤ/26ℤ → ℤ/26ℤ
defined by

𝑇([𝑥]) = [𝑥] + [𝑏],
where 𝑏 is our choice of how much to forward shift each letter of the alphabet. Recall
from Section 7.8, that by definition [𝑥] + [𝑏] = [𝑥 + 𝑏] and that 𝑇 is a well-defined
function. Since Bob encodes his message by applying 𝑇 to each letter, Alice decodes
the message by applying 𝑇−1 to each letter, where 𝑇−1 is defined by

𝑇−1([𝑦]) = [𝑦] + [−𝑏].
Since 𝑇 and 𝑇−1 are inverse functions, upon decoding the encoded message Bob sends
to her, Alice sees Bob’s original, unencoded message.

Of course, encodings using a simple shift are very easy to recognize and decode,
whether or not we know how Bob encoded themessage. Can we do something slightly
more sophisticated?

Thinking about arithmetic in ℤ/26ℤ, suggests some possibilities. To encode our
message letter-by-letter, Bob is looking for a function

𝑇 ∶ ℤ/26ℤ → ℤ/26ℤ.
Since he wants Alice to be able to decode it, the function 𝑇 needs to have an inverse.
Onenatural family of possibilities are theCaesar ciphers. These are functions𝑇 defined
by a choice of [𝑚], [𝑏] ∈ ℤ/26ℤ so that

𝑇([𝑥]) = [𝑚][𝑥] + [𝑏]
for every [𝑥] ∈ ℤ/26ℤ.
Exercise 8.91. Prove that 𝑇 is well defined, for each choice of [𝑚] and [𝑏].
Example 8.92. Let𝑚 = 3 and 𝑏 = 2. Thus, 𝑇[𝑥] = [3][𝑥] + [2] for each [𝑥] ∈ ℤ/26ℤ.
Thus, for example, 𝑎 is encoded as 𝑐, 𝑏 as 𝑓, 𝑐 as 𝑖, and so forth.

When Bob encodes the message “Mathematics is the queen of the sciences” he
obtains

mchxomchaieaehxoykoopsrhxoeiaopioe
Alice knows how Bob encoded the message using 𝑇. To decode the message, she

needs to find 𝑇−1. She tries using algebra. Let [𝑦] = 𝑇([𝑥]). Then
[𝑦] + [−2] = [3][𝑥].

To finish solving for [𝑥], she apparently needs to divide by [3]. Unfortunately, division
doesn’t seem to be a well-defined operation in ℤ/26ℤ. What to do?

Alice recalls that for rational numbers, dividing is the same as multiplying by the
reciprocal, but 1/3 ∉ ℤ. For rational numbers, 1/3 is the multiplicative inverse of
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3. What is the equivalent in ℤ/26ℤ? Alice, with a flash of inspiration, realizes that
[3] ⋅ [9] = [27] = [1]. That is, [9] is the multiplicative inverse of [3] in ℤ/26ℤ. So
instead of attempting to divide by [3], she can multiply by [9]. She deduces that

𝑇−1([𝑦]) = [9]([𝑦] + [−2]) = [9][𝑦] + [8]. ♦

Exercise 8.93. Let 𝑇([𝑥]) = [3][𝑥] + [2] and 𝑇−1([𝑦]) = [9][𝑦] + [8] for all [𝑥], [𝑦] ∈
ℤ/26ℤ. Verify that 𝑇 and 𝑇−1 are inverse functions.

Exercise 8.94. Prove that 𝑇 is a bijection if and only if [𝑚] can be represented by an
odd number𝑚 ∈ {0, . . . , 25} other than 13.

The function 𝑇 ∶ ℤ/26ℤ → ℤ/26ℤ defined by 𝑇([𝑥]) = [𝑚][𝑥] + [𝑏] for all [𝑥] ∈
ℤ/26ℤ is called an affine cipher. The numbers 𝑚 and 𝑏 are called the key for the
cipher. With the choice [𝑚] = [1] and [𝑏] = [4], it is known as the “Caesar cipher”,
since Caesar used it when communicating with close friends. Affine ciphers are very
easy to decode using a method known as letter frequency analysis. For more on the
history and mathematics of ciphers, see Holden’s excellent text [70]. This section is
based on the first chapter of that book.

According to Exercise 8.94, there are many keys for affine ciphers which cannot
be decoded using an inverse function. In that exercise, the values for 𝑚 that cause a
problemare thosewhich share a common factor (other than±1) with 26, the number of
letters in our alphabet. This suggests that we might have more possibilities for affine
ciphers if we use an alphabet having a prime number of letters. One simple way of
doing that is to combine 𝑖 and 𝑗 into a single letter and to eliminate the infrequently
used letters 𝑞 and 𝑧. This gets us down to an alphabet of 23 letters.

Exercise 8.95. Let [𝑚], [𝑏] ∈ ℤ/23ℤ. Define 𝑇 ∶ ℤ/23ℤ → ℤ/23ℤ by

𝑇([𝑥]) = [𝑚][𝑥] + [𝑏]

for all [𝑥] ∈ ℤ/23ℤ.
Prove that 𝑇 is a bijection if and only if [𝑚] ≠ [0].

8.9. Application: Campanology

What Musick is there that compar’d may be
To well-tun’d Bells enchanting melody!

—Duckworth and Stedman16

16Tintinnalogia, or, the Art of Ringing (1668), from which this couplet is taken, is the first book on bell-ringing in the
English tradition. In it, Duckworth and Stedman analyze bell-ringing patterns using methods that prefigure those of group
theory, developed some centuries later.
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Cathedral bells17 in England (and elsewhere) come in different pitches. They are
often very large and are permanently installed in a bell tower. They rest facing down
and are rung by pulling on ropes which swing the bells around. Typically, the bells are
rung in a some order (called a “round”) where each bell is rung exactly once in each
round. For example, if there are four bells S, A, T, and B (in order of decreasing pitch),
the bells might be rung in the round

S then A then T then B
or in the round

A then S then B then T
A bell ringing pattern consists of a sequence of rounds such that no round is re-

peated. Wewill write out a pattern by listing a particular round horizontally and listing
the rounds vertically, like so:

S A T B
A S B T

In this example, there are two rounds (SATB and ASBT) and the bells are rung:
S then A then T then B then A then S then B then T.

The bells are very heavy and so it is not easy to radically alter the round in which
they are rung. Usually, only two operations can be used to move from one round to the
next: plain changes and cross changes. In a plain change, one pair of adjacent bells
has their order swapped. In a cross change, more than one pair of adjacent bells may
have their order swapped. Dorothy L. Sayers in her novel, The Nine Tailors, whose title
refers to a certain nine bells in a church tower, affectionately describes the effect:

To the ordinaryman, in fact, the pealing of bells is amonotonous jangle and a
nuisance, tolerable only whenmitigated by remote distance and sentimental

17This section is an adaptation and development of Section 9.4 of [14] and Section 3.5 of [79]. None of the ideas here
are original, though I have adapted them to suit the context of this text.



8.9. Application: Campanology 223

association. [But the change-ringer’s] passion—and it is a passion—finds its
satisfaction in mathematical completeness and mechanical perfection, and
as his bell weaves her way rhythmically up from lead to hinder place and
down again, he is filled with the solemn intoxication that comes of intricate
ritual faultlessly performed.
One of the simplest bell-ringing patterns is the plain lead. The “S” bell has been

colored red, to make it easier to track its position in the round. This notation appears
in Duckworth and Stedman’s original book on bell-ringing, quoted above.

S A T B
A S B T
A B S T
B A T S
B T A S
T B S A
T S B A
S T A B

We can use permutation groups (Theorem 8.78) to better understand the changes.
We let 𝑆𝑛 = Perm {1, . . . , 𝑛} be the permutation group of the numbers {1, . . . , 𝑛}. The
group 𝑆4 has 24 elements. To list them, we establish some notation conventions. If
{𝑥, 𝑦, 𝑧, 𝑤} = {1, 2, 3, 4}, we let the symbol (𝑥𝑦𝑧𝑤) indicate the function𝑓∶ {1, 2, 3, 4} →
{1, 2, 3, 4} where

𝑓(𝑥) = 𝑦
𝑓(𝑦) = 𝑧
𝑓(𝑧) = 𝑤
𝑓(𝑤) = 𝑥.

Example 8.96. Let 𝑓∶ {1, 2, 3, 4} → {1, 2, 3, 4} defined by 𝑓(1) = 3, 𝑓(3) = 2, 𝑓(2) =
4, and 𝑓(4) = 1. Then 𝑓 is represented by the symbols (1324), (4132), (2413), and
(3241). ♦

Similarly, we let the symbol (𝑥𝑦𝑧) denote the function defined by 𝑓(𝑥) = 𝑦, 𝑓(𝑦) =
𝑧, 𝑓(𝑧) = 𝑥, and 𝑓(𝑤) = 𝑤. We let the symbol (𝑥𝑦) denote the function 𝑓(𝑥) = 𝑦,
𝑓(𝑦) = 𝑥, 𝑓(𝑧) = 𝑧, and 𝑓(𝑤) = 𝑤. Finally, the identity is denoted by 𝟙. The 24
elements of 𝑆4 are then

𝟙 (12) (13) (14) (23) (24)
(34) (123) (132) (124) (142) (234)
(243) (134) (143) (1234) (1243) (1324)
(1342) (1423) (1432) (12) ∘ (34) (13) ∘ (24) (14) ∘ (23).

Exercise 8.97. Find the group elements in the list above that are equal to the following
compositions.

• (34) ∘ (12)
• (123) ∘ (23)
• (243) ∘ (132)
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Exercise 8.98. In the list above identify the inverse of each element of 𝑆4.

Given a sequence of bells (such as 𝐴𝑇𝐵𝑆) and a permutation 𝑓 ∈ 𝑆4, we can get a
new sequence of bells by moving the bell that is in the first position to the new position
𝑓(1), the bell in second position to the new position 𝑓(2), etc.

Example 8.99. Consider the sequence 𝐴𝑇𝐵𝑆 and the element (1234) ∈ 𝑆4. We obtain
the sequence 𝑆𝐴𝑇𝐵 by applying the element (1234) to the sequence 𝐴𝑇𝐵𝑆. ♦

The plain lead on four bells

S A T B
A S B T
A B S T
B A T S
B T A S
T B S A
T S B A
S T A B

can be obtained by starting with the sequence 𝑆𝐴𝑇𝐵 and then repeatedly alternating
the application of the elements 𝑔1 = (12) ∘ (34) = (12)(34) and 𝑔2 = (23).

Consider now the permutations in 𝑆4 taking the initial row S A T B to each of the
rows in the plain lead. We have the following by inspection.

𝟙 S A T B
𝑔1 A S B T
(1342) A B S T
(14) B A T S
(14)(23) B T A S
(13)(24) T B S A
(1243) T S B A
𝑔2 S T A B

Theorem 8.100. The set 𝑃𝐿 = {𝑔1, (1342), (14), (14)(23), (13)(24), (1243), 𝑔2} is
a subgroup of 𝑆4.

Recall that by Theorem 5.57, we need to show that 𝑃𝐿 satisfies the closure axiom
and the inverse axiom for a group. It may seem like it will be horribly tedious to show
that the closure axiom holds since we would have to compose all possible pairs of el-
ements from 𝑃𝐿 and verify the result is an element of 𝑃𝐿. But there’s a less tedious
way!

We begin with a lemma.

Lemma 8.101. Suppose that𝐺 is a group and that 𝑔1 and 𝑔2 are elements of𝐺 such that
𝑔21 (i.e., 𝑔1 ∘ 𝑔1) and 𝑔22 are both equal to the identity 𝟙. Let 𝐻 be the set of all possible
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alternating combinations of 𝑔1 and 𝑔2. That is,

𝐻 = { 𝟙, 𝑔1, 𝑔2 ∘ 𝑔1, 𝑔1 ∘ 𝑔2 ∘ 𝑔1, (𝑔2 ∘ 𝑔1)2, 𝑔1 ∘ (𝑔2 ∘ 𝑔1)2, . . . ,
𝑔2, 𝑔1 ∘ 𝑔2, 𝑔2 ∘ 𝑔1 ∘ 𝑔2, (𝑔1 ∘ 𝑔2)2, 𝑔2 ∘ (𝑔1 ∘ 𝑔2)2, . . .

} .

Then𝐻 is a subgroup of 𝐺.

Proof. By Theorem 5.57, we need only show that given 𝑎, 𝑏 ∈ 𝐻, we have 𝑎 ∘ 𝑏 ∈ 𝐻
and given 𝑎 ∈ 𝐻, 𝑎−1 ∈ 𝐻.

Suppose that 𝑎, 𝑏 ∈ 𝐻. Then 𝑎 and 𝑏 are each an alternating combination of 𝑔1
and 𝑔2. Thus, 𝑎 ∘ 𝑏 is some combination of 𝑔1 and 𝑔2. If 𝑏 ends (on the left) with 𝑔1
while 𝑎 begins (on the right) with 𝑔2, then 𝑎 ∘ 𝑏 is the alternating combination of 𝑔1
and 𝑔2 and so 𝑎 ∘ 𝑏 ∈ 𝐻.

⟨ Consider the situation when 𝑏 ends (on the left) with 𝑔2 while 𝑎 begins(on the right) with 𝑔1. ⟩
⟨ Explain what to do when 𝑏 ends (on the left) with the same term (i.e., 𝑔1
or 𝑔2) that 𝑎 begins (on the right) with. ⟩

Now suppose that 𝑎 ∈ 𝐻. We will show 𝑎−1 ∈ 𝐻. If 𝑎 = 𝟙, then 𝑎−1 = 𝟙 ∈ 𝐻.
Otherwise, there is a 𝑘 ∈ ℕ∗ such that 𝑎 is one of the following:

(𝑔2 ∘ 𝑔1)𝑘, 𝑔1 ∘ (𝑔2 ∘ 𝑔1)𝑘, (𝑔1 ∘ 𝑔2)𝑘, 𝑔2 ∘ (𝑔1 ∘ 𝑔2)𝑘.
Notice, then, that the inverse of 𝑎 is one of the following:

(𝑔1 ∘ 𝑔2)𝑘, (𝑔1 ∘ 𝑔2)𝑘 ∘ 𝑔1, (𝑔2 ∘ 𝑔1)𝑘, (𝑔2 ∘ 𝑔1)𝑘 ∘ 𝑔2.

⟨ Verify this for yourself by considering the different cases and showingthat the relevant combinations produce the identity. ⟩
Since each of these are alternating combinations of 𝑔1 and 𝑔2, 𝑎−1 ∈ 𝐻. □

Proof of Theorem 8.100. Observe that the elements of 𝑃𝐿 are precisely the elements
of 𝑆4 which we can obtain from the identity by alternately composing 𝑔1 and 𝑔2, begin-
ning with 𝑔1. Notice that 𝑔21 = 𝑔22 = 𝟙. We will show 𝑃𝐿 is a subgroup by using Lemma
8.101. The strategy is to show that 𝑃𝐿 is, in fact, the subset 𝐻 of 𝑆4 which consists of
all possible alternating combinations of 𝑔1 and 𝑔2.

From the definitions, it is clear that 𝑃𝐿 ⊂ 𝐻. We now show that 𝐻 ⊂ 𝑃𝐿.
Suppose that 𝜎 ≠ 𝟙 is some element of 𝑆4 which is the alternating composition of

𝑔1 and 𝑔2 some number of times, in some order. We must show that we can write it as
the composition of 𝑔1 and 𝑔2 alternately but beginning with 𝑔1. If 𝑔1 is used first, we
are done. Suppose, therefore, that 𝑔2 is used first. From above, we have 𝑔2 = 𝑔1 ∘ 𝑔2 ∘
𝑔1 ∘ 𝑔2 ∘ 𝑔1 ∘ 𝑔2 ∘ 𝑔1. If 𝜎 = 𝑔2, we are now done. Assume, therefore, that we may write
𝜎 = 𝜎′ ∘ 𝑔2, where 𝜎′ ∉ {𝑔2, 𝟙} is the alternating composition of 𝑔1 and 𝑔2, beginning
with 𝑔1. Thus,

𝜎 = 𝜎′ ∘ 𝑔1 ∘ 𝑔2 ∘ 𝑔1 ∘ 𝑔2 ∘ 𝑔1 ∘ 𝑔2 ∘ 𝑔1.
Reading from right to left, some or even all of the initial copies of 𝑔1 and 𝑔2 appearing
in 𝜎′ now cancel with the terminating copies of 𝑔1 and 𝑔2 appearing in the expression



226 8. Functions

for 𝑔2. However, since 𝜎′ ≠ 𝑔2, we will not cancel the initial copy of 𝑔1. Thus, 𝜎 is the
alternating composition of 𝑔1 and 𝑔2 beginning with 𝑔1, completing the proof. □

We will see in Section 8.9 that the plain lead is closely connected to other changes
having additional structure which can be profitably analyzed using permutations and
group theory. For more on applications of group theory to music, including campanol-
ogy, see the excellent texts [14] and [79].

8.10. Application: Probability functions

The more you think about randomness, the less random things become.
—Persi Diaconis18

Recall that if 𝑋 is a set, then an event space on 𝑋 is a set ℰ ⊂ 𝒫(𝑋) such that the
following hold
(E1) ∅ ∈ ℰ,
(E2) If 𝐴 ∈ ℰ, then 𝐴𝑐 ∈ ℰ,
(E3) If 𝐴𝑖 ∈ ℰ for all 𝑖 ∈ ℕ, then ⋃

𝑖∈ℕ
𝐴𝑖 ∈ ℰ.

We now define probabilities.

Definition 8.102 (Probability function). Let 𝑋 be a set with event space ℰ. A
function 𝑃 ∶ ℰ → [0, 1] is a probability function if the following hold.
(1) 𝑃(∅) = 0. (“The probability of nothing happening is zero.”)
(2) 𝑃(𝑋) = 1. (“The probability of something happening is one.”)
(3) If 𝐸𝑖 is an event for all 𝑖 ∈ ℕ and if for all 𝑖, 𝑗 ∈ ℕ with 𝑖 ≠ 𝑗, we have

𝐸𝑖 ∩ 𝐸𝑗 = ∅, then

𝑃(⋃
𝑖∈ℕ

𝐸𝑖) =
∞
∑
𝑖=1

𝑃(𝐸𝑖).

A triple (𝑋, ℰ, 𝑃), where 𝑋 is a set, ℰ is an event space, and 𝑃 is a probability
function, is said to be a probability space.

The sum on the right of (3) is to be understood as the limit of partial sums, as in
calculus. Incidentally, if𝒜 is a set whose elements are all sets, we say that the elements
of𝒜 are pairwise disjoint if whenever𝐴, 𝐵 ∈ 𝒜, either𝐴 = 𝐵 or𝐴∩𝐵 = ∅. Condition
(3) can be summarized as saying that a probability function is additive under pairwise
disjoint countable unions.
Example 8.103. (1) Let 𝑋 = ℕ, ℰ = 𝒫(𝑋), and define 𝑃 ∶ ℰ → [0, 1] by

𝑃(𝐸) = {1 if 17 ∈ 𝐸,
0 if 17 ∉ 𝐸.

Then (𝑋, ℰ, 𝑃) is a probability space.
18Persi Diaconis is a prominent statistician and mathematician. He has also performed as a stage magician and has

spent considerable effort investigating and debunking the performance, science, and mathematics of ESP experiments. The
quote is from [82].
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(2) Let 𝑋 = {1, 2, 3, 4, 5, 6}, let ℰ = 𝒫(𝑋), and let 𝑃(𝐸) be 1/6 times the number of
elements in 𝐸 for all 𝐸 ∈ ℰ. Then (𝑋, ℰ, 𝑃) is a probability space. (It is called the
uniform probability space on 𝑋 .)

(3) Let 𝑋 = ℝ and let ℰ be the smallest event space on 𝑋 containing all the open
intervals in ℝ (see Theorem 5.73). For 𝐸 ∈ ℰ, define

𝑃(𝐸) = ∫
𝐸

1
√2𝜋

𝑒−𝑥2/2𝑑𝑥.

Then (𝑋, ℰ, 𝑃) is a probability space called the standard normal probability
distribution. It is challenging to prove that it is a probability space (and even
that the integral exists!) ♦

Exercise 8.104. Suppose that (𝑋, ℰ, 𝑃) is a probability space and that 𝐸 ∈ ℰ. Prove
that 𝑃(𝐸𝑐) = 1 − 𝑃(𝐸).

One of the basic tasks in probability is to determine the probability that two events
both occur. For instance, what is the probability of rolling a fair die to get a “6” and
then rolling it again to get a second “6”? We can model this scenario using Cartesian
products. Working somewhat more generally, suppose that (𝑋, ℰ𝑋 , 𝑃𝑋) and (𝑌, ℰ𝑌 , 𝑃𝑌 )
are probability spaces. Given 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌 , the set 𝐴 × 𝐵 ⊂ 𝑋 × 𝑌 . If 𝐴 and
𝐵 are events, we want the “rectangle” 𝐴 × 𝐵 to be an event, as well. Informally, we’ll
interpret 𝐴×𝐵 as the event “𝐴 happens, then 𝐵 happens”. To that end, let ℰ0 be the set
of all “rectangles” in 𝑋 × 𝑌 ; that is 𝑧 ∈ ℰ0 if and only if there exist 𝐴 ∈ ℰ𝑋 and 𝐵 ∈ ℰ𝑌
such that 𝑧 = 𝐴 × 𝐵. See Figure 8.20. We define the probability of a product to be the
product of the probabilities. That is, define 𝑃 ∶ ℰ0 → [0, 1] by 𝑃(𝐴 × 𝐵) = 𝑃𝑋(𝐴)𝑃𝑌 (𝐵)
for all 𝐴 × 𝐵 ∈ ℰ0.

A

B A×B

X

Y

Figure 8.20. The rectange 𝐴 × 𝐵 in the set 𝑋 × 𝑌 .

By Theorem 5.73, there is a “smallest” event space ℰ ⊂ (𝑋 × 𝑌) such that ℰ0 ⊂ ℰ.
The events in ℰ are obtained by taking complements and unions (over ℕ) of events
in ℰ0. The function 𝑃 can be extended to a function 𝑃 ∶ ℰ → [0, 1] on all of ℰ. The
way to do this is, for each 𝐸 ∈ ℰ, choose a way of writing 𝐸 in terms of unions and
complements of sets in ℰ0. Using the formulas defining a probability function, we can
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then define 𝑃(𝐸) in terms of the values of 𝑃 on the elements of ℰ. The main difficulty
is to prove that 𝑃 is well defined and still satisfies the definition of probability function.
How do we know that our choices for how to express 𝐸 in terms of the elements of ℰ0
do not conflict with each other? Is it possible that there are different possibilities for
𝑃(𝐸) depending on how we express 𝐸 in terms of the elements of ℰ0?

One situation where we can easily address these issues is when 𝑋 and 𝑌 are non-
empty finite sets. Let ℰ𝑋 and ℰ𝑌 be the power sets of 𝑋 and 𝑌 . If𝐴 is a subset of 𝑋 or 𝑌 ,
let |𝐴| be the number of elements in 𝐴. For 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌 , define 𝑃𝑋(𝐴) = |𝐴|/|𝑋|
and 𝑃𝑌 (𝐵) = |𝐵|/|𝑌|, the ratios of the numbers of elements in 𝐴 and 𝐵 to the numbers
of elements in 𝑋 and 𝑌 , respectively. Notice that if 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌 , the number of
elements in 𝐴× 𝐵 is |𝐴 × 𝐵| = |𝐴||𝐵|. Let ℰ be the power set of 𝑋 × 𝑌 . If for any subset
𝐸 ⊂ 𝑋 × 𝑌 , we define 𝑃(𝐸) = |𝐸|/|𝑋 × 𝑌|, we have a function with the property that
𝑃(𝐴 × 𝐵) = |𝐴|

|𝑋| ⋅
|𝐵|
|𝑌| = 𝑃(𝐴)𝑃(𝐵).

Whenwe apply the preceding considerations to problems derived from the natural
or social sciences, we must of course be careful that our choice of probability function
corresponds to the world we are modeling. For instance, multiplying the probabilities
of subsequent events 𝐴 and 𝐵 is only a valid way of calculating the probability of the
event “first 𝐴, then 𝐵” if 𝐴 and 𝐵 are independent. Informally, this means that whether
or not event 𝐵 occurs is unaffected by whether or not 𝐴 occurs. The US economic cri-
sis beginning in 2007–2008 had many causes, but one of them, as argued in [110], may
have been the failure of people working in finance to account for dependencies among
events. Great care must be taken to ensure the applicability and relevance of mathe-
matical concepts when applying mathematics to subjects, such as the natural sciences
and economics, which depend not only on logical deductions from initial assumptions
but also on the degree to which the initial assumptions are accurate descriptions of
what is actually the case.

8.11. Application: Electrical circuits

Before this I was not unacquainted with themore obvious laws of electricity.
On this occasion a man of great research in natural philosophy was with us,
and excited by this catastrophe, he entered on the explanation of a theory
which he had formed on the subject of electricity and galvanism, which was
at once new and astonishing to me.

—Mary Wollenscraft Shelley19

Before discussing electrical circuits in particular, we discuss directed graphs and
certain types of functions on directed graphs. In Section 2.3 we discussed undirected
graphs, and briefly introduced digraphs. Informally, the edges in a directed graph have
an orientation (i.e., an arrow or direction), whereas the edges in an undirected graph
do not. We can formalize this by making an edge 𝑒 into an ordered pair (𝑣, 𝑤), where
𝑣, 𝑤 ∈ 𝑉 ; in an undirected graph the corresponding edge would instead be the set
{𝑣, 𝑤}. More formally, a directed graph or digraph 𝐺 = (𝑉, 𝐸) consists of a set 𝑉 of

19Mary Shelley (1797–1851) was a science fiction pioneer. The quotation is from Frankenstein; or, a modern
Prometheus.
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vertices and a set of edges 𝐸 such that for each edge 𝑒 ∈ 𝐸, there exist vertices 𝑣, 𝑤 ∈ 𝑉
so that 𝑒 = (𝑣, 𝑤). The vertex 𝑣 is the initial endpoint of 𝑒 and the vertex 𝑤 is the
terminal endpoint of 𝑒.

Let 𝐺 = (𝒱, ℰ) be a finite directed graph.20 For an edge 𝑒, let 𝜕+𝑒 and 𝜕−𝑒 denote
the endpoints of 𝑒 so that 𝑒 is directed from 𝜕−𝑒 to 𝜕+𝑒. (In other words, 𝑒 = (𝜕−𝑒, 𝜕+𝑒).)
Given a function 𝑓∶ 𝒱 → ℝ, we can define a function ∇𝑓∶ ℰ → ℝ, called the gradi-
ent of 𝑓 by declaring that, for all 𝑒 ∈ ℰ,

∇𝑓(𝑒) = 𝑓(𝜕+𝑒) − 𝑓(𝜕−𝑒).

Let ℱ(𝒱) be the set of functions with domain 𝒱 and codomain ℝ, and let ℱ(ℰ) be
the set of functions with domain ℰ and codomain ℝ; then ∇∶ ℱ(𝒱) → ℱ(ℰ) is a
function (where ∇(𝑓) = ∇𝑓). The function ∇ is analogous to the gradient function
fromcalculus as∇𝑓(𝑒) is positive if𝑓 increases aswemove from 𝜕−𝑒 to 𝜕+𝑒 andnegative
if 𝑓 decreases.

We can also turn functions inℱ(𝐸) into functions inℱ(𝑉) as follows via a function
𝐽 ∶ ℱ(ℰ) → ℱ(𝒱). We call 𝐽 the junction function. To define 𝐽, first consider a vertex
𝑣 ∈ 𝒱. Let 𝐸+(𝑣) denote the set of edges 𝑒 ∈ ℰ such that 𝜕+𝑒 = 𝑣. Similarly, let 𝐸−(𝑣)
denote the set of edges 𝑒 ∈ ℰ such that 𝜕−𝑒 = 𝑣. The set 𝐸+(𝑣) is the set of edges
pointing into 𝑣 and 𝐸−(𝑣) pointing out of 𝑣.

Now suppose that 𝑔 ∈ ℱ(ℰ). Let 𝐽(𝑔) ∈ ℱ(𝒱) be the function defined, for all
𝑣 ∈ 𝒱, so that

𝐽(𝑔)(𝑣) = ∑
𝑒∈𝐸+(𝑣)

𝑔(𝑣) − ∑
𝑒∈𝐸−(𝑣)

𝑔(𝑣).

The function 𝐽 is the analogue of divergence from vector calculus, as, for a given vertex
𝑣 ∈ 𝒱, it measures the difference in values of 𝑔 coming into 𝑣 and exiting from 𝑣.

Exercise 8.105. Assume that 𝐺 = (𝒱, ℰ) and 𝐺′ = (𝒱, ℰ′) are two directed graphs,
such that for all 𝑣, 𝑤 ∈ 𝒱, the edge (𝑣, 𝑤) ∈ ℰ if and only if (𝑣, 𝑤) ∈ ℰ′ or (𝑤, 𝑣) ∈ ℰ′.
(That is, the graphs differ only in how directions are assigned to edges.) Suppose that
𝑓 ∈ ℱ(𝒱) and 𝑓′ ∈ ℱ(𝒱) are functions such that for every edge 𝑒 = (𝑣, 𝑤) ∈ ℰ and
𝑒′ = (𝑣,𝑤) or 𝑒′ = (𝑤, 𝑣) in ℰ′, we have 𝑓(𝑒) = 𝑓′(𝑒′). Let 𝐽 be the junction function
for 𝐺 and 𝐽′ the junction function for 𝐺′. Prove that for every vertex 𝑣 ∈ 𝒱, we have
𝐽(𝑣) = 𝐽′(𝑣).

This exercise shows that, at least with regard to the junction function, the direc-
tions on the edges of a graph are immaterial.

A function 𝑓 ∈ ℱ(𝒱) is said to be discretely harmonic if 𝐽(∇𝑓)(𝑣) = 0 for every
𝑣 ∈ 𝒱.

Exercise 8.106. Suppose that 𝑓, 𝑔 ∈ ℱ(𝒱) are both discretely harmonic on a directed
graph 𝐺. Suppose also that 𝐺 has a subgraph consisting of four vertices 𝑣0, 𝑣1, 𝑣2, 𝑣3
such that there is an edge between 𝑣0 and each of 𝑣1, 𝑣2, 𝑣3 and there are no other edges

20We have switched to using the script typeface for the set of vertices and edges since we will reserve the nonscript 𝑉
for voltage.
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v0

v1 v2

v3

Figure 8.21. A portion of a the graph 𝐺 from Exercise 8.106

incident to 𝑣0. See Figure 8.21. Finally, assume:
𝑓(𝑣1) = 𝑔(𝑣1)
𝑓(𝑣2) = 𝑔(𝑣2)
𝑓(𝑣3) = 𝑔(𝑣3).

Prove that 𝑓(𝑣0) = 𝑔(𝑣0).

Exercise 8.107. How far can you generalize Exercise 8.106?

Functions with domain the vertices or edges of a graph play an important role in
the study of networks. We consider a simple example: the voltage, resistance, and
current of an electrical circuit.

Simple electrical circuits can be modeled using directed graphs without loops and
with a finite number of vertices. The edges ℰ of the graph represent wires joining the
vertices (or nodes) of the circuit. The direction on the edge is not marked on circuit
diagram below. In Figure 8.22 some of the wires are pictured with voltage sources
or resistors on them. The sources are denoted with two vertical line segments; the
resistors, with the jagged line segment. The nodes are denoted with solid discs. The
resistance (measured in Ohms Ω) of each resistor is written near the resistor and the
voltage (measured in volts 𝑉) generated by each source is written near the source.

The amount of current flowing along a wire in each circuit can be modeled by a
function 𝐼 ∶ ℰ → ℝ. For a given edge 𝑒 ∈ ℰ, 𝐼(𝑒) ∈ ℝ is measured in amperes (A). The
sign of 𝐼(𝑒) indicates the direction of current flow. If 𝐼(𝑒) > 0, then current is flowing

Figure 8.22. We label the sources and resistors with the values of 𝐼 andΩ, respectively.
Give each edge of the graph a direction so that the horizontal line segments are directed
from left to right.
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according to the direction of the edge, and if 𝐼(𝑒) < 0 it is flowing in the opposite
direction. If 𝐼(𝑒) = 0, then no current is flowing through the edge. We will assume for
simplicity that current flows through every edge of the graph and that every edge of
the graph is directed in the direction of current flow along that edge. Hence, 𝐼(𝑒) > 0
for every edge 𝑒 ∈ ℰ.

To each vertex 𝑥 ∈ 𝒱 of the graph we associate a voltage 𝑉(𝑥). Then 𝑉 ∈ ℱ(𝒱) is
a function. The voltage drop along an edge 𝑒 ∈ ℰ is defined to be −∇𝑉(𝑒). An edge
with a voltage source andno resistor has negative voltage drop (i.e., the source increases
voltage). An edge with a resistor and no source has positive voltage drop (i.e., the resis-
tor decreases voltage). The resistance of an edge 𝑒 is defined to beΩ(𝑒) = ∇𝑉(𝑒)/𝐼(𝑒).
This ensures that (for our idealized circuit) Ohm’s law ∇𝑉(𝑒) = 𝐼(𝑒)Ω(𝑒) holds. In
general, Ohm’s law is not a mathematical theorem, but rather a physical principle ap-
plicable to certain kinds of circuits which is deduced from physical considerations and
the precise definitions of volts, ohms, and amperes (the units of current 𝐼). In our sim-
plified setting, we have chosen our definition so that it holds.

Two other physical principles, known as Kirchhoff’s laws, also govern the behavior
of idealized electrical circuits. Like Ohm’s law, Kirchhoff’s first law is not amathemati-
cal theorem, it is a physical principle which is derived from the conservation of electric
charge. We’ll examine the first of Kirchhoff’s laws.

Kirchhoff’s first law states that vertices do not influence the current:

Kirchhoff’s first law. Voltage 𝑉 ∈ ℱ(𝒱) is a discretely harmonic function.

One consequence of this law (as in Exercise 8.106) is that if you know the voltages
at all vertices of 𝐺 except for one 𝑣 ∈ 𝒱, then the voltage at the remaining vertex is
completely determined.

8.12. Additional problems

I had retired to rest with an unsolved problem in my mind.
—Edwin Abbott Abbott21

(1) Suppose that𝑓∶ 𝑋 → 𝑌 is a function. A left inverse to𝑓 is a function 𝑔∶ 𝑌 → 𝑋
such that 𝑔 ∘ 𝑓 = id𝑋 .
(a) Prove that 𝑓 has a left inverse if and only if it is injective
(b) Prove that if 𝑓 has a left inverse, the left inverse is surjective.
(c) Give examples of sets 𝑋 and 𝑌 and a function 𝑓∶ 𝑋 → 𝑌 such that 𝑓 has

two distinct left inverses.
(2) Suppose that 𝑓∶ 𝑋 → 𝑌 is a function. A right inverse to 𝑓 is a function 𝑔∶ 𝑌 →

𝑋 such that 𝑓 ∘ 𝑔 = id𝑌 .
(a) Prove that 𝑓 has a right inverse if and only if it is surjective.
(b) Prove that if 𝑓 has a right inverse, the right inverse is injective.

21The quotation is from the classic Flatland: A romance of many dimensions (1884) in which the narrator A. Square,
who lives in a two-dimenional Flatland, is visited by a sphere from the third dimension. It cleverly weaves social satire with
sophisticated mathematical exposition.
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(c) Give examples of sets 𝑋 and 𝑌 and a function 𝑓∶ 𝑋 → 𝑌 such that 𝑓 has
two distinct right inverses.

(3) Prove that a function 𝑓∶ 𝑋 → 𝑌 has an inverse if and only if it has both a left
inverse and a right inverse.

(4) Prove that there is a bijection [0, 1] → (0, 1) (these are both intervals in ℝ).
(5) Suppose that 𝑇 is a set such that there is a unique element 𝑡0 ∈ 𝑇. Let 𝑋 be any

set, and letℱ(𝑇, 𝑋) be the set of functions with domain 𝑇 and codomain 𝑋 . Prove
that there is a bijection ℎ∶ 𝑋 → ℱ(𝑇, 𝑋). This exercise suggests that it is possible
to define elements in terms of functions. This is precisely the approach taken in
the ETCS axiomatization of set theory.

(6) Suppose that 𝑋 and 𝑌 are nonempty sets such that 𝑓∶ 𝑋 → 𝑌 is a surjective
function. For each 𝑦 ∈ 𝑌 , let 𝑓−1(𝑦) = {𝑥 ∈ 𝑋 ∶ 𝑓(𝑥) = 𝑦}. (Notice that we are
not claiming 𝑓 has an inverse function.) Prove that 𝑃 = {𝑓−1(𝑦) ∶ 𝑦 ∈ 𝑌} is a
partition of 𝑋 .

(7) Suppose that 𝑋 and 𝑌 are nonempty sets such that 𝑓∶ 𝑋 → 𝑌 is a function.
Define a relation ∼ on 𝑋 by declaring 𝑥1 ∼ 𝑥2 if and only if 𝑓(𝑥1) = 𝑓(𝑥2).
(a) Prove that ∼ is an equivalence relation.
(b) Let 𝑋/ ∼ be the quotient set. Define 𝑓∶ 𝑋/ ∼→ 𝑌 by letting 𝑓([𝑥]) = 𝑓(𝑥).

Prove that 𝑓 is well defined and injective.
(c) Suppose that 𝑓∶ 𝑋 → 𝑌 is surjective. Prove that 𝑓 is a bijection.

(8) Suppose that 𝑓∶ 𝑋 → 𝑌 is a function from set 𝑋 to set 𝑌 . For a subset 𝐴 ⊂ 𝑌 , let
𝐹(𝐴) = {𝑥 ∈ 𝑋 ∶ 𝑓(𝑥) ∈ 𝐴}. Notice that 𝐹(𝐴) ⊂ 𝑋 .
(a) Suppose that 𝐴, 𝐵 ⊂ 𝑌 . Prove that 𝐹(𝐴 ∩ 𝐵) = 𝐹(𝐴) ∩ 𝐹(𝐵).
(b) Prove that 𝐹 ∶ 𝒫(𝑌) → 𝒫(𝑋) is a function.
(c) Prove that if 𝑓 is surjective, then 𝐹 is injective.
Note: What we have called 𝐹(𝐴) is usually denoted 𝑓−1(𝐴) and is called the in-
verse image of 𝐴 under 𝑓. The notation is somewhat misleading as 𝑓 may not
have an inverse. Similarly, given𝑊 ⊂ 𝑋 , the image or direct image of𝑊 under
𝑓 is 𝑓(𝑊) = range 𝑓|𝑊 .

(9) Suppose that 𝑋 and 𝑌 are sets and that 𝑄 is a set such that there exist functions
𝑞𝑋 ∶ 𝑄 → 𝑋 and 𝑞𝑌 ∶ 𝑄 → 𝑌 . Prove that there is a unique function ℎ∶ 𝑄 →
𝑋 × 𝑌 so that the following diagram commutes.

𝑋 𝑋 × 𝑌 𝑌

𝑄

𝑝𝑋 𝑝𝑌

ℎ
𝑞𝑋 𝑞𝑌

(10) Let 𝐵 = {0, 1}, and let 𝑋 be any set. Let ℱ = ℱ(𝑋, 𝐵) be the set of functions from
𝑋 to 𝐵. (Elements of ℱ are called characteristic functions on 𝑋 .) Prove that
there is a bijection ℎ∶ 𝒫(𝑋) → ℱ(𝑋, 𝐵).

Hint: For a subset𝐴 ⊂ 𝑋 , wemust define a function ℎ(𝐴) ∈ ℱ. Functions are
usually defined by declaring what they do to elements of the domain, so for each
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𝑥 ∈ 𝑋 we must specify ℎ(𝐴)(𝑥). Since the codomain of the function ℎ(𝐴) is to be
{0, 1}, for each 𝑥 ∈ 𝑋 you should specify whether ℎ(𝐴)(𝑥) is to be 0 or 1. Of course,
your definition should have something to do with the relationship between 𝑥 and
𝐴, as otherwise ℎwould be a constant function and constant functions are almost
never bijections.

(11) A function 𝑓∶ ℕ → 𝑋 (i.e., a sequence in the set 𝑋) is periodic if there exists
𝑃 ∈ ℕ such that for all 𝑛 ∈ ℕ, 𝑓(𝑛+ 𝑃) = 𝑓(𝑛). Suppose that 𝑓1, . . . , 𝑓𝑘 ∶ ℕ → ℕ∗

are periodic functions. Define 𝑓∶ ℕ → ℕ∗ by
𝑓(𝑛) = 𝑓1(𝑛) + 𝑓2(𝑛) +⋯+ 𝑓𝑘(𝑛)

for all 𝑛 ∈ ℕ. Prove that 𝑓 is periodic.
(12) In the problem, you will construct a proof (due to Northshield [96]) that there are

infinitely many primes. Youmay use the previous problem as well as the fact that
every natural number other than 1 has a prime factor.

For a prime 𝑝, define a function 𝑓𝑝 ∶ ℕ → ℕ∗ by

𝑓𝑝(𝑛) = {1 if 𝑛 is a multiple of 𝑝
0 if 𝑛 is not a multiple of 𝑝.

(a) Prove that for every prime 𝑝, the function 𝑓𝑝 is periodic.
(b) Assume there are only finitely many primes 𝑝1, . . . , 𝑝𝑘. Let 𝑓(𝑛) = 𝑓𝑝1(𝑛) +

𝑓𝑝2(𝑛)+⋯+𝑓𝑝𝑘(𝑛) for every 𝑛 ∈ ℕ. Observe that 𝑓(1) = 0. Explain why the
previous problem shows that 𝑓 is periodic and also why this contradicts the
fact that every natural number other than 1 is a multiple of a prime.

(13) Let 𝒞 denote the set of continuous functions with domain and codomain equal to
the interval [0, 1] ⊂ ℝ. Define 𝐺∶ 𝒞 → 𝒞 by

𝐺(𝑓)(𝑥) = ∫
𝑥

0
𝑓(𝑡) 𝑑𝑡.

By appealing to well-known theorems from calculus, prove that 𝐺 is injective but
not surjective.

(14) Suppose that 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑍 are functions such that 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍
is an injection. Must both 𝑔 and 𝑓 be injections? If so, prove it. If not, give a
counterexample. Must one of them be an injection? Why or why not?

(15) Suppose that 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑍 are functions such that 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍
is an surjection. Must both 𝑔 and 𝑓 be surjections? If so, prove it. If not, give a
counterexample. Must one of them be a surjection? Why or why not?

(16) Suppose that 𝑓∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑍 are functions such that 𝑔 ∘ 𝑓 ∶ 𝑋 → 𝑍
is a bijection. Must both 𝑔 and 𝑓 be bijections? If so, prove it. If not, give a
counterexample. Must one of them be a bijection? Why or why not?

(17) Use inverse functions to give another proof of Theorem 8.61.
(18) Suppose that𝐺 is a finite directed graph with vertex set 𝑉 and edge set 𝐸. 𝐺 being

directedmeans that each edge 𝑒 ∈ 𝐸 has a direction associated to it, and thus has a
head, denoted 𝜕+𝑒, and a tail, denoted 𝜕−𝑒. Letℱ(𝑉) denote the set of functions
𝑓∶ 𝑉 → ℝ. Let ℱ(𝐸) denote the set of functions 𝑔∶ 𝐸 → ℝ. As in Section 8.11,
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define ∇∶ ℱ(𝑉) → ℱ(𝐸) as follows.22 For each 𝑓 ∈ ℱ(𝑉), let ∇𝑓∶ 𝐸 → ℝ be
the function defined by

∇𝑓(𝑒) = 𝑓(𝜕+𝑒) − 𝑓(𝜕−𝑒).
(a) Suppose that 𝐺 has at least one edge. Prove that ∇ is not injective.
(b) Suppose that 𝐺 has exactly three edges, which together form a triangle (like

△). Prove that ∇ is not surjective.
(c) Suppose that 𝐺 has exactly three edges which together form a line segment.

Prove that ∇ is surjective.
(19) Let 𝑋 be a set. A binary operation on 𝑋 is a function⊗∶ 𝑋 × 𝑋 → 𝑋 . Instead

of writing⊗(𝑎, 𝑏), we usually write 𝑎⊗𝑏. Let 𝐺 be a group with group operation
∘. Explain how ∘ can be thought of as a binary operation.

(20) A quandle (𝑋, ⊲) consists of a set 𝑋 and a binary operation (as in the previous
problem) ⊲ on 𝑋 such that the following hold.
(Q1) For all 𝑎, 𝑏, 𝑐 ∈ 𝑋 , we have

(𝑎 ⊲ (𝑏 ⊲ 𝑐)) = (𝑎 ⊲ 𝑏) ⊲ (𝑎 ⊲ 𝑐).
(Q2) For every 𝑎, 𝑏 ∈ 𝑋 there exists a unique 𝑐 ∈ 𝑋 such that 𝑎 ⊲ 𝑐 = 𝑏.
(Q3) For every 𝑎 ∈ 𝑋 , 𝑎 ⊲ 𝑎 = 𝑎.
Answer the following, assuming 𝑋 has at least two elements.
(a) As a function ⊲∶ 𝑋 × 𝑋 → 𝑋 , is ⊲ surjective?
(b) Choose some 𝑎 ∈ 𝑋 . Define 𝑓∶ 𝑋 → 𝑋 by 𝑓(𝑥) = 𝑎 ⊲ 𝑥. Is 𝑓 injective?

surjective?
(c) For (𝑥, 𝑦), (𝑎, 𝑏) ∈ ℝ2, define (𝑥, 𝑦) ⊲ (𝑎, 𝑏) = (2𝑥 − 𝑎, 2𝑦 − 𝑏). Prove that

(ℝ2, ⊲) is a quandle.
(21) Suppose that 𝐺 is a group. Let Aut(𝐺) be the set of all bijective homomorphisms

𝑓∶ 𝐺 → 𝐺. Prove that Aut(G) is a subgroup of Perm (𝐺).
(22) Suppose that 𝐺 is a group and that 𝐻 is a subgroup. For each 𝑔 ∈ 𝐺, define

𝜙𝑔 ∶ 𝐺 → 𝐺 by 𝜙𝑔(𝑎) = 𝑔 ∘ 𝑎 ∘ 𝑔−1.
(a) Prove that, for all 𝑔 ∈ 𝐺, the function 𝜙𝑔 is an bijective homomorphism.
(b) Define 𝜙∶ 𝐺 → Aut(𝐺) by 𝜙(𝑔) = 𝜙𝑔. Prove that 𝜙 is a homomorphism.
(c) Prove that

ker 𝜙 = {𝑔 ∈ 𝐺 ∶ ∀𝑎 ∈ 𝐺, 𝑔 ∘ 𝑎 = 𝑎 ∘ 𝑔}.
(23) Suppose that 𝑋 is a metric space with metric 𝑑𝑋 and 𝑌 is a metric space with

metric 𝑑𝑌 . Define 𝑑 so that for all (𝑥, 𝑦), (𝑎, 𝑏) ∈ 𝑋 × 𝑌 ,
𝑑((𝑥, 𝑦), (𝑎, 𝑏)) = max (𝑑𝑋(𝑥, 𝑎), 𝑑𝑌 (𝑦, 𝑏)).

(a) Prove that 𝑑 is a metric on 𝑋 × 𝑌 .
(b) Prove that the coordinate functions 𝑝𝑋 ∶ 𝑋 × 𝑌 → 𝑋 and 𝑝𝑌 ∶ 𝑋 × 𝑌 → 𝑌

are continuous.
(c) Let 𝐴 be a metric space with metric 𝑑𝐴 and suppose that 𝑓∶ 𝐴 → 𝑋 ×𝑌 is a

function. Notice that this means that for all 𝑎 ∈ 𝐴,
𝑓(𝑎) = (𝑝𝑋(𝑓(𝑎)), 𝑝𝑌 (𝑓(𝑎))).

22You do not necessarily need to have studied Section 8.11, to do this problem.
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Prove that 𝑓 is continuous if and only if both of the compositions 𝑝𝑋 ∘ 𝑓 and
𝑝𝑌 ∘ 𝑓 are continuous.
This result is used in calculus when considering curves in ℝ2 = ℝ ×ℝ of the

form 𝑓(𝑡) = (𝑥(𝑡), 𝑦(𝑡)) where 𝑡 ∈ ℝ. We can evaluate the continuity of such a
curve 𝑓 by simply examining the continuity of the coordinate functions 𝑥 = 𝑝𝑋 ∘𝑓
and 𝑦 = 𝑝𝑌 ∘ 𝑓.

(24) Let 𝑋 be a set. Let ℱ denote the set of functions 𝑓∶ 𝑋 → ℝ. For 𝑓, 𝑔 ∈ ℱ, define
𝑓 ∼ 𝑔 if and only if there exists 𝑀 ∈ ℝ such that |𝑓(𝑥) − 𝑔(𝑥)| ≤ 𝑀 for every
𝑥 ∈ 𝑋 . Prove that ∼ is an equivalence relation.





Chapter 9

Advanced Proof Techniques

Key Terms

• induction
• complete induction
• well-ordering principle
• proof by minimal counterexample
• recursive definition

Induction applied to the physical sciences is always uncertain, because it
is based on the belief in a general order of the universe, an order which is
external to us. Mathematical induction . . . is, on the contrary, necessarily
imposed on us, because it is only the affirmation of a property of the mind
itself.

—Henri Poincaré1

In philosophy and science, inductive reasoning is the process of arriving at proba-
ble (rather than certain) truths by generalizing from particular examples or premises.
For example, the belief that the sun will rise tomorrow is an example of a probable
conclusion based on generalizing from the fact that the sun has come up on all previ-
ous days. The sun may not, in fact, come up tomorrow. As investment councilors say,
“Past performance is no guarantee of future results”. Deductive reasoning, however,
results in arriving at certain truths2 given true premises. Every proof in this book is
an example of deductive reasoning. Perhaps confusingly, mathematical induction is
a type of deductive reasoning. Induction is one of our most powerful mathematical
tools. It allows us to prove statements about sets having more elements than we can

1Science and Hypothesis (1905) [101].
2Well, as certain as things can be given that “to err is human”.

237
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possibly imagine. It comes in several equivalent forms, each of which we explore in
the sections that follow.

9.1. Regular old induction

Is this a seven or a five
an eight or twenty-two
What happens in position 𝑛
What happens after it, like when
𝑛 yields to 𝑛 + 1, and then
𝑛 + 1 to 𝑛 + 2?

—Eugene Ostashevsky3

During a class field trip, a large number of first-graders are standing in a line. It so
happens that the following are true:

• Base fact: The leftmost first-grader knows a secret.
• Inductive fact: If some first-grader knows the secret, then they will share the
secret with the child to the right.

By the base fact, the leftmost first-grader knows the secret. By the inductive fact, she
will share it with the child to the right, so first grader number two knows the secret.
Applying the inductive fact again, he will share it with the child to the right and so
first grader number three knows the fact. By repeatedly applying the inductive fact, we
can be confident that (given enough time) all the first graders in the line will know the
secret. Of course, if we weren’t told that the base fact and the inductive fact were true,
we would not be able to draw that conclusion.

3From The Pirate Who Does Not Know the Value of Pi by Eugene Ostashevksy. First published by New York Review
Books, Copyright ©2017 by Eugene Ostashevsky. Used with permission. [98]
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Similarly, suppose that there is an exceedingly tall ladder having equally spaced
rungs that is suspended from the side of an exceedingly tall building and hanging some
distance off the ground. We would like to be able to climb up the ladder to a certain
height. Suppose that the following facts are true:

• Base fact: We can get onto the first rung of the ladder.
• Inductive fact: If we are on the 𝑘th rung of the ladder, then it is possible to climb
to the (𝑘 + 1)st rung of the ladder.

Assuming those two facts then we can climb to whichever rung of the ladder (and thus
to whatever height) we want. The base fact guarantees that we can get to the first rung
of the ladder. The inductive fact then guarantees that once we are on the first rung
we can make it to the second rung. Applying the second fact again, we see that since
we have made it to the second rung, we can also make it to the third rung. Indeed,
applying the second fact as many times as we wish allows us to ensure that we can
climb to whichever rung of the ladder we wish. Again, unless we know that the base
fact and the inductive fact are true, we cannot know for certain that we can climb to
whatever rung of the ladder we wish.

These principles are enshrined in the following theorem whose proof uses the
Peano axioms for ℕ (Section 2.4). The proof Theorem 9.1 is not nearly as important
as being able to prove other theorems using it. When we apply induction, we spend
our time showing that the base fact and inductive fact are true in different contexts.

Theorem9.1 (Mathematical induction). Suppose that 𝑛0 ∈ ℤ and that for each
integer 𝑛 ≥ 𝑛0, 𝑃(𝑛) is a statement. Assume also that the following two statements
hold.

• Base fact. 𝑃(𝑛0) is true.
• Inductive fact. If, for some 𝑘 ≥ 𝑛0, the statement 𝑃(𝑘) is true then 𝑃(𝑘 + 1)
is true.

Then 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.

Proof. Let 𝑁 = {𝑛 ∈ ℤ ∶ 𝑛 ≥ 𝑛0} and let 𝐴 ⊂ 𝑁 be the set such that 𝑛 ∈ 𝐴 if
and only if 𝑃(𝑛) is true. We want to show that 𝐴 = 𝑁. Recall from Exercise 2.33 that
(𝑁, 𝑛0, 𝑛 ↦ 𝑛 + 1) satisfies the Peano axioms. We will apply the third Peano axiom to
𝐴. To see that this is possible, observe that since 𝑃(𝑛0) is assumed to be true, 1 ∈ 𝐴.
Furthermore, we are assuming that if 𝑘 ∈ 𝐴, then 𝑘+1 ∈ 𝐴. These two facts are all that
are required to show that 𝐴 satisfies the hypotheses of the third Peano axiom. Thus,
the axiom guarantees that 𝐴 = 𝑁. Hence, for all 𝑛 ∈ 𝑁, 𝑃(𝑛) is true. □

When we construct a proof by induction, we must show that the base fact and in-
ductive fact are true. The step where we show the base fact is true is called the base
case. The step where we show the inductive fact is true is called the inductive step.
The assumption “𝑃(𝑘) is true” is called the inductive hypothesis. Proving the impli-
cation 𝑃(𝑘) ⇒ 𝑃(𝑘 + 1) is called the inductive task. Often, but not always, our base
case will be either 𝑛0 = 0 or 𝑛0 = 1.
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Here are some examples showing how to use induction to prove facts about the
natural numbers. When we use mathematical induction, we need to show that the
assumptions in Theorem 9.1 hold. That is, we need to prove the base case and the
inductive step.

Example 9.2. Prove that for every 𝑛 ∈ ℕ, (𝑛 + 1)/2 ≤ 𝑛2. ♦

Proof. We prove this by induction on 𝑛.
Base case: Let 𝑛 = 1. We observe that

(𝑛 + 1)/2 = 1 = 12 = 𝑛2.
So, when 𝑛 = 1, (𝑛 + 1)/2 ≤ 𝑛2.

Inductive step: Assume that for some 𝑘 ∈ ℕ, (𝑘+1)/2 ≤ 𝑘2. (This is the inductive
hypothesis (IH).) We will show that

(𝑘 + 1) + 1
2 ≤ (𝑘 + 1)2.

(This is the inductive task.)
To that end, observe that

(𝑘 + 1)2 = 𝑘2 + 2𝑘 + 1
≥ (𝑘 + 1)/2 + 2𝑘 + 1 (IH applied to 𝑘2 )
≥ (𝑘 + 1)/2 + 3 (∗)
= 𝑘+2

2 + 5
2

≥ ((𝑘 + 1) + 1)/2.
The inequality marked (IH) follows from the inductive hypothesis and the inequality
marked (*) follows from the fact that the natural number 2𝑘 is at least 2.

Since we have shown that both the base case and the inductive step hold, mathe-
matical induction affirms that

(𝑛 + 1)/2 ≤ 𝑛2
for every 𝑛 ∈ ℕ. □

In the previous proof, note the following essential features of a proof by induction.
• We begin by saying that we are doing a proof by induction and state the quantity
we are inducting on.

• We prove both the base case and the inductive step.
• In the inductive step, we clearly state the inductive hypothesis and the inductive
task.

• We say exactly where we use the inductive hypothesis.
A typical feature of a proof by induction is also present in the example above:

Inductive proof guideline: When proving the inductive step, we begin with an
object involving (𝑘 + 1) (in this case the quantity (𝑘 + 1)2), find a way to express it in
terms of 𝑘, apply the inductive hypothesis, and then find a way to express the result in
terms of (𝑘 + 1).

To summarize:
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Proof by Induction

To show: 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.
Structure of proof: We do a proof by induction on 𝑛.
Base case: Let 𝑛 = 𝑛0.

⟨ Prove that the statement is true when 𝑛 = 𝑛0. ⟩
Inductive step: Assume that 𝑃(𝑘) is true. We will show that 𝑃(𝑘 + 1) is true.

⟨ Rephrase 𝑃(𝑘 + 1) as a statement about 𝑘. Use the inductive hy-
pothesis, emphasizing where you do so, for 𝑃(𝑘) and then do some
work to show that 𝑃(𝑘 + 1) is true. ⟩

Since we have shown both the base case and the inductive step, mathematical
induction implies that 𝑃(𝑛) is true for all 𝑛. □

At first glance, it may seem as though a proof by induction involves a logical circle:
Isn’t the inductive hypothesis assumingwhat we are trying to prove? The reasonwhy it
is not a circular argument is that the inductive hypothesis assumes that the statement
is true for some integer and, once the base case and inductive steps have been proven,
mathematical induction allows us to conclude that the statement is true for all integers
at least 𝑛0.

One good application of induction is to show that every integer is either even or
one more than an even integer. We used this result back in the proof of Theorem 4.2.

Theorem 9.3 (Even vs. odd). If 𝑛 ∈ ℤ, then there exists𝑚 ∈ ℤ such that 𝑛 = 2𝑚
or there exists𝑚 ∈ ℤ such that 𝑛 = 2𝑚 + 1, but not both.

Recall that if there exists𝑚 ∈ ℤ such that 𝑛 = 2𝑚, we say that 𝑛 is even. A number
is odd if it is not even. The theorem shows that every odd number is one more than an
even number.

Proof. By Lemma 4.1, a number cannot be both a multiple of two and one more than
a multiple of two. In this proof we are consumed with showing that every integer is
either even or odd. We first prove this for all 𝑛 ∈ ℕ∗ by induction on 𝑛 and then extend
the result to all of ℤ by a trick.4

Base case: 𝑛 = 0.
When 𝑛 = 0, we can define𝑚 = 0 so that

𝑛 = 0 = 2 ⋅ 0 = 2 ⋅ 𝑚.

Inductive step: Assume that for some 𝑘 ∈ ℕ∗, there exists 𝑚′ ∈ ℤ such that
𝑘 = 2𝑚′ or 𝑘 = 2𝑚′ + 1. We will show that there exists𝑚 ∈ ℤ such that 𝑘 + 1 = 2𝑚 or
𝑘 + 1 = 2𝑚 + 1.

4Often in mathematical writing, the word “trick” means a clever argument which avoids hard work. It signifies to the
reader that they are not necessarily expected to have thought of this approach themselves.



242 9. Advanced Proof Techniques

There are two cases to consider: when 𝑘 = 2𝑚′ and when 𝑘 = 2𝑚′ + 1. First
suppose that 𝑘 = 2𝑚′. Let𝑚 = 𝑚′. Then

𝑘 + 1 = 2𝑚′ + 1 = 2𝑚 + 1.
Thus, we are done in this case.

Second, suppose that 𝑘 = 2𝑚′ + 1. Let𝑚 = 𝑚′ + 1. Then,
𝑘 + 1 = 2𝑚′ + 2 = 2𝑚.

Hence, we are done in this case as well.
By the principle of mathematical induction, for each 𝑛 ∈ ℕ∗, there is some𝑚 ∈ ℤ

so that 𝑛 = 2𝑚 or 𝑛 = 2𝑚 + 1.
We next show that if 𝑛 ∈ ℤ and 𝑛 < 0, then the result also holds. Suppose, there-

fore, that 𝑛 ∈ ℤ and 𝑛 < 0. Then −𝑛 ∈ ℕ. By our previous work, there exists 𝑚′ ∈ ℤ
such that −𝑛 = 2𝑚′ or −𝑛 = 2𝑚′ + 1. If −𝑛 = 2𝑚, let𝑚 = −𝑚′. Then

𝑛 = 2(−𝑚′) = 2𝑚.
If −𝑛 = 2𝑚′ + 1, let𝑚 = −𝑚′ − 1. Then

𝑛 = −(2𝑚′ + 1) = 2(−𝑚′ − 1) + 1 = 2𝑚 + 1.
Thus, in either case, there is an𝑚 ∈ ℤ such that 𝑛 = 2𝑚 or 𝑛 = 2𝑚 + 1. □

Exercise 9.4. Prove that for every integer 𝑛 ∈ ℤ, there exists 𝑚 ∈ ℤ such that 𝑛 ∈
{3𝑚, 3𝑚 + 1, 3𝑚 + 2}. Model your proof on that of Theorem 9.3.

Use induction to prove the following theorem from Euclid’s Elements.

Theorem 9.5 (The division algorithm). Suppose that 𝑎, 𝑏 ∈ ℕ. Prove that there
exists unique 𝑞, 𝑟 ∈ ℕ∗ such that 𝑏 = 𝑎𝑞 + 𝑟 and 𝑟 < 𝑎. (The number 𝑞 is the
quotient and 𝑟 is the remainder.)

Here is another example where induction is useful. Recall that a polynomial (for
our purposes) is a function 𝑎∶ ℝ → ℝ such that either 𝑎 is constant or there exists
𝑛 ∈ ℕ and 𝑎0, . . . , 𝑎𝑛 ∈ ℝ such that 𝑎𝑛 ≠ 0 and for all 𝑥 ∈ ℝ,

𝑎(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛.
The number 𝑛 is called the degree of the polynomial and the numbers 𝑎0, . . . , 𝑎𝑛 are
the coefficients. (If 𝑎 is constant, then we define its degree to be 0 and its leading
coefficient to be the constant.) We let deg(𝑎) denote the degree of a polynomial 𝑎. The
next exercise shows that these terms are well defined.

Exercise 9.6. Prove that two polynomials are equal if and only if they have the same
degree and the same coefficients. That is, suppose 𝑝(𝑥) = 𝑎0+𝑎1𝑥+𝑎2𝑥2+⋯+𝑎𝑛𝑥𝑛
and 𝑞(𝑥) = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + ⋯ + 𝑏𝑚𝑥𝑚 with 𝑎𝑛 and 𝑏𝑚 both nonzero. Prove that
𝑝 = 𝑞 if and only if 𝑛 = 𝑚 and 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∈ {0, . . . , 𝑛}.
Exercise 9.7. Suppose that𝑎 and 𝑏 are polynomials. Then𝑎+𝑏 and𝑎𝑏 are polynomials
and deg(𝑎 + 𝑏) ≤ max(deg(𝑎), deg(𝑏)) and deg(𝑎𝑏) ≤ deg(𝑎) + deg(𝑏). Prove both
statements and determine exactly when equality holds for each.
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Sometimes sequences are defined recursively; that is, each term of the sequence is
defined using previous terms. Induction is often helpful for proving facts about such
sequences. We’ll study recursively defined sequences more in Section 9.4.

Theorem 9.8. Let 𝑥0 = √2 and, for 𝑛 ≥ 0, let 𝑥𝑛+1 = √𝑥𝑛 + 2. Then for all
𝑛 ∈ ℕ∗,

• 𝑥𝑛 < 2 and
• 𝑥𝑛 < 𝑥𝑛+1.

Proof. We first prove that 𝑥𝑛 < 2 for all 𝑛 ∈ ℕ∗ by induction on 𝑛.
Base case: 𝑛 = 0.
In this case, 𝑥𝑛 = √2 which is strictly less than 2, as desired.
Inductive step: Suppose that for some 𝑘 ∈ ℕ∗, 𝑥𝑘 < 2. We show that 𝑥𝑘+1 < 2.
Observe that 𝑥2𝑘+1 = 𝑥𝑘 + 2. By the inductive hypothesis, we have

𝑥2𝑘+1 < 2 + 2 = 4.

Thus, since 𝑓(𝑥) = √𝑥 is an increasing function,
𝑥𝑘+1 < 2,

as desired. By the principle of mathematical induction, we are done.
Now we show that for all 𝑛 ∈ ℕ∗, 𝑥𝑛 < 𝑥𝑛+1 by induction on 𝑛.
Base case: 𝑛 = 0. In this case, 𝑥21 = 2 + √2 > 2 = 𝑥20. Thus, taking square roots,

we see that 𝑥1 > 𝑥0.
Inductive step: Assume that for some 𝑘 ∈ ℕ∗, 𝑥𝑘 < 𝑥𝑘+1. We will show that

𝑥𝑘+1 < 𝑥𝑘+2.
Observe that, by the inductive hypothesis and the fact that 𝑓(𝑥) = √𝑥 is a increas-

ing function,
𝑥𝑘+1 = √𝑥𝑘 + 2 < √𝑥𝑘+1 + 2 = 𝑥𝑘+2.

Thus, by the principle of mathematical induction, we have shown that for all 𝑛 ∈ ℕ∗,
𝑥𝑛 < 2 and 𝑥𝑛 < 𝑥𝑛+1. □

Exercise 9.9. The Fibonacci numbers are defined as follows. Let 𝑓1 = 𝑓2 = 1. For
𝑛 ≥ 3, let 𝑓𝑛 = 𝑓𝑛−1 + 𝑓𝑛−2. Prove that for all 𝑝 ≥ 2, we have

𝑓2𝑝𝑓2𝑝−3 ≥ 𝑓2𝑝−2𝑓2𝑝−1.
Conclude that for all 𝑝 ≥ 2, we have

𝑓2𝑝
𝑓2𝑝−1

≥
𝑓2𝑝−2
𝑓2𝑝−3

.

Induction is often used to count the number of elements in a particular set. We’ll
use it to count the number of elements in the power set of a finite set. Sincewe don’t yet
have a precise definition of “number of elements of a finite set”, we technically should
defer this example (and some of the others that follow) to Chapter 10. However, we’ve
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been working with finite sets for most of our lives, so we should have a good enough
intuition for what this means. This example involves such a nice use of induction that
it is too good to pass up.

Theorem 9.10. Suppose that𝑋 is a set with exactly 𝑛 ∈ ℕ∗ elements. Then𝒫(𝑋)
has exactly 2𝑛 elements.

Before starting a proof by induction, it’s good to work out a few examples to get
a feel for the pattern. To begin, notice that if 𝑋 has 0 elements, then 𝑋 = ∅ and
𝒫(𝑋) = {∅}. Thus, 𝒫(𝑋) has one element. Since 1 = 20, the result holds. Now con-
sider something harder. Suppose 𝑋 has four elements. For the purpose of working our
example, we may as well assume that 𝑋 = {1, 2, 3, 4}. The power set of 𝑋 has elements:

∅,
{1}, {2}, {3}, {4},
{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4},
{1, 2, 3, 4}.

The goal of induction is to take something difficult and reduce it to something easier.
One way to make the set simpler is to remove an element. Let’s say we remove 4 from
{1, 2, 3, 4} to get {1, 2, 3}. The power set of {1, 2, 3} has elements:

∅,
{1}, {2}, {3},
{1, 2}, {1, 3}, {2, 3},
{1, 2, 3}.

Notice that each of these sets is also a subset of {1, 2, 3, 4}. Furthermore, each subset
of {1, 2, 3, 4} that is not one of these can be obtained by inserting “4” into one of these
subsets. We see that we can organize the subsets of {1, 2, 3, 4} into those that don’t
contain “4” and those that do and that there must be the same number of each. Hence,
𝒫({1, 2, 3, 4}) has twice the number of elements as 𝒫({1, 2, 3}). We use this observation
as the basis for our proof.

Proof. We prove this by induction on 𝑛.
Base case: 𝑛 = 0.
In this case, 𝑋 = ∅ and 𝒫(𝑋) = {∅}. Clearly, 𝒫(𝑋) has exactly 1 = 20 elements.
Inductive step: Assume that there exists 𝑘 ∈ ℕ∗ such that every set with exactly

𝑘 elements has exactly 2𝑘 elements in its power set. Let 𝑋 be a set with exactly 𝑘 + 1
elements. We will show that 𝒫(𝑋) has exactly 2𝑘+1 elements.

Since 𝑘 ∈ ℕ∗, 𝑘+ 1 ≥ 1. Thus, there exists 𝑥0 ∈ 𝑋 . Let 𝑋 ′ = 𝑋 ⧵ {𝑥0}. Then 𝑋 ′ has
exactly 𝑘 elements.5 By our inductive hypothesis, 𝒫(𝑋 ′) has 2𝑘 elements.

5We actually don’t know how to prove this at the moment.
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Partition 𝒫(𝑋) into two subsets 𝑌 and 𝑌 ′. Let 𝑌 ′ = {𝐴 ∈ 𝒫(𝑋) ∶ 𝑥0 ∉ 𝐴} and
𝑌 = {𝐴 ∈ 𝒫(𝑋) ∶ 𝑥0 ∈ 𝐴}.

⟨ Show that 𝑌 ′ = 𝒫(𝑋). ⟩

Notice that for each 𝐴 ∈ 𝑌 , the set 𝐴 ⧵ {𝑥0} is an element of 𝑌 ′. Conversely, for
each 𝐴 ∈ 𝑌 ′, the set 𝐴 ∪ {𝑥0} ∈ 𝑌 . Since we can match the elements of 𝑌 with the
elements of 𝑌 ′, the sets 𝑌 and 𝑌 ′ have the same number of elements.6 Since 𝑌 and 𝑌 ′

have no elements in common and since 𝒫(𝑋) = 𝑌 ∪ 𝑌 ′, we have that the set 𝒫(𝑋) has
exactly 2𝑘 + 2𝑘 = 2𝑘+1 elements. (Hint: This is Exercise 5 in Section 9.9.)

By induction, for every 𝑛 ∈ ℕ∗, if 𝑋 has exactly 𝑛 elements, then 𝒫(𝑋) has exactly
2𝑛 elements. □

Exercise 9.11. Adapt the proof of Theorem 9.10 to show the following. If 𝑋 is a set
with 𝑛 elements and 𝑌 is a set with 𝑚 elements, then there are exactly 𝑚𝑛 functions
𝑓∶ 𝑋 → 𝑌 . (Hint: Let𝑚 be fixed, but arbitrary and induct on 𝑛. You will need to use
the fact, which is Exercise 6 in Section 9.9, that if 𝑃 is a partition of a finite set 𝑍, then
the number of elements in 𝑍 is equal to the sum of the number of elements in each of
the sets in 𝑃.)

Here is another counting fact which can be proved using induction.

Theorem 9.12. Suppose that 𝑃 is a convex polygon with 𝑛 ≥ 3 sides. Then 𝑃 can
be tiled by 𝑛 − 2 triangles.

Herewe say that a polygon is convex if for any two distinct vertices 𝑣 and𝑤 of 𝑃, the
line segment 𝑣𝑤 is contained inside the polygon (possibly as the union of edges). (Can
you prove that this is equivalent to saying that the interior of the polygon is convex in
the sense of Definition 5.52?) The idea of the proof is depicted in Figure 9.1. We cut
off a vertex, use our inductive hypothesis to triangulate, and then put the vertex back.
The theorem is also true if we drop the requirement that the polygon be convex; see
Theorem 9.24.

Figure 9.1. Inductively triangulating a (𝑘+1)-gon by cutting off a vertex, triangulating,
and then putting the vertex back.

6Again, in Chapter 10 we’ll be able to give a better proof of this fact.
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Proof. We induct on the number 𝑛 of sides of 𝑃. We show, in fact, that the triangula-
tions can always be taken to have all their vertices at the vertices of 𝑃.

Base case: 𝑛 = 3.
In this case, 𝑃 is a single triangle so it can clearly be tiled by (𝑛 − 2) = 1 triangles

with all its vertices at the vertices of 𝑃.
Inductive step: Assume that every convex polygon 𝑃′ with 𝑘 sides, can be tiled by

(𝑘 − 2) triangles, each with its vertices also a vertex of 𝑃′. We show that every polygon
𝑃 with 𝑘+1 ≥ 4 sides can be tiled by (𝑘+1)−2 = 𝑘−1 triangles, each with its vertices
also a vertex of 𝑃.

Suppose that 𝑃 is a polygon with 𝑘 + 1 sides. Let 𝑣0, 𝑣1, 𝑣2 be three consecutive
vertices of 𝑃. Let 𝑒 be the edge joining 𝑣0 and 𝑣2. Since 𝑃 is not a triangle, this is not
an edge of 𝑃. Since 𝑃 is convex, 𝑒 is contained inside 𝑃.

Let𝑇 be the triangle (or line segmentwhich is the union of two edges)with vertices
𝑣0, 𝑣1, 𝑣2. Let 𝑃′ be the polygon obtained by removing 𝑇 ∩ 𝑃 from 𝑃 and replacing it
with 𝑒. Thus, 𝑃′ is a polygon with 𝑛 sides. To see that it is convex, suppose that 𝑓 is
a line segment joining two vertices of 𝑃′. The vertices of 𝑃′ are also vertices of 𝑃, so 𝑓
is inside 𝑃. Two line segments in ℝ2 are either disjoint, intersect in a single point, or
extend to the same line in ℝ2. Since 𝑓 does not have an endpoint at 𝑣1, it cannot cross
𝑒. Thus, the edge 𝑓must be contained in 𝑃′. Hence, 𝑃′ is convex.

By the inductive hypothesis, 𝑃′ has a triangulation with 𝑛 − 2 triangles, each with
its vertices at a vertex of 𝑃. Since the interior of 𝑒 does not contain any vertex of the
triangulation, the triangulation shares an edge with 𝑇. Thus the union of 𝑇 with that
triangulation is a triangulation of 𝑃 with (𝑛 − 1) = (𝑛 − 2) + 1 vertices, each also a
vertex of 𝑃.

By induction, we are done. □

The next example concerns permutations. Recall (Definition 8.77) that a permu-
tation of a set is simply a bijection of the set to itself. We will show that every per-
mutation of a finite set can be accomplished by performing a sequence of swaps (also
known as transpositions). More formally, if 𝑋 is a set, a transposition of 𝑋 is a bijec-
tion 𝜏∶ 𝑋 → 𝑋 such that there exist distinct 𝑎, 𝑏 ∈ 𝑋 such that 𝜏(𝑎) = 𝑏, 𝜏(𝑏) = 𝑎 and
for all 𝑥 ≠ 𝑎, 𝑏 we have 𝜏(𝑥) = 𝑥. Note that 𝜏 ∘ 𝜏 = id𝑋 , so a transposition is always its
own inverse.

Before embarking on the proof, it’s good to have the general idea. The case when
𝑛 = 2 is pretty easy as there are only two possible permutations of a two element set
(including the identity permutation). Let’s consider the case when we have more ele-
ments. Consider a bijection 𝑓∶ {1, . . . , 𝑛} → {1, . . . , 𝑛}. In Figures 9.2 and 9.3 we depict
a situation when 𝑛 = 4. We consider two possibilities: either 𝑓(𝑛) = 𝑛 or 𝑓(𝑛) ≠ 𝑛. If
𝑓(𝑛) = 𝑛, as in Figure 9.2, then there’s a sense in which 𝑓 is really just a permutation
of 𝑛 − 1 elements (in the case of the figure, three elements.) Our inductive hypothesis
will allow us to dispose of that case easily. In the case when 𝑓(𝑛) ≠ 𝑛, we observe as in
Figure 9.3, that there is a transposition 𝜏∶ {1, . . . , 𝑛} → {1, . . . , 𝑛} such that 𝜏∘𝑓(𝑛) = 𝑛.
Then we can apply the first case to the bijection 𝜏 ∘ 𝑓. We then have to do a little bit of
work to deduce the result for 𝑓. The main challenge in writing this argument carefully
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Figure 9.2. An example of a permutation of {1, 2, 3, 4} which does not move 4. It is
essentially a permutation of {1, 2, 3}.

is that, according to our definitions, if the domain of a function is a set with four points
(for example), it is not equal to a functionwhose domain is a set with three points—two
functions with different domains are different! To get around this minor annoyance,
we work with permutations of the infinite set ℕ.

f

τ

= τ ◦ f

Figure 9.3. On the left, we see the composition of a bijection 𝑓, which does move
the last point with a carefully chosen transposition 𝜏. On the right, we see that the
composition is a bijection, which does not move the last point.
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Theorem 9.13. Suppose that 𝑓∶ ℕ → ℕ is a permutation such that there exists
𝑛 ≥ 2 so that 𝑓(𝑖) = 𝑖 for all 𝑖 > 𝑛. Then there exist transpositions 𝜎1, . . . , 𝜎𝑚 of ℕ
such that

𝑓 = 𝜎𝑚 ∘ ⋯ ∘ 𝜎1.
Furthermore, none of these transpositions move any number greater than 𝑛. That
is, for all 𝑖 > 𝑛, 𝜎𝑚(𝑖) = ⋯ = 𝜎1(𝑖) = 𝑖.

Proof. We induct on 𝑛. For convenience, let
𝑆(𝑛) = {𝑓 ∶ ℕ → ℕ ∶ 𝑓 is a bijection, and 𝑓(𝑖) = 𝑖 for all 𝑖 > 𝑛}.

Notice that if 𝑛 < 𝑚, then 𝑆(𝑛) ⊂ 𝑆(𝑚).
Base case: 𝑛 = 2.
When 𝑛 = 2, there are precisely two functions in 𝑆(𝑛). There is the identity func-

tion id∶ ℕ → ℕ and there is the tranposition 𝜏∶ ℕ → ℕ defined by

𝜏(𝑖) =
⎧
⎨
⎩

2 if 𝑖 = 1,
1 if 𝑖 = 2,
𝑖 if 𝑖 > 2.

Observe that id = 𝜏 ∘ 𝜏, and that both id and 𝜏 are elements of 𝑆(2). Thus, the result
holds for the base case.

Inductive step: Assume that there exists 𝑘 ≥ 2 such that whenever 𝑓′ ∈ 𝑆(𝑘),
then 𝑓′ is the composition of transpositions in 𝑆(𝑘). We will show that if 𝑓 ∈ 𝑆(𝑘 + 1),
then 𝑓 is the composition of transpositions in 𝑆(𝑘 + 1).

Let 𝑓 ∈ 𝑆(𝑘+1) be arbitrary. We consider three cases: 𝑓(𝑘+1) > 𝑘+1, 𝑓(𝑘+1) =
𝑘 + 1, and 𝑓(𝑘 + 1) < 𝑓(𝑘 + 1).

Case 1: 𝑓(𝑘 + 1) > 𝑘 + 1.
We show, using a proof by contradiction, that this case cannot occur. Let 𝑖 =

𝑓(𝑘 + 1). Our assumption for this case is that 𝑖 > 𝑘 + 1. By the definition of 𝑆(𝑘 + 1),
we have 𝑓(𝑖) = 𝑖. But then, 𝑖 ≠ 𝑘 + 1 but 𝑓(𝑖) = 𝑓(𝑘 + 1). Hence, 𝑓 is not injective,
contradicting the assumption that it is a permutation.

Case 2: 𝑓(𝑘 + 1) = 𝑘 + 1.
In this case, observe that 𝑓 is a permutation of ℕ such that for all 𝑖 > 𝑘, 𝑓(𝑖) = 𝑖.

That is, 𝑓 ∈ 𝑆(𝑘). By our inductive hypothesis (with 𝑓′ = 𝑓) our permutation 𝑓 is the
composition of transpositions in 𝑆(𝑘). Since 𝑆(𝑘) ⊂ 𝑆(𝑘 + 1), the permutation 𝑓 is the
composition of permutations in 𝑆(𝑘 + 1), as desired.

Case 3: 𝑓(𝑘 + 1) < 𝑘 + 1.
Let 𝜏∶ ℕ → ℕ be the transposition defined by:

𝜏(𝑖) =
⎧
⎨
⎩

𝑘 + 1 if 𝑖 = 𝑓(𝑘 + 1),
𝑓(𝑘 + 1) if 𝑖 = 𝑘 + 1,
𝑖 if 𝑖 ≠ 𝑘 + 1, 𝑓(𝑘 + 1).
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Notice that 𝜏 does not move any number greater than 𝑘 + 1. Hence, 𝜏 ∈ 𝑆(𝑘 + 1). Fur-
thermore, 𝜏 ∘ 𝑓 is a bijection since the composition of bijections is a bijection. Amaz-
ingly, we also have

𝜏 ∘ 𝑓 ∈ 𝑆(𝑘).

⟨ Check this! ⟩

By our inductive hypothesis, applied to the permutation 𝑓′ = 𝜏 ∘ 𝑓, there exist
transpositions 𝜎1, . . . , 𝜎𝑚 ∈ 𝑆(𝑘) ⊂ 𝑆(𝑘 + 1) so that

𝜏 ∘ 𝑓 = 𝜎𝑚 ∘ ⋯ ∘ 𝜎1.

Apply 𝜏 to the left of both sides of the equation and recall that 𝜏 ∘ 𝜏 = id since 𝜏 is a
transposition. Thus,

𝑓 = 𝜏 ∘ 𝜎𝑚 ∘ ⋯ ∘ 𝜎1.
Hence, 𝑓 is the composition of transpositions in 𝑆(𝑘 + 1).

By induction, the theorem is proven. □

For the sake of completeness, we now show how to convert Theorem 9.13 into a
theorem about permutations of finite sets. First, some notation. If 𝑝∶ {1, . . . , 𝑛} →
{1, . . . , 𝑛} is a permutation for some 𝑛 ∈ ℕ, define 𝑝∶ ℕ → ℕ by

𝑝(𝑖) = {𝑝(𝑖) if 𝑖 ≤ 𝑛,
𝑖 if 𝑖 > 𝑛.

We call 𝑝 the extension of 𝑝. On the other hand, if 𝑔∶ ℕ → ℕ is a permutation such
that there exists 𝑛 ∈ ℕ with 𝑔(𝑖) = 𝑖 for all 𝑖 ≥ 𝑛 (that is, 𝑔 does not move any number
greater than 𝑛), define

𝑔|𝑛 ∶ {1, . . . , 𝑛} → {1, . . . , 𝑛}
to be the function where 𝑔|𝑛(𝑖) = 𝑔(𝑖) for all 𝑖 ≤ 𝑛. It is straightforward to show that 𝑔|𝑛
is also a permutation. We call 𝑔|𝑛 the 𝑛th restriction of 𝑔. The next exercise deduces
some basic properties and is another opportunity to prove two functions are equal.

Exercise 9.14. Prove the following:

(1) If 𝑝∶ {1, . . . , 𝑛} → {1, . . . , 𝑛} is a permutation, then 𝑝|𝑛 = 𝑝.
(2) If 𝑔∶ ℕ → ℕ is a permutation that does not move any number greater than 𝑛,

then (̂𝑔|𝑛) = 𝑔.
(3) If 𝑔1, 𝑔2 are permutations of ℕ that do not move any number greater than 𝑛, then

(𝑔2 ∘ 𝑔1)|𝑛 = (𝑔2|𝑛) ∘ (𝑔1|𝑛).

(4) If 𝑔1, 𝑔2, . . . , 𝑔𝑚 are permutations of ℕ that do not move any number greater than
𝑛, then

(𝑔𝑚 ∘ ⋯ ∘ 𝑔1)|𝑛 = (𝑔𝑚|𝑛) ∘ ⋯ ∘ (𝑔1|𝑛).
(Hint: Use induction on𝑚.)
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Theorem 9.15. Suppose that 𝑓∶ {1, . . . , 𝑛} → {1, . . . , 𝑛} for some 𝑛 ≥ 2 is a
permutation. Then there exist transpositions 𝜏1, . . . , 𝜏𝑚 of {1, . . . , 𝑛} such that

𝑓 = 𝜏𝑚 ∘ ⋯ ∘ 𝜏1.

Proof. Suppose that 𝑛 ≥ 2 and that 𝑓∶ {1, . . . , 𝑛} → {1, . . . , 𝑛} is a permutation. Let
𝑓∶ ℕ → ℕ be the extension of 𝑓. Since 𝑓(𝑖) = 𝑖 for all 𝑖 > 𝑛, we may apply Theorem
9.13 to 𝑓. We conclude that there exist transpositions 𝜎1, . . . , 𝜎𝑚 of ℕ such that none
move any number greater than 𝑛 and so that

𝑓 = 𝜎𝑚 ∘ ⋯ ∘ 𝜎1.

For each 𝑗 ∈ {1, . . . , 𝑚}, let 𝜏𝑗 = (𝜎𝑗)|𝑛. Each 𝜏𝑗 is a permutation. Furthermore, since
𝜏𝑗(𝑖) = 𝜎𝑗(𝑖) for all 𝑖 ≤ 𝑛, each 𝜏𝑗 is a transposition of {1, . . . , 𝑛}. By the exercise above,

𝑓 = (𝑓)|𝑛
= (𝜎𝑚 ∘ ⋯ ∘ 𝜎1)|𝑛
= 𝜏𝑚 ∘ ⋯ ∘ 𝜏1.

Thus 𝑓 is the composition of transpositions of {1, . . . , 𝑛}. □

Exercise 9.16. For each of the following statements, identify the base case, write the
inductive hypothesis, and write the inductive task. You do not need to prove the result,
and there may bemore than one right way to set these up as proofs by induction. Some
of the statements are false; some are true, and all known proofs are very difficult; some
are open problems. Sentences in parentheses are explanatory and are not part of the
statement.

(1) For every 𝑛 ∈ ℕ, 22𝑛 − 1 is prime.

(2) For every 𝑛 ∈ ℕ, either 2𝑛 + 1 is prime or it is the sum of three prime numbers.

(3) For every 𝑎, 𝑏, 𝑐 ∈ ℕ and 𝑛 ≥ 3, 𝑎𝑛 + 𝑏𝑛 ≠ 𝑐𝑛.

(4) (The crossing number 𝑐(𝐾) of a knot 𝐾 is the number 𝑛 ∈ ℕ∗ such that every
diagram depicting 𝐾 has at least 𝑛 crossings. Given two knots 𝐾 and 𝐿, the con-
nected sum 𝐾#𝐿 is the knot obtained by first tying 𝐾 and then tying 𝐿.) For every
pair of knots 𝐾 and 𝐿, 𝑐(𝐾) + 𝑐(𝐿) = 𝑐(𝐾#𝐿).
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(5) For every polygon 𝑃 in ℝ2, there exist distinct points 𝑝1, 𝑝2, 𝑝3, 𝑝4 ∈ 𝑃 such that
the squarewith vertices𝑝1, 𝑝2, 𝑝3, 𝑝4 has the property that each edge of the square
is inside 𝑃 (except for its endpoints which are on 𝑃).

(6) For every 𝑛 ∈ ℕ such that 𝑛 has a remainder of 5, 6, or 7 when divided by 8,
there exist rational numbers 𝑥, 𝑦 such that √𝑥2 + 𝑦2 is rational and 𝑥𝑦 = 2𝑛.
(Equivalently, there exists a right triangle with sides of rational length and area
equal to 𝑛.)

We conclude with several examples showing the dangers of induction misapplied.

Exercise 9.17. Find the logical errors in the following argument purporting to show
that every natural number is even.

Clearly, 0 = 2 ⋅ 0 is even. Assume that some natural number is even. Call it 2𝑘.
Then 2(𝑘 + 1) is also a multiple of 2 and so is even. Hence, by induction every natural
number (as well as zero) is even.

Exercise 9.18. Find the logical errors in the following argument purporting to show
that every nonempty graph with finitely many vertices and edges can be drawn in the
plane so that the edges don’t cross. See Figure 9.4 for an example.

Figure 9.4. An example showing how to insert a loop.

We induct on the number of edges. If the number of edges of a graph 𝐺 is zero,
then 𝐺 consists just of vertices. If there are 𝑛 ∈ ℕ vertices, we can place them at the
points (1, 𝑗) ∈ ℝ2 for 𝑗 ∈ {1, . . . , 𝑛}. Clearly none of the edges of 𝐺 cross since there are
no edges.

Now suppose that whenever𝐺 is a graphwith finitelymany edges and vertices and
having 𝑘 edges, then 𝐺 can be drawn in the plane so that the edges don’t cross. Let 𝑣
be a vertex of 𝐺. Very close to 𝑣, we can insert a very short edge with both endpoints at
𝑣, forming a loop, so that the edge doesn’t cross any of the other edges of 𝐺. The new
graph, call it 𝐺′, has 𝑘 + 1 edges and finitely many vertices. We have drawn it in the
plane so that no edges cross. Thus, by induction, every graph with finitely many edges
and vertices can be drawn in the plane so that edges don’t cross.
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Exercise 9.19. Suppose that 𝐺 = (𝑉, 𝐸) is a finite graph with 𝑛 vertices and with no
loops. Assume that 𝑛 ≥ 3. If 𝑣 is a vertex of the graph 𝐺 its valence is equal to the
number of edges having an endpoint at 𝑣. We say that𝐺 is a cycle if the vertices can be
numbered 𝑣1, . . . , 𝑣𝑛 so that for each 𝑖 ∈ {2, . . . , 𝑛−1}, the vertex 𝑣𝑖 is joined by edges to
the vertices 𝑣𝑖−1 and 𝑣𝑖+1 and is not joined by an edge to any other vertex. Consider the
following claim. Find the error in the purported proof and then find a counterexample
to the claim. (Hint: You’ll need to have 𝑛 ≥ 6 before you can find a counterexample.)

Claim.7 If𝐺 = (𝑉, 𝐸) is a finite graph with 𝑛 ≥ 3 vertices having the property that
the valence of every vertex is 2, then 𝐺 is a cycle.

We prove this by induction on 𝑛. If 𝑛 = 3, let 𝑣1, 𝑣2, and 𝑣3 be the vertices of 𝐺.
Since each has valence equal to 2 and there are no loops, each one of 𝑣1, 𝑣2, and 𝑣3 is
joined by edges to the other two. Thus, 𝐺 is a cycle.

Now suppose that the Claim is true for some 𝑘 ∈ ℕ with 𝑘 ≥ 3. That is, assume
that every finite graph 𝐺′ with 𝑘 vertices, each having valence 2, and without loops is
a cycle. Let 𝐺 be a finite graph with 𝑘 + 1 vertices, each having valence 2, and having
no loops. We will prove that 𝐺 is a cycle.

Notice that 𝑘+1 ≥ 4. Let 𝑣 be a vertex of𝐺. Since𝐺 has no loops and 𝑣 has valence
2, there exist vertices 𝑢 and 𝑤 joined by edges to 𝑣. Let 𝐺′ be the graph obtained from
𝐺 by removing the vertex 𝑣, removing the edges joining 𝑣 to 𝑢 and 𝑤, and adding in
an edge joining 𝑢 to 𝑤. Notice that 𝐺′ has 𝑘 vertices, is without loops, and that every
vertex has valence 2. By our inductive hypothesis, 𝐺′ is a cycle.

We can obtain 𝐺 from 𝐺′ by inserting the vertex 𝑣 into the edge of 𝐺′ joining 𝑢 to
𝑤. Since 𝐺′ was a cycle and inserting a vertex into an edge of a cycle still preserves the
fact that the graph is a cycle, 𝐺 is a cycle.

9.2. Complete induction

Say first, of God above, or Man below,
What can we reason, but from what we know?

—Alexander Pope8

A classroom of first-graders lines up and then is made to sit in rows with the first
children in line sitting in thefirst row. After they sit, the first-grader in the very first spot
of the very first row learns a secret. First-graders are inquisitive and will talk with any
other first-grader nearby, even if they are in a different row. If it is possible for each child
to talkwith someone to their left and right or directly in front or behind them, then each
child will eventually learn the secret. Unlike in the situation when the children are in
a line they do not necessarily learn the secret from the child directly before them in
line; they may learn the secret from a child who was far in front of them in line. This
is the setup for complete induction (also called strong induction), a tool which is more
powerful than regular old induction. It comes at the cost of a slightly more involved

7This example is due to P.D. Johnson and Arthur Schlam and is adapted from [10].
8Alexander Pope (1688–1744) was an English comic poet who frequently included into his poems references to the

cutting-edge science of his day. These lines are from Of the Nature and State of Man with Respect to the Universe (1746).
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inductive hypothesis. Even though in practice complete induction is more powerful
proof technique, its validity follows from regular old induction (Theorem 9.1.)

Theorem 9.20 (Complete induction). Suppose that 𝑛0 ∈ ℤ and for each integer
𝑛 ≥ 𝑛0, 𝑃(𝑛) is a statement. Assume also that the following two statements hold

• Base fact: 𝑃(𝑛0) is true.
• Inductive fact: If, for some integer 𝑘 ≥ 𝑛0, the statement 𝑃(𝑗) is true for all
𝑛0 ≤ 𝑗 ≤ 𝑘, then 𝑃(𝑘 + 1) is true.

Then 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.

The proof structure of a proof using complete induction is very similar to the proof
structure for regular old induction. The main difference is in the statement of the in-
ductive hypothesis.
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Proof by Complete Induction

To show: 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.
Structure of proof: We do a proof by complete induction on 𝑛.
Base case: Let 𝑛 = 𝑛0.

⟨ Prove that 𝑃(𝑛0) is true. ⟩
Inductive step: Assume that there is some integer 𝑘 ≥ 𝑛0 such that for all
integers 𝑗 with 𝑛0 ≤ 𝑗 ≤ 𝑘, the statement 𝑃(𝑗) is true. We will show that
𝑃(𝑘 + 1) is true.

⟨ Rephrase 𝑃(𝑘+1) as a statement about 𝑗 for some 𝑗 ∈ {𝑛0, . . . , 𝑘}.
Use the inductive hypothesis (emphasizing where you do so) for
𝑃(𝑗) and then do some work to show that 𝑃(𝑘 + 1) is true. ⟩

Since we have shown both the base case and the inductive step, mathematical
induction implies that 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0. □

Most authors will not distinguish between complete induction and regular old in-
duction and will use the word “induction” to refer to either method of proof. In this
text wemaintain the distinction. When should you use complete induction rather than
regular old induction? One good strategy is to start out writing your proof using com-
plete induction. After you’ve written a draft, see if you only ever used the inductive
hypothesis when 𝑗 = 𝑘. If so, then you can rewrite your proof using regular old induc-
tion.

Although you likely already know that natural numbers have prime factorizations,
you probably haven’t seen an actual proof. Here is one. Observe that the proof shows
that prime factorizations exist, but not that they are unique. That will have to wait for
Theorem 9.42.

Theorem9.21 (Existence of prime factorizations). If𝑛 ≥ 2 is a natural number,
then there exists𝑚 ∈ ℕ and prime numbers 𝑝1, . . . , 𝑝𝑚 such that

𝑛 = 𝑝1 ⋅ 𝑝2 ⋅ ⋯ ⋅ 𝑝𝑚.

The list of primes 𝑝1, 𝑝2, . . . , 𝑝𝑚 is called a prime factorization of 𝑛.

Proof. We prove the theorem by complete induction on 𝑛.
Base case: 𝑛 = 2.
Since 2 is prime, we can set𝑚 = 1 and 𝑝𝑚 = 2 so that 2 has the prime factorization

𝑝𝑚.
Inductive step: Assume that there is a natural number 𝑘 ≥ 2 such that for every

𝑗 ∈ ℕ with 2 ≤ 𝑗 ≤ 𝑘, the natural number 𝑗 has a prime factorization. We will show
that 𝑘 + 1 has a prime factorization.

The proof of the inductive step is divided into two cases.
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Case 1: 𝑘 + 1 is prime.
In this case, as in the base case, 𝑘 + 1 is its own prime factorization.
Case 2: 𝑘 + 1 is not prime.
By the definition of prime, there exist 𝑎, 𝑏 ∈ ℕ such that 𝑘 + 1 = 𝑎𝑏 and so that

neither 𝑎 nor 𝑏 are 1 or 𝑘 + 1.

⟨ Explain why 𝑎 and 𝑏 have prime factorizations and use these to con-struct a prime factorization of 𝑘 + 1. ⟩
Thus, by complete induction every natural number at least 2 has a prime factor-

ization. □

Recall that the abstract definition of ℕ∗ is that it is a set (together with a successor
function) satisfying the Peano axioms. In Section 2.4, we explained how to define the
addition of natural numbers using only the successor function. Similarly, since mul-
tiplication of natural numbers can be defined as repeated addition (e.g., 14 is equal to
the sum of 2 with itself 7 times), the ability to multiply natural numbers is a conse-
quence of the Peano axioms and judicious choices of definitions. What’s definitely not
clear from the axioms is why natural numbers can be written in a place value system.
For example, how do we know that every number less than 100 can be written in the
form 𝑑0 + 𝑑1 ⋅ 10 for some choice of base-10 digits 𝑑0 and 𝑑1 from the set {0, . . . , 9}?
The next theorem guarantees that we can. Based on our work in Section 2.4, we as-
sume that we know how to add and multiply natural numbers and that we know the
numbers {0, . . . , 10}. (Here 10 is defined to be 9 + 1.) You will be asked to adapt this
theorem to show that natural numbers also have a base-5 representation. Similarly,
natural numbers can be represented in any integer9 base 𝑏 ≥ 2.

Before starting the proof, it may help to consider an example. Suppose we know,
somehow, that 𝑘 ∈ ℕ can be written in base-10 place value notation. Perhaps,

𝑘 = 670, 198
= 8 + 9 ⋅ 10 + 1 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105.

To see how to write 𝑘 + 1 in base-10 place value notation, observe
𝑘 + 1 = 1 + 670, 198

= 1 + (8 + 9 ⋅ 10 + 1 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105)
= 9 + 9 ⋅ 10 + 1 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105.

Since 9 is a base-10 digit, this is valid base-10 place value notation for 𝑘 + 1. On the
other hand, what would happen if 𝑘 = 970, 198? If we try the same thing, we end up
with

𝑘 + 1 = 1 + 670, 199
= 1 + (9 + 9 ⋅ 10 + 1 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105)
= 10 + 9 ⋅ 10 + 1 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105),

and that is not valid base-10 place value notation since 10 is not a digit when working
base 10. We could define what it means to “carry,” but as you can see in this example
we might have to carry across multiple place values. There is a much simpler way! To

9For fun, you might think about the possibility of using noninteger bases!
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handle this situation, instead of using the fact that we can write 𝑘 in base-10 notation,
we use the fact that 𝑘+1 is a multiple of 10 and we can write the number (𝑘+ 1)/10 in
base-10 notation. For

(𝑘 + 1)/10 = 67020
= 0 + 2 ⋅ 10 + 0 ⋅ 102 + 7 ⋅ 103 + 6 ⋅ 104.

Multiply by 10 to see that

𝑘 + 1 = 0 + 0 ⋅ 10 + 2 ⋅ 102 + 0 ⋅ 103 + 7 ⋅ 104 + 6 ⋅ 105
= 670200.

In other words, we have the well-known fact that multiplying by 10 simply appends a 0
to base-10 notation. These two situations (when 𝑘+1 is not a multiple of 10 and when
it is) are key to a proof by complete induction that every natural number can be written
in base-10 notation. If we didn’t have to worry about the carrying issue, we could use
a proof by regular old induction. But since when 𝑘 + 1 is a multiple of 10, the number
(𝑘 + 1)/10 is strictly less than 𝑘, we need to use complete induction.

Theorem 9.22 (Place value notation). Let 𝑛 ∈ ℕ∗. Then there exists 𝑚 ∈ ℕ∗

and integers 𝑑0, . . . , 𝑑𝑚 ∈ {0, . . . , 9} such that

𝑛 = 𝑑0 + 𝑑1 ⋅ 10 +⋯+ 𝑑𝑚 ⋅ 10𝑚 =
𝑚
∑
𝑞=0

𝑑𝑞 ⋅ 10𝑞.

The numbers 𝑑1, . . . , 𝑑𝑚 are the (base 10) digits of 𝑛.

Proof. We use complete induction on 𝑛.
Base case: If 𝑛 = 0, we choose𝑚 = 0 and 𝑑𝑚 = 𝑛. The result follows immediately.
Inductive step: Suppose that there exists 𝑘 ∈ ℕ∗, such that for all 0 ≤ 𝑗 ≤ 𝑘,

there exist𝑚′ ∈ ℕ∗ and 𝑑′0, . . . , 𝑑′𝑚′ ∈ {0, . . . , 9} such that

𝑗 =
𝑚′

∑
𝑞=0

𝑑′𝑞 ⋅ 10𝑞.

We will prove that there exist𝑚 ∈ ℕ∗ and digits 𝑑0, . . . , 𝑑𝑚 ∈ {0, . . . , 9} such that

𝑘 + 1 =
𝑚
∑
𝑞=0

𝑑𝑞 ⋅ 10𝑞.

Case 1: 𝑘 + 1 is not a multiple of 10.
By our inductive hypothesis, there exists𝑚′ ∈ ℕ∗ and digits 𝑑′0, . . . , 𝑑′𝑚′ ∈ {0, . . . , 9}

so that

𝑘 =
𝑚′

∑
𝑞=0

𝑑′𝑞 ⋅ 10𝑞.
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Since 𝑘 + 1 is not a multiple of 10, 𝑑′0 ≠ 9. Let 𝑑0 = 𝑑′0 + 1, 𝑚′ = 𝑚, and for 𝑞 ∈
{1, . . . , 𝑚′} and 𝑑𝑞 = 𝑑′𝑞. Then

𝑘 + 1 = 1 + 𝑑′0 +
𝑚′

∑
𝑞=1

𝑑′𝑞 ⋅ 10𝑞 =
𝑚
∑
𝑞=0

𝑑𝑞 ⋅ 10𝑞.

Thus, the result hold for 𝑘 + 1.
Case 2: 𝑘 + 1 is a multiple of 10.
By assumption, there exists 𝑗 such that 𝑘 + 1 = 10𝑗. Since 𝑘 + 1 ≥ 10, 1 ≤ 𝑗 ≤ 𝑘.

Thus, we may apply the inductive hypothesis to 𝑗.

⟨ Finish this case with an appropriate use of the inductive hypothesis. ⟩

By complete induction, we conclude that the theorem holds for all 𝑛 ∈ ℕ∗. □

Exercise 9.23. Prove that every number 𝑛 ∈ ℕ∗ has a base-5 representation. That is,
there exists𝑚 ∈ ℕ∗ and integers 𝑑0, . . . , 𝑑𝑚 ∈ {0, 1, 2, 3, 4} such that

𝑛 = 𝑑0 + 𝑑1 ⋅ 5 +⋯+ 𝑑𝑚 ⋅ 5𝑚 =
𝑚
∑
𝑞=0

𝑑𝑞 ⋅ 5𝑞.

Here is a geometric example. Back in Theorem 9.12 we proved that the interiors
of convex polygons can be tiled with a certain number of triangles. Here we prove that
we can drop the hypothesis that the polygon be convex.

Theorem 9.24. Suppose that 𝑃 ⊂ ℝ2 is a polygon with 𝑛 ≥ 3 vertices and edges.
Then there is a triangulation of the interior of 𝑃 using 𝑛 − 2 triangles and such
that every vertex of the triangulation is also a vertex of 𝑃.

As we expect, we’ll use complete induction to prove the theorem. The key idea
for the inductive step is that we can find a line segment joining two vertices 𝑣0 and
𝑣1 of the polygon which is contained completely inside the polygon (and is not one of
its edges.) We’ll use this line segment to cut the polygon into two smaller polygons
to which we can apply the inductive hypothesis. The left side of Figure 9.5 depicts an
example of such an edge and the right side gives an idea of part of the argument we
use to show such an edge always exists. You are encouraged to draw your own pictures
to help understand the proof. As you go through the proof, you’ll encounter several
assertions (which we mark with an *) about how polygons divide the plane into two
pieces. This is a special case of a deep theorem from topology called the Jordan curve
theorem. In our settings, the assertions should all be quite plausible; however a totally
rigorous proof does require more background.

Proof. We use complete induction on 𝑛.
Base case: 𝑛 = 3.
Let 𝑃 be a polygon with three vertices. Then 𝑃 is a triangle and so is its own trian-

gulation with 1 = 𝑛 − 2 triangles, and each vertex of the triangulation is also a vertex
of 𝑃.
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v0

v1

v0

u

v1

Figure 9.5. On the left is an example of an edge we can use to cut a polygon into two
smaller polygons. On the right is a detail of howwemight find such an edge in general.

Inductive step: Assume that there is some 𝑘 ∈ ℕ with 𝑘 ≥ 3 such that for all
𝑗 ∈ ℕ with 3 ≤ 𝑗 ≤ 𝑘, every polygon 𝑃′ with 𝑗 vertices has a triangulation with 𝑗 − 2
triangles and with every vertex of the triangulation also a vertex of 𝑃′. Suppose that 𝑃
is a polygon with 𝑘+1 vertices. We show that 𝑃 has a triangulation with 𝑘−1 triangles
and with each vertex of the triangulation also a vertex of 𝑃.

Claim: There exist vertices 𝑣0 and 𝑣1 of 𝑃 such that the line segment 𝑣0𝑣1 from 𝑣0
to 𝑣1 lies interior to 𝑃, is not an edge of 𝑃, and does not intersect any vertices of 𝑃 other
than 𝑣0 and 𝑣1.

Assume the claim for the moment. We will show why 𝑃 satisfies the conclusion of
the theorem.

The line segment 𝑣0𝑣1 divides 𝑃 into two polygons∗ 𝑃𝑎 and 𝑃𝑏. The interiors of 𝑃𝑎
and 𝑃𝑏 are disjoint∗ since 𝑣0𝑣1 is interior to 𝑃. Let 𝑛𝑎 and 𝑛𝑏 be the number of vertices
of 𝑃𝑎 and 𝑃𝑏, respectively. Since 𝑃𝑎 and 𝑃𝑏 share only the vertices 𝑣0 and 𝑣1, we have

𝑛𝑎 + 𝑛𝑏 − 2 = 𝑘 + 1.

Since 𝑣0𝑣1 is not an edge of 𝑃, 𝑃𝑎 and 𝑃𝑏 each have at least three sides. Thus, 𝑛𝑎 ≤ 𝑘
and 𝑛𝑏 ≤ 𝑘.

By our inductive hypothesis, 𝑃𝑎 has a triangulation𝒯𝑎with𝑛𝑎−2 triangles andwith
the property that each vertex of𝒯𝑎 is also a vertex of 𝑃𝑎. Likewise, 𝑃𝑏 has a triangulation
𝒯𝑏 with 𝑛𝑏 − 2 triangles and with the property that each vertex of 𝒯𝑏 is also a vertex of
𝑃𝑏. Observe that this implies that 𝑣0𝑣1 is an edge of both 𝑃𝑎 and 𝑃𝑏. Since 𝑃𝑎 and 𝑃𝑏 have
disjoint interiors and since the interior of 𝑣0𝑣1 is disjoint from the vertices of 𝑃, every
triangle in 𝒯𝑎 is disjoint from every triangle in 𝒯𝑏, except that one triangle in 𝒯𝑎 shares
the edge 𝑣0𝑣1 with one of the triangles in 𝒯𝑏. Thus, 𝒯 = 𝒯𝑎 ∪𝒯𝑏 is a triangulation of 𝑃
having all of its vertices at the vertices of 𝑃. The triangulation 𝒯 has

𝑛𝑎 + 𝑛𝑏 − 2 = 𝑘 + 1
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vertices, as desired. Subject to proving the claim, complete induction guarantees that
the result holds whenever 𝑛 ≥ 3.

Proof sketch of Claim: We give a rather intuitive proof sketch of the claim. Making
this precise requires more results from topology or analysis. Let 𝑣0 be any vertex of
𝑃, and let 𝑅 be a ray in ℝ2 extending from 𝑣0, disjoint from the edges of 𝑃 having 𝑣0
as an endpoint and which begins by heading into the interior of 𝑃. Since 𝑃 is a closed
polygon, the ray 𝑅must eventually leave 𝑃. In particular, the ray 𝑅must intersect some
point of 𝑃 other than 𝑣0. The ray 𝑅 may intersect 𝑃 in isolated points contained in the
interior of edges, in vertices of 𝑃, or in entire edges of 𝑃. If 𝑅 contains an edge 𝐸 of 𝑃,
then 𝑅 also contains the endpoints of 𝐸. Since 𝑃 has only finitely many vertices and
edges, there exists a point 𝑢 of 𝑃 other than 𝑣0 which is the point of 𝑅 ∩ 𝑃 closest to 𝑣0.
Furthermore, 𝑢 is either an interior point of an edge 𝐸 of 𝑃 or is a vertex of 𝑃. If it is a
vertex of 𝑃, set 𝑣1 = 𝑢 and we are done.

Assume, therefore, that 𝑢 is interior to an edge 𝐸 of 𝑃. See the right side of Figure
9.5. Observe that 𝐸 is not contained in 𝑅 and is not one of the edges adjacent to 𝑣0.
Since 𝑘 + 1 ≥ 4, the edge 𝐸 shares at most one endpoint with an edge adjacent to 𝑣0.
Now, begin rotating 𝑅 around 𝑣0, so that the point 𝑢 = 𝑅∩𝐸 slides along 𝐸. If 𝐸 shares
an endpoint with an edge adjacent to 𝑣0, choose the direction of the rotation so that
𝑢 moves toward the other endpoint of 𝐸. Consider the line segment 𝑣0𝑢. This line
segment begins with its interior contained inside of 𝑃. If we rotate 𝑅 so that 𝑢 gets all
the way to an endpoint of 𝐸 without having the interior of 𝑣0𝑢 intersect a point of 𝑃,
then we may set 𝑣1 to be the endpoint of 𝐸 that 𝑢 reaches and we are done. (This relies
on the fact that we ensured that this endpoint was not an endpoint of an edge adjacent
to 𝑣0.) If at some point the line segment 𝑣0𝑢 has its interior intersect 𝑃, let 𝑢0 ∈ 𝐸
where 𝑣0𝑢 first has its interior intersect 𝑃. When it does so, the intersection of 𝑣0𝑢0
consists of vertices of 𝑃 and entire edges of 𝑃 (none of which is adjacent to 𝑣0). Thus,
the point 𝑣1 in the interior of 𝑣0𝑢0 andwhich lies on 𝑃 is a vertex of 𝑃. The line segment
𝑣0𝑣1 then satisfies the conclusion of the claim. This concludes the proof sketch of the
claim. □

Exercise 9.25. For each of the following statements (which are the same as in Exercise
9.16) write the inductive hypothesis as you would for a proof by complete induction.
You do not need to prove the result, and there may be more than one right way to set
these up as proofs by induction. Some of the statements are false; some are true and
all known proofs are very difficult; some are open problems. Sentences in parentheses
are explanatory and are not part of the statement.

(1) For every 𝑛 ∈ ℕ, 22𝑛 − 1 is prime.
(2) For every 𝑛 ∈ ℕ, either 2𝑛 + 1 is prime or it is the sum of three prime numbers.

(3) For every 𝑎, 𝑏, 𝑐 ∈ ℕ and 𝑛 ≥ 3, 𝑎𝑛 + 𝑏𝑛 ≠ 𝑐𝑛.
(4) (The crossing number 𝑐(𝐾) of a knot 𝐾 is the number 𝑛 ∈ ℕ∗ such that every

diagram depicting 𝐾 has at least 𝑛 crossings. Given two knots 𝐾 and 𝐿, the con-
nected sum 𝐾#𝐿 is the knot obtained by first tying 𝐾 and then tying 𝐿.) For every
pair of knots 𝐾 and 𝐿, 𝑐(𝐾) + 𝑐(𝐿) = 𝑐(𝐾#𝐿).
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(5) For every polygon 𝑃 in ℝ2, there exist distinct points 𝑝1, 𝑝2, 𝑝3, 𝑝4 ∈ 𝑃 such that
the square with vertices 𝑝1, . . . , 𝑝4 has the property that each edge of the square
is inside 𝑃 (except for its endpoints which are on 𝑃).

(6) For every 𝑛 ∈ ℕ such that 𝑛 has a remainder of 5, 6, or 7 when divided by 8,
there exist rational numbers 𝑥, 𝑦 such that √𝑥2 + 𝑦2 is rational and 𝑥𝑦 = 2𝑛.
(Equivalently, there exists a right triangle with sides of rational length and area
equal to 𝑛.)

The next two examples concern graphs. Recall from Section 8.4.1, that a graph 𝐺
is connected if for any two vertices 𝑎, 𝑏 ∈ 𝐺 there exists a path in𝐺 from 𝑎 to 𝑏. A tree
is a connected graph 𝑇 such that for every edge 𝑒 of 𝑇, if we remove 𝑒 from 𝑇 (leaving
its endpoints) then the graph becomes disconnected. A vertex 𝑣 in a tree 𝑇 is called a
leaf if there is exactly one edge of 𝑇 having 𝑣 as an endpoint. We let |𝐸(𝑇)| denote the
number of edges.

Theorem 9.26. Suppose that 𝑇 is a finite tree with |𝐸(𝑇)| ≥ 1 edges. Then 𝑇 has
at least two leaves.

Proof. We induct on the number |𝐸(𝑇)| of edges of 𝑇.
Base case:

⟨ State and prove the base case. ⟩

Inductive step: Suppose that there exists 𝑘 ≥ 1 such that whenever 𝑇 ′ is a tree
with 1 ≤ |𝐸(𝑇 ′)| ≤ 𝑘, then |𝐸(𝑇 ′)| has at least two leaves. Let 𝑇 be a tree with |𝐸(𝑇)| =
𝑘 + 1 edges. We will show that 𝑇 has at least two leaves.

⟨ Prove the inductive step. ⟩

Thus by complete induction the theorem is true. □
Exercise 9.27. Find an infinite tree without any leaves at all.

The basic strategy of the proof of Theorem 9.26 can be used to prove the next the-
orem which is a foundational theorem for low-dimensional topology and geometry.
See, for example, [105]. Recall that a finite graph is planar if we can place the vertices
of the graph as points in ℝ2 and place the edges into ℝ2 as noncrossing curves. (This
placement is called an embedding of the graph inℝ2.) A face of an embedded planar
graph is the region of the plane bounded by edges and having no vertices or edges in its
interior. A finite planar graph has one face which is on the “outside”. By using more
sophisticated definitions and results from topology, a more precise definition of face
could be given. See Figure 9.6.

If 𝐺 is a graph and if 𝑒 is an edge of 𝐺, we will write 𝐺 ⧵ 𝑒 for the graph obtained
by removing the edge 𝑒 from the set of edges, but leaving its endpoints in the set of
vertices. We also let 𝑉(𝐺), 𝐸(𝐺), and 𝐹(𝐺) be the sets of vertices, edges, and faces of
𝐺, respectively. We let |𝑉(𝐺)| denote the number of vertices of 𝐺, |𝐸(𝐺)| the number
of edges of 𝐺, and |𝐹(𝐺)| the number of faces of 𝐺.
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Figure 9.6. An example of a connected nonempty finite planar graph. Two faces have
been shaded—one is on the inside of the graph and the other is on the outside. This
graph has ten faces altogether.

Theorem 9.28 (Euler’s theorem). Suppose that 𝐺 is a nonempty, connected, fi-
nite embedded planar graph. Then

|𝑉(𝐺)| − |𝐸(𝐺)| + |𝐹(𝐺)| = 2.

Proof. We induct on |𝐸(𝐺)|, which is the number of edges of 𝐺.
Base case:

⟨ State and prove the base case. ⟩

Inductive step: Assume that there exists 𝑘 ≥ 0, such that whenever 𝐺′ is a
nonempty, connected, finite, embedded planar graph having 0 ≤ |𝐸(𝐺′)| ≤ 𝑘, then
|𝑉(𝐺′)| − |𝐸(𝐺′)| + |𝐹(𝐺′)| = 2. We will prove that if 𝐺 is a nonempty, connected, fi-
nite, embedded planar graph having |𝐸(𝐺)| = 𝑘+1, then |𝑉(𝐺)|− |𝐸(𝐺)|+ |𝐹(𝐺)| = 2.

Since 𝑘 + 1 ≥ 1, the graph 𝐺 has an edge 𝑒. Let Γ be the graph 𝐺 ⧵ 𝑒. Since
the vertices of Γ are the same as the vertices of 𝐺, Γ is nonempty. Also Γ has either
one or two connected components, since a path between vertices of 𝐺 either contains
the endpoints of 𝑒 as adjacent vertices or it does not. (We proved this, assuming an
unproved fact, in Theorem 8.28.) Observe that |𝑉(Γ)| = |𝑉(𝐺)| and |𝐸(Γ)| = |𝐸(𝐺)|−1.

Case 1: Γ has one connected component.
In this case, let 𝐺′ = Γ. The graph 𝐺′ is a nonempty, connected, embedded planar

graph. It has |𝑉(𝐺′)| = |𝑉(𝐺)| and |𝐸(𝐺′)| = |𝐸(𝐺)| − 1. Upon removing the edge 𝑒
from 𝐺 to form 𝐺′ two faces of 𝐺 merge together to form a face of 𝐺′. Thus, |𝐹(𝐺′)| =
|𝐹(𝐺)| − 1. Thus, by the inductive hypothesis,

2 = |𝑉(𝐺′)| − |𝐸(𝐺′)| + |𝐹(𝐺′)|
= |𝑉(𝐺)| − (|𝐸(𝐺)| − 1) + (|𝐹(𝐺)| − 1)
= |𝑉(𝐺)| − |𝐸(𝐺)| + |𝐹(𝐺)|.
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Case 2: Γ has two connected components.
Let 𝐺1 and 𝐺2 be the two connected components of Γ.

⟨ Finish this step. ⟩

Thus, by complete induction, we are done. □

Exercise 9.29. Go through your proof of Euler’s theorem and note places where there
are unsubstantiated claims. For each of them, how far can you get toward giving a
proof? What would you need to do in order to prove each of them?

Proving this final theoremgives you a chance to adapt the proof of Euler’s theorem.
If you were to assume that every finite tree is planar (a true fact!), then there is a short
proof of this usingEuler’s theorem. Proving it from scratch, however, gives you practice
using complete induction.

Theorem 9.30. Let 𝑇 be a finite tree with |𝑉(𝑇)| vertices and |𝐸(𝑇)| edges. Then
|𝑉(𝑇)| − |𝐸(𝑇)| = 1.

Our final example concerns permutations. Suppose that 𝑋 is a set with exactly
𝑛 ∈ ℕ elements. A cycle is a bijection 𝜎∶ 𝑋 → 𝑋 with the property that the elements
of 𝑋 can be numbered 𝑥1, . . . , 𝑥𝑛 so that for all 𝑖 ∈ {1, . . . , 𝑛 − 1}, 𝜎(𝑥𝑖) = 𝑥𝑖+1 and
𝜎(𝑥𝑛−1) = 𝑥1. Figure 9.7 shows an example where 𝑛 = 5.

x1
x4 x5

x2
x3

Figure 9.7. An example of a permutation cycle of five elements

Exercise 9.31. Suppose that𝑋 is a set with exactly𝑛 ∈ ℕ elements and that𝑓∶ 𝑋 → 𝑋
is a permutation. Form a graph Γ(𝑓) by letting 𝑋 be the vertex set of Γ(𝑓) and declaring
there to be an edge between 𝑣, 𝑤 ∈ 𝑋 if and only if either 𝑓(𝑣) = 𝑤 or 𝑓(𝑤) = 𝑣. Prove
that Γ(𝑓) has the property that every vertex has valence 2. Also prove that 𝑓 is a cycle
if and only if Γ(𝑓) is connected.

Exercise 9.31 explains the use of the word “cycle”. A permutation of a finite set is
a cycle if and only if the graph Γ(𝑓) contains a cycle traversing every edge. The next
theorem shows that every permutation of a finite set can be broken up into cycles.
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Theorem 9.32. Suppose that 𝑋 is a set with exactly 𝑛 ∈ ℕ elements. Let
𝑓∶ 𝑋 → 𝑋 be a permutation of 𝑋 . Then there exists a partition 𝑃 of 𝑋 such that
for all 𝐴 ∈ 𝑃, the following hold.

• For all 𝑎 ∈ 𝐴, 𝑓(𝑎) ∈ 𝐴.
• The restriction 𝑓|𝐴 ∶ 𝐴 → 𝐴 is a permutation of 𝐴 and is a cycle (possibly
the identity).

We conclude our section on complete induction with a proof of the division algo-
rithm for polynomials. Recall that some basic terminology and properties for polyno-
mials were established in Exercises 9.6 and 9.7.

Theorem 9.33 (The division algorithm for polynomials). If 𝑎 and 𝑏 are poly-
nomials with deg(𝑎) ≥ 1, then there exist unique polynomials 𝑞, 𝑟 such that the
degree of deg(𝑟) < deg(𝑎) and

𝑏 = 𝑎𝑞 + 𝑟.

Before working through the proof, it’s a good idea to work some examples..

Exercise 9.34. Find the desired polynomials 𝑞 and 𝑟 in the case when 𝑎(𝑥) = 𝑥2 + 3
and for the following choices of 𝑏:
(1) 𝑏(𝑥) = 5𝑥3 − 𝑥 + 2 for all 𝑥 ∈ ℝ;
(2) 𝑏(𝑥) = 9𝑥7 for all 𝑥 ∈ ℝ;
(3) 𝑏(𝑥) = 9𝑥7 + 5𝑥3 − 𝑥 + 2 for all 𝑥 ∈ ℝ.

Proof of Theorem 9.33. Assume that 𝑎, 𝑏 are polynomials with deg(𝑎) ≥ 1. The de-
sired polynomials 𝑞 and 𝑟 are called the quotient and remainder, respectively. We
write 𝑎 = 𝛼 + 𝑎deg(𝑎)𝑥deg(𝑎) where 𝛼 is a polynomial having deg(𝛼) < deg(𝑎).

We start by proving existence in a special case.

⟨ Prove the existence of 𝑞 and 𝑟 when deg(𝑏) < deg(𝑎). ⟩

Assume, therefore, that deg(𝑏) ≥ deg(𝑎). In particular, deg(𝑏) ≥ 1. Thus, by the
definition of polynomial, there is a polynomial 𝛽 such that 𝑏 = 𝛽 + 𝑏deg(𝛽)𝑥deg(𝛽) and
deg(𝛽) < deg(𝑏). Let𝑚 = 𝑏deg(𝑏)/𝑎deg(𝑎).

We induct on deg(𝑏).
Base case: deg(𝑏) = deg(𝑎).
If deg(𝑏) = deg(𝑎), then, for all 𝑥 ∈ ℝ,

𝑏(𝑥) = 𝛽 + 𝑚(𝑎 − 𝛼)
= 𝑎𝑚 + (𝛽 − 𝑚𝛼) .

Let 𝑟 = 𝛽−𝑚𝛼. Since deg(𝛼) < deg(𝑎) and deg(𝛽) < deg(𝑏) = deg(𝑎), by Exercise 9.7
deg(𝑟) < deg(𝑎). Setting 𝑞(𝑥) = 𝑚 for all 𝑥 ∈ ℝ shows that the theorem holds for the
base case.
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⟨ State the inductive hypothesis andprove the inductive step. Exercise 9.34might be inspiring. ⟩
⟨ Prove that the quotient and remainder are unique. ⟩ □

Exercise 9.35. Summarize the strategy of the previous proof. In particular, why is
complete induction used, rather than regular old induction? Can you find a proof that
doesn’t use induction at all?

9.3. Well-ordering principle

In the end, I kept going. I learned that it doesn’t matter whether an under-
standing of difficult material comes naturally to me or not. What matters
is that I know how to respond when things get hard. This frame of mind
allowed me to recover when the proof of the main theorem in my thesis fell
apart and I had to totally abandon the whole project.

—Allison Henrich10

There is yet another form of induction, called the well-ordering principle. It looks
different from the other forms of induction.

Theorem 9.36 (Well-ordering principle). Suppose that 𝑆 ⊂ ℕ∗ is nonempty.
Then there exists a unique 𝑛 ∈ 𝑆 such that for all𝑚 ∈ 𝑆, 𝑛 ≤ 𝑚.

That is, nonempty subsets of the natural numbers have a least element. The corre-
sponding statement for the real numbers is not true. For example, the interval (0, 1) ⊂
ℝ has no least element.

Proof. We prove the contrapositive: If 𝑆 ⊂ ℕ∗ does not have a least element, then for
all 𝑛 ∈ ℕ∗, 𝑛 ∉ 𝑆. We prove this by induction on 𝑛.

Base case: 𝑛 = 0.
Since 𝑛 = 0 is the least element of ℕ∗, for all 𝑥 ∈ 𝑆, 𝑛 ≤ 𝑥. By hypothesis, 𝑆 does

not have a least element. Consequently, 0 ∉ 𝑆.
Inductive step: ⟨ Proof left to reader. ⟩
By induction, for all 𝑛 ∈ ℕ∗, 𝑛 ∉ 𝑆. Hence, 𝑆 = ∅.
Finally, we show uniqueness. If 𝑛 and 𝑛′ are both least elements of a nonempty

subset 𝑆 ⊂ ℕ∗, then by the definition of least element, 𝑛 ≤ 𝑛′ and 𝑛′ ≤ 𝑛 and so 𝑛 = 𝑛′.
Thus, every nonempty subset of ℕ∗ has a unique least element. □

The well-ordering principle is used throughout mathematics, often without com-
ment. It shows up in somany different places that it is difficult to give a general outline
for how it is used. Here is one common structure, however.

10Allison Henrich is a mathematician known for her creative work with undergraduate researchers. She is an editor
of Living Proof: Stories of Resilience Along the Mathematical Journey [68], from which this quote is taken with permission.
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Proof using the well-ordering principle

To show: There exists 𝑎 ∈ ℕ∗ such that properties 𝑃(𝑎) and 𝑄(𝑎) hold for 𝑎.
Structure of Proof: Let 𝑆 = {𝑛 ∈ ℕ∗ ∶ 𝑃(𝑛) is true.}.

⟨ Prove that 𝑆 ≠ ∅. ⟩
Since 𝑆 ≠ ∅, by the well-ordering principle, 𝑆 has a least element 𝑎.

⟨ Prove that 𝑄(𝑎) is true using the fact that 𝑎 is the least elementof 𝑆. ⟩ □

Here are two important applications of the well-ordering principle. The first is the
division algorithm. We proved it back in Theorem 9.5 using induction. Here is a proof
using the well-ordering principle.

Theorem 9.37 (Division algorithm). Suppose that 𝑎, 𝑏 ∈ ℕ. Then there exist
unique elements 𝑞, 𝑟 ∈ ℕ∗ such that 𝑏 = 𝑞𝑎 + 𝑟 and 𝑟 < 0.

Recall that number 𝑟 in the statement is called the remainder upon dividing 𝑏
by 𝑎. To understand the idea behind the statement and proof the theorem, it helps to
consider an example.

Example 9.38. Let 𝑏 = 234589 and let 𝑎 = 168. Consider how we might divide 𝑏 by
𝑎.

We note that 1000𝑎 = 168000 < 𝑏, so we subtract as follows.
234589

− 168000
66589

Since 66589 ≥ 𝑎, we realize that we can take more copies of 𝑎 out of 𝑏. Before we do
that however, notice that we can rewrite this as

𝑏 = 1000𝑎 + 66589.

Taking another copy of 𝑎 out of 𝑏 produces the equation

𝑏 = 1001𝑎 + (66589 − 𝑎)
= 1001𝑎 + 66421.

Since 66421 ≥ 𝑎, we can continue this process.
When will the process stop? When we have an equation of the form

𝑏 = 𝑞𝑎 + 𝑟,

where 𝑞, 𝑟 ∈ ℕ∗ and 𝑟 < 𝑎. ♦

From this example we suspect that the remainder 𝑟 is the smallest nonnegative
integer such that

𝑏 = 𝑞𝑎 + 𝑟
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for some 𝑞. The number 𝑞 corresponding to the remainder 𝑟 is called the quotient. This
appeal to the smallest possibility indicates that we can prove the division algorithm
using the well-ordering principle.

Proof of Theorem 9.37. We first prove the existence of 𝑞, 𝑟 using the well-ordering
principle.

Consider the set of possible remainders:
𝑆 = {𝑟′ ∈ ℕ∗ ∶ ∃𝑞′ ∈ ℕ∗ s.t. 𝑏 = 𝑎𝑞′ + 𝑟′}.

Notice that 𝑏 = 𝑎 ⋅ 0 + 𝑏, so 𝑏 ∈ 𝑆. Thus 𝑆 ≠ ∅.
Since 𝑆 ⊂ ℕ∗ and 𝑆 ≠ ∅, 𝑆 has a least element 𝑟. Every element 𝑟′ ∈ 𝑆 has an

associated 𝑞′ ∈ ℕ∗ such that 𝑏 = 𝑎𝑞′+𝑟′. Thus, for our particular 𝑟, there exists 𝑞 ∈ ℕ∗

so that 𝑏 = 𝑎𝑞 + 𝑟. Also, by the definition of 𝑆, 𝑟 ≥ 0. We need only show that 𝑟 < 𝑎.
Suppose, for a contradiction, that 𝑟 ≥ 𝑎. Then 𝑟 = 𝑎 + 𝜌 for some 𝜌 ∈ ℕ∗. Since

𝑟, 𝑎, 𝜌 are all nonnegative, 𝜌 < 𝑟. Observe that
𝑏 = 𝑎𝑞 + 𝑟

= 𝑎𝑞 + 𝑎 + 𝜌
= 𝑎(𝑞 + 1) + 𝜌.

Thus, 𝜌 ∈ 𝑆. However, 𝜌 < 𝑟 and so we have contradicted the choice of 𝑟 to be the
least element of 𝑆. Thus, we must have, 𝑟 < 𝑎. Hence, there exist 𝑞, 𝑟 satisfying the
requirements of the theorem.

We now prove that 𝑞, 𝑟 are unique. Suppose that 𝑞, 𝑟, 𝑞′, 𝑟′ ∈ ℕ∗, that 𝑟, 𝑟′ < 𝑎 and
that

𝑏 = 𝑎𝑞 + 𝑟 and
𝑏 = 𝑎𝑞′ + 𝑟′.

Without loss of generality, we may also assume that 𝑞′ ≤ 𝑞.
Substituting, we arrive at

𝑟′ = 𝑎(𝑞 − 𝑞′) + 𝑟.
Since 𝑟 ≥ 0, we have 𝑟′ ≥ 𝑎(𝑞 − 𝑞′). Since 𝑞 − 𝑞′ ≥ 0 and since 𝑟′ < 𝑎, we must have
𝑞 = 𝑞′. Consequently, arithmetic also shows that 𝑟 = 𝑟′, as desired. □

Here is another example of a proof using the well-ordering principle. Given
𝑥, 𝑦 ∈ ℤ, a linear combination of 𝑥 and 𝑦 is any number 𝑐 such that there exist
𝑝, 𝑞 ∈ ℤ with 𝑐 = 𝑝𝑥 + 𝑞𝑦. The next theorem relates linear combinations to common
divisors.

Theorem 9.39. Suppose that 𝑥, 𝑦 ∈ ℕ. There exists a natural number 𝑑 which
is a linear combination of 𝑥 and 𝑦 such that whenever 𝑐 is a linear combination
of 𝑥 and 𝑦, then 𝑐 is a multiple of 𝑑.

In fact, it turns out that 𝑑 is the greatest common divisor of 𝑥 and 𝑦. In our proof,
we will construct it as the smallest possible positive linear combination of 𝑥 and 𝑦.
Our proof is based on [63, Theorem 23], which is in turn based on a proof in Euclid’s
Elements.
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Proof. Let 𝑆 be the set of positive integers which are linear combinations of 𝑥 and 𝑦.
Since both 𝑥 = 𝑥 + 0 ⋅ 𝑦 and 𝑦 = 0 ⋅ 𝑥 + 𝑦 lie in 𝑆, the set 𝑆 is nonempty. By the
well-ordering principle, 𝑆 has a minimal element 𝑑 ∈ 𝑆. We will begin by showing
that both 𝑥 and 𝑦 are multiples of 𝑑. If such is the case, then every linear combination
of 𝑥 and 𝑦 is a multiple of 𝑑.

⟨Why? ⟩

By the definition of 𝑆, there exist 𝑝, 𝑞 ∈ ℤ such that
𝑑 = 𝑝𝑥 + 𝑞𝑦.

Since 𝑥 ∈ 𝑆, 𝑥 ≥ 𝑑. By the division algorithm, there exist 𝑠, 𝑟 ∈ ℕ∗ such that 𝑥 = 𝑑𝑠+𝑟
with 0 ≤ 𝑟 < 𝑑. Then

𝑟 = 𝑥 − 𝑑𝑠
= 𝑥 − (𝑝𝑥 + 𝑞𝑦)𝑠
= (1 − 𝑝𝑠)𝑥 + (−𝑞𝑠)𝑦.

Observe that this means that 𝑟 is a linear combination of 𝑥 and 𝑦. Since 0 ≤ 𝑟 < 𝑑 =
min 𝑆, we must have 𝑟 = 0. Thus, 𝑥 is a multiple of 𝑑.

⟨ Show that 𝑦 is also a multiple of 𝑑. ⟩ □

Theorem 9.39 has the following nice corollary.

Corollary 9.40. Suppose that 𝑥, 𝑦 ∈ ℕ are natural numbers that have no common factor
except ±1. Then for every 𝑛 ∈ ℕ, there exist 𝑎, 𝑏 ∈ ℕ∗ such that

𝑛 = 𝑎𝑥 + 𝑏𝑦.

Proof. Suppose that 𝑥, 𝑦 ∈ ℕ have no common factor except ±1. Let 𝑛 ∈ ℕ.
By Theorem 9.39 there exists 𝑑 ∈ ℕ such that there exist 𝑝, 𝑞 ∈ ℕ∗ with

𝑑 = 𝑝𝑥 + 𝑞𝑦
and with the property that every linear combination of 𝑥 and 𝑦 is a multiple of 𝑑.

Since 𝑥 = 𝑥 + 0 ⋅ 𝑦 and 𝑦 = 0 ⋅ 𝑥 + 𝑦, both 𝑥 and 𝑦must be multiples of 𝑑. Since 𝑥
and 𝑦 have no common factor except ±1, we must have 𝑑 = 1. Thus,

𝑛 = (𝑝𝑛)𝑥 + (𝑞𝑛)𝑦.
Letting 𝑎 = 𝑝𝑛 and 𝑏 = 𝑞𝑛, we are done. □

The famous psychologist Sigmund Freud was, for a time, obsessed with the num-
bers 28 and 23. He believed, for example, that hewould die at age 51, since 51 = 28+23.
Corollary 9.40 shows, however, that every natural number is some linear combination
of 28 and 23 [50, Chapter 12].

The next theorem provides another opportunity to use the well-ordering principle.
Think carefully about what set you want to find the minimal element of. We used this
result back in the proof of Theorem 4.4.
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Theorem 9.41 (Reduced fractions). Suppose that 𝑟 ∈ ℚ and that 𝑟 > 0. Then
there exist 𝑎 ∈ ℤ and 𝑏 ∈ ℕ such that 𝑟 = 𝑎/𝑏 and 𝑎 and 𝑏 have no common
factors other than 1 and −1.

A proof by contradiction and the well-ordering principle together give rise to an-
other method of proof, sometimes called a “proof by minimal counterexample”. Here
is an example, the statement of which is likely well known to you. For our purposes
you should concentrate on the part of the proof where we assume that a certain set is
nonempty and show how the well-ordering principle is used to derive a contradiction.

Theorem 9.42 (Uniqueness of prime factorizations). Suppose that 𝑝1, 𝑝2, . . . ,
𝑝𝑛 and 𝑞1, 𝑞2, . . . , 𝑞𝑚 are prime numbers such that

𝑝1 ≤ 𝑝2 ≤ ⋯ ≤ 𝑝𝑛
and

𝑞1 ≤ 𝑞2 ≤ ⋯ ≤ 𝑞𝑚.
If the products are equal, that is, if

𝑝1𝑝2𝑝3⋯𝑝𝑛 = 𝑞1𝑞2⋯𝑞𝑚,
then 𝑛 = 𝑚 and for all 𝑖 ∈ {1, . . . , 𝑛}, we have 𝑝𝑖 = 𝑞𝑖.

Our proof is based on [63, Section 2.11 ].

Proof. Recall that by Theorem 9.21 every natural number at least 2 has a prime fac-
torization. Call a number 𝑁 ∈ ℕ with 𝑁 ≥ 2 strange if there exist distinct finite
sequences of primes 𝑝1, . . . , 𝑝𝑛 and 𝑞1, . . . , 𝑞𝑚 as in the statement of the theorem with

𝑁 = 𝑝1𝑝2𝑝3⋯𝑝𝑛 = 𝑞1𝑞2⋯𝑞𝑚.

If there are no strange numbers, then the theorem is true.
Suppose, therefore, that there exists at least one strange number. By the well-

ordering principle, there exists a smallest one 𝑁. Let 𝑝1, . . . , 𝑝𝑛 and 𝑞1, . . . , 𝑞𝑚 be the
distinct, nondecreasing, sequences of primes whose product is 𝑁.

⟨ Explain why there do not exist 𝑖, 𝑗 such that 𝑞𝑖 = 𝑝𝑗 . ⟩

Without loss of generality, we may assume that 𝑝1 < 𝑞1. (Otherwise, switch the
labels of 𝑝 and 𝑞.)

Notice that by the definition of prime number, we must have 𝑛,𝑚 ≥ 2. Hence,
𝑞2 ≥ 𝑞1. Consequently,

𝑞2⋯𝑞𝑚 ≥ 𝑞1 > 𝑝1.
Thus,

𝑁 − 𝑝1𝑞1 = (𝑞2𝑞3⋯𝑞𝑚 − 𝑝1)𝑞1 > 0.
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The number 𝑁 is a multiple of both primes 𝑝1 and 𝑞1, so 𝑁 −𝑝1𝑞1 is as well. In partic-
ular, 𝑁 ≥ 2. Since 𝑁 − 𝑝1𝑞1 < 𝑁 it is not strange.

⟨ Explain why there is a unique prime factorization of𝑁 −𝑝1𝑞1 and that
prime factorization contains both 𝑝1 and 𝑞1. ⟩

Let 𝑟1, . . . , 𝑟ℓ be the other primes in the prime factorization. Thus,

𝑁 − 𝑝1𝑞1 = 𝑝1𝑞1𝑟1𝑟2⋯𝑟ℓ.

Hence,
𝑁 = 𝑝1𝑞1(𝑟1𝑟2 ⋅ 𝑟ℓ + 1).

However,
𝑞1(𝑟1𝑟2 ⋅ 𝑟ℓ + 1) = 𝑝2𝑝3⋯𝑝𝑛 < 𝑁.

Thus, 𝑝2, 𝑝3, . . . , 𝑝𝑛 are the primes in a prime factorization of𝑀 = 𝑝2𝑝3⋯𝑝𝑛.

⟨ Prove that there is a prime factorization of𝑀 that contains 𝑞1. ⟩

Since𝑀 < 𝑁, it is not strange; thus, these last two prime factorizations are equal.
In particular, 𝑞1 must be one of the primes in the list 𝑝2, 𝑝3, . . . , 𝑝𝑛, contradiction our
earlier observation.

Thus, there are no strange numbers. □

Here is the general outline:

Proof by minimal counterexample

To show: A statement 𝑃(𝑠) is true for all elements 𝑠 of some set 𝑆.
Structure of Proof: Assume that the theorem is false. That is, assume that
there exists some 𝑠 ∈ 𝑆 so that 𝑃(𝑠) is false. We will show that we encounter a
contradiction.

⟨ Define some function 𝑐∶ 𝑆 → ℕ that measures the complexity of
the elements of 𝑆. ⟩

Out of all elements of 𝑆 which are counterexamples to the theorem, choose one
𝑠0 for which 𝑐(𝑠0) is as small as possible.

⟨ Find a contradition by either showing how to create a counterex-
ample with strictly small complexity or by using the fact that if
𝑠 ∈ 𝑆 has 𝑐(𝑠) < 𝑐(𝑠0) then 𝑠 is not a counterexample. ⟩

Thus, we encounter a contradiction, and so 𝑃(𝑛) is true for all 𝑛 ∈ ℕ. □

Exercise 9.43. Give a proof of Theorem9.41 using a proof byminimal counterexample.

As a final application of the well-ordering principle, prove the following theorem
which was our unproved “fact” when we discussed paths in graphs in Section 8.4.
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Theorem 9.44. If𝐺 is a graph and there is a path in𝐺 from a vertex 𝑎 to a vertex
𝑏, then there is such a path 𝛼 such that if 𝛽 is any path in 𝐺 from 𝑎 to 𝑏, then the
length of 𝛼 is less than or equal to the length of 𝛽.

9.4. Constructing sequences recursively

The name “GNU” is a recursive acronym for “GNU’s Not Unix”.
—Free Software Foundation11

We may use a strategy which is very similar to a proof by induction to construct
sequences. When we use it we say we have defined a sequence recursively. We begin
with three examples.

Example 9.45. Let 𝑓1 = 𝑓2 = 1. For 𝑛 ≥ 3, let 𝑓𝑛 = 𝑓𝑛−2 + 𝑓𝑛−1. We have recursively
defined a sequence (𝑓𝑛) inℕ. It is called the Fibonacci sequence. The first few terms
are

1, 1, 2, 3, 5, 8, 13, . . . . ♦

Example 9.46. Let 𝑥1 = 1. Assume that we have defined 𝑥𝑘 for every 𝑘 ∈ {1, 2, . . . , 𝑛}.
Define 𝑥𝑛+1 as

𝑥𝑛+1 = 𝑥21 + 𝑥22 + 𝑥23 +⋯+ 𝑥2𝑛 =
𝑛
∑
𝑘=1

𝑥2𝑘.

We have recursively defined a sequence (𝑥𝑛) in ℤ. The first few terms are

1, 1, 2, 6, 42, . . . . ♦

Recursively defined sequences do not have to have numerical terms:

Example 9.47. Choose some 𝜃 ∈ ℝ. Let 𝑥0 ∈ 𝑆1 be the point (1, 0). Assume we have
defined𝑥𝑛 ∈ 𝑆1 for some𝑛 ∈ ℕ∗. Let𝑥𝑛+1 be the result of rotating𝑥𝑛 counterclockwise
by an angle of 𝜃 radians. We have recursively defined a sequence (𝑥𝑛) in 𝑆1.

For example, if 𝜃 = 𝜋/2, then the sequence is
(1, 0), (0, 1), (−1, 0), (0, −1), (1, 0), (0, 1),

(−1, 0), (0, −1), (1, 0), (0, 1), (−1, 0), (0, −1), . . . .
The same four terms repeat forever. ♦

In the previous examples, we say that each sequence was defined recursively.
First of all, observe that we begin with a base case where we define the initial term
or terms of the sequence. We then assume an inductive hypothesis: The (finite) se-
quence 𝑥1, . . . , 𝑥𝑘 has been defined. Next we define 𝑥𝑘+1 in terms of the previous val-
ues 𝑥1, . . . , 𝑥𝑘. For an arbitrary 𝑛 ∈ ℕ, we can then compute 𝑥𝑛 by computing all the
previous terms of the sequence.

11GNU is a computer operating system like Windows, MacOS, or Unix. The Free Software Foundation, makers of
GNU, is dedicated to free software as an important component of a free and open society. Slogan is available under the
Creative Commons Attribution-ShareAlike 3.0 Unported (CC BY-SA 3.0) license.
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Here is the general method:

Defining a sequence recursively

To define: A sequence (𝑥𝑛) in a nonempty set 𝑋 so that 𝑥1 ∈ 𝑋 and so that
(𝑥𝑛) has a property 𝑃.
Structure of Definition and Proof: We define (𝑥𝑛) recursively. Choose some
𝑥1 ∈ 𝑋 . Assume that we have defined 𝑥𝑘 ∈ 𝑋 for all 𝑘 ∈ {1, . . . , 𝑛} in such a
way that we haven’t yet contradicted the possiblity of the final sequence having
property 𝑃. We now define 𝑥𝑛+1.

⟨ Define 𝑥𝑛+1 ∈ 𝑋 in terms of 𝑥1, . . . , 𝑥𝑛. ⟩
We have recursively defined a sequence (𝑥𝑛) in 𝑋 .

⟨ Verify that 𝑓 satisfies 𝑃. ⟩ □

The astute reader will observe that induction is a method of proving (certain kinds
of) theorems to be true, but here we have used its structure tomake a definition. Some-
thing called the recursion principle ensures that this is mathematically valid. We defer
to [75, Chapter 3] for a statement and proof.

Here is an example of how to use recursive definitions in a proof. Note the use of
induction. A version of this theoremwas first remarked by Galileo (see [49, pp 40–41].)
The theorem is illustrated in Figure 9.8. Recall that to say a sequence is injectivemeans
it has no repeated terms. That is, (𝑥𝑛) is injective if whenever 𝑥𝑛 = 𝑥𝑚, we have 𝑛 = 𝑚.

Theorem9.48. Suppose that𝐴 is a set and that𝐵 ⊊ 𝐴 is a proper subset. Suppose
also that there is an injective function 𝑔∶ 𝐴 → 𝐵. Then there exists an injective
sequence (𝑥𝑛) in 𝐴.

Before beginning the proof, you may like to try the following exercise.

Exercise 9.49. Give an example of a set 𝐴 and a proper subset 𝐵 ⊊ 𝐴 and an injection
𝑔∶ 𝐴 → 𝐵. Can you find an example with 𝐴 being a finite set? Why or why not?

Proof. Let 𝑔∶ 𝐴 → 𝐵 be an injective function. Since sequences in𝐴 are, by definition,
functions ℕ → 𝐴, it suffices to show that there is a sequence (𝑥𝑛) in 𝐴 such that for all
𝑛 ≠ 𝑚, we have 𝑥𝑛 ≠ 𝑥𝑚.

Since 𝐵 ⊊ 𝐴, 𝐴 ⧵ 𝐵 ≠ ∅. Let 𝑥0 ∈ 𝐴 ⧵ 𝐵. Define 𝑥1 = 𝑔(𝑥0). Assume that we have
defined 𝑥𝑘 for 𝑘 ∈ {1, . . . , 𝑛} so that if 𝑘 ≥ 2, then 𝑥𝑘 = 𝑔(𝑥𝑘−1). Define 𝑥𝑛+1 = 𝑔(𝑥𝑛).
By the recursion principle, we have a sequence (𝑥𝑛) in 𝐴 such that for all 𝑛 ∈ ℕ, we
have 𝑥𝑛 = 𝑔(𝑥𝑛−1).

We now show that the sequence (𝑥𝑛) is injective, using a proof by induction.
Claim: For all 𝑛 ∈ ℕ∗ and for all𝑚 ∈ ℕ such that𝑚 ≠ 𝑛, we have 𝑥𝑛 ≠ 𝑥𝑚.
We induct on 𝑛, using complete induction.
Base case: 𝑛 = 0.
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Let𝑚 ∈ ℕ. Since 𝑥𝑚 = 𝑔(𝑥𝑚−1), we conclude that 𝑥𝑚 ∈ 𝐵. We chose 𝑥0 ∈ 𝐴 ⧵ 𝐵
and so 𝑥0 ≠ 𝑥𝑚 as desired.

Inductive step: Assume that for some 𝑛 ∈ ℕ∗ it is the case that for all 𝑘 ≤ 𝑛 and
for all 𝑚 ∈ ℕ with 𝑚 ≠ 𝑘, we have 𝑥𝑚 ≠ 𝑥𝑘. We will show that for all 𝑚′ ∈ ℕ with
𝑚′ ≠ 𝑛 + 1, we have 𝑥𝑛+1 ≠ 𝑥𝑚′ .

Observe that 𝑛 + 1 ≥ 1. Let 𝑚′ ∈ ℕ with 𝑚′ ≠ 𝑛 + 1. Then either 𝑚′ < 𝑛 + 1 or
𝑚′ > 𝑛 + 1. If 𝑚′ < 𝑛 + 1, then 𝑚′ ≤ 𝑛 and 𝑥𝑚′ ≠ 𝑥𝑛+1 by the inductive hypothesis
(with 𝑘 = 𝑚′ and𝑚 = 𝑚′). Assume, therefore, that 𝑛+1 < 𝑚′. By definition, we have

𝑥𝑛+1 = 𝑔(𝑥𝑛)
𝑥𝑚′ = 𝑔(𝑥𝑚′−1).

Since 𝑛 + 1 < 𝑚′, we have 𝑛 < 𝑚′ − 1. By the inductive hypothesis, this implies
that 𝑥𝑛 ≠ 𝑥𝑚′−1. The function 𝑔 is injective, and so 𝑔(𝑥𝑛) ≠ 𝑔(𝑥𝑚′−1), as desired. By
induction we are done. □

In the proof of the next theorem, you should also construct a sequence recursively.
Its statement and proof are more involved than the previous one. The basic idea is that
we start with some sequence (𝑎𝑛) in 𝑋 , possibly having repetitions, as in Figure 9.8.
We want to define a new sequence (𝑥𝑛) that has all the same terms as (𝑎𝑛) but without

Figure 9.8. An illustration of Theorem 9.48. We assume, as on the left, that there is an
injection from 𝐴 to a proper subset 𝐵 ⊂ 𝐴. We need to use that injection to construct a
sequence in 𝐴 having no repetitions.
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the repetitions. We do this by moving through the sequence (𝑎𝑛) and skipping any
repetitions. We can do this so long as wherever we are in the sequence (𝑎𝑛), say at the
𝑁th term 𝑎𝑁 , there is some term 𝑥𝑚 farther down the sequence that we haven’t already
encountered.

Theorem9.50. Suppose that𝑋 is a set such that there is a sequence (𝑎𝑛) in𝑋 with
the property that for all 𝑁 ∈ ℕ, there exists𝑚 > 𝑁 such that 𝑎𝑚 ∉ {𝑎1, . . . , 𝑎𝑁 }.
Then 𝑋 contains an injective sequence (𝑥𝑛) such that for every 𝑛 ∈ ℕ there exists
𝑟 ∈ ℕ such that 𝑥𝑟 = 𝑎𝑛. (That is, the sequence (𝑥𝑛) is both injective and has the
same range as (𝑎𝑛).)

Figure 9.9. An illustration of Theorem 9.50. We are given a sequence with repetitions
andwant to construct a sequence having the same terms, but without repetitions. Only
the first terms of the sequence are shown.

9.5. Other induction methods

I have heard strange report of thy knowledge in the black art . . .This, there-
fore, is my request, that thou let me see some proof of thy skill . . .

—Christopher Marlowe12

Is it possible to induct over sets other than the integers? What about the real num-
bers? Sometimes the answer is “yes”, and sometimes it is “no”.

12Christopher Marlowe (1564–1593) was a playwright contemporary to William Shakespeare. The quotation is from
The Tragical History of Doctor Faustus. In the play, Faustus sells his soul to the devil in return for illicit magical knowledge.
The induction methods of this section are the “black arts” of mathematical magic. Use them with care.
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9.5.1. Induction over the reals. Here is a version of mathematical induction
for intervals of real numbers. We closely follow the excellent exposition given by Pete
Clark [29].

Definition 9.51. Suppose 𝑎 < 𝑏. A subset 𝑆 of the closed interval [𝑎, 𝑏] is
inductive if the following hold:

• Base fact. 𝑎 ∈ 𝑆
• Extending fact. If 𝑝 ∈ 𝑆 ∩ [𝑎, 𝑏), then [𝑎, 𝑞] ⊂ 𝑆 for some 𝑞 ∈ (𝑝, 𝑏].
• Closing fact. For all 𝑝 ∈ [𝑎, 𝑏], if [𝑎, 𝑝) ⊂ 𝑆, then [𝑎, 𝑝] ⊂ 𝑆.

The proof of the next theorem relies on the existence of infima and suprema of real
numbers and the completeness ofℝ. We define and explore those concepts in Chapter
11. Consequently, we omit the proof. However after you have studied those concepts
you might like to try to construct your own proof of this theorem (or consult [29]).

Theorem 9.52 (Principle of real induction). If 𝑆 ⊂ [𝑎, 𝑏] is inductive, then
𝑆 = [𝑎, 𝑏].

Proof. Proof omitted. □

As an application, we can prove the intermediate value theorem (IVT). Recall the
definition of continuous function (Definition 8.84). For real-valued functions defined
on a subset 𝑋 ⊂ ℝ, we can rephrase it by saying that that a function 𝑓∶ 𝑋 → ℝ is
continuous if and only if for every 𝑝 ∈ 𝑋 and every 𝜖 > 0, there exists 𝛿 > 0 such that
range (𝑓|(𝑝−𝛿,𝑝+𝛿)) ⊂ (𝑓(𝑝) − 𝜖, 𝑓(𝑝) + 𝜖). Our proof is based on that in [29].

Theorem 9.53 (Intermediate value theorem). Suppose that 𝑓∶ [𝑎, 𝑏] → ℝ is
continuous and that 𝑦 is between 𝑓(𝑎) and 𝑓(𝑏). Then there exists 𝑥 ∈ [𝑎, 𝑏] such
that 𝑓(𝑥) = 𝑦.

Proof. We prove the following claim and then show that it implies the IVT.
Claim: If 𝑓∶ [𝑎, 𝑏] → ℝ is continuous and range (𝑓) ⊂ {−1, 1} and 𝑓(𝑎) = −1,

then range (𝑓) = {−1}.
Suppose that 𝑓∶ [𝑎, 𝑏] → ℝ is continuous, that range (𝑓) ⊂ {−1, 1}, and that

𝑓(𝑎) = −1. We will show 𝑓(𝑥) = −1 for all 𝑥 ∈ [𝑎, 𝑏]. Let 𝑆 ⊂ [𝑎, 𝑏] be the subset such
that 𝑥 ∈ 𝑆 if and only if 𝑓(𝑥) = −1. By hypothesis, the base fact holds. Assume that
𝑝 ∈ 𝑆 ∩ [𝑎, 𝑏). Let 𝜖 = 1. Since 𝑓 is continuous, there exists 𝛿 > 0, such that for all
𝑥 ∈ (𝑝 − 𝛿, 𝑝 + 𝛿) ∩ [𝑎, 𝑏] we have

𝑓(𝑥) ∈ (𝑓(𝑝) − 𝜖, 𝑓(𝑝) + 𝜖) = (−2, 0).

⟨ Explain why there exists 𝑞 ∈ (𝑝, 𝑏] such that 𝑓(𝑞) = −1 and why this
implies that the extending fact holds. ⟩

⟨ Explain why the closing fact holds. ⟩
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Thus, by the principle of real induction, the Claim holds.
Finally, we show that the Claim implies the IVT. Let 𝑓∶ [𝑎, 𝑏] → ℝ be any con-

tinuous function and assume that 𝑓(𝑎) ≤ 𝑦 ≤ 𝑓(𝑏) or that 𝑓(𝑏) ≤ 𝑦 ≤ 𝑓(𝑎). We desire
to show that there exists 𝑥 ∈ [𝑎, 𝑏] such that 𝑓(𝑥) = 𝑦. Suppose, to the contrary that
no such 𝑥 exists. Define 𝑔∶ [𝑎, 𝑏] → ℝ by

𝑔(𝑥) = 𝑓(𝑥) − 𝑦
|𝑓(𝑥) − 𝑦|

for all 𝑥 ∈ [𝑎, 𝑏]. Since 𝑔 is the quotient of two continuous functions and the denomi-
nator is never 0, 𝑔 is continuous. Observe that range (𝑔) ⊂ {−1, 1} and that 𝑔(𝑎) = −1.
By the Claim, range (𝑔) = {−1}.

⟨ Explain how this contradicts our assumptions. ⟩
⟨ Prove the IVT in the case when 𝑓(𝑏) ≤ 𝑦 ≤ 𝑓(𝑎). ⟩ □

To point out that there is subtlety involved in the principle of real induction, con-
sider the following examples.

Exercise 9.54 (IVT fails over ℚ). Let 𝑋 = ℚ ∩ [0, 2]. For every 𝑥 ∈ 𝑋 , define

𝑓(𝑥) = 𝑥2 − 2
|𝑥2 − 2| .

Explain why 𝑓 is continuous on 𝑋 , but why the IVT fails for this function. Also explain
why this shows that we cannot apply the principle of real induction to functions that
are defined and continuous only on the rationals.

Exercise 9.55. Explain why the following argument shows that we need the closing
fact in addition to the extending fact when using real induction. Let 𝑆 = [0, 1). If
𝑆 = [0, 1], then we would have 1 < 1, a contradiction, so real induction does not work
in this case. Clearly, 0 ∈ 𝑆 so the base fact holds. Show that the extending fact also
holds, but that the closing fact does not.

Exercise 9.56. Construct an example to show that when using real induction we need
the extending fact in addition to the closing fact.

Clark gives a complete proof of the following classical theorem, but see if you can
construct one yourself.

Theorem 9.57 (Real valued continuous functions on closed, bounded intervals
are bounded). Suppose that𝑓∶ [𝑎, 𝑏] → ℝ is continuous. Then there exist ℓ, 𝐿 ∈
ℝ such that range (𝑓) ⊂ [ℓ, 𝐿].

Hint: Use real induction. Define

𝑆 = {𝑥 ∈ [𝑎, 𝑏] ∶ there exist ℓ𝑥, 𝐿𝑥 ∈ ℝ with range (𝑓|[𝑎,𝑥]) ⊂ [ℓ𝑥, 𝐿𝑥]}.
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9.5.2. Well-orderings and transfinite induction. In Section 9.3, we saw how
induction over the natural numbers can be reinterpreted using the well-ordering prin-
ciple: every nonempty subset of ℕ has a least element. It turns out that a similar result
holds for any set, as long as we change our definition of “least”!

Example 9.58. The subsets {𝑥 ∈ ℤ ∶ 𝑥 ≤ 0} ⊂ ℤ, (0, 5) ⊂ ℝ, and (0, 5) ∩ ℚ ⊂ ℚ have
no least element, so unless we change the definition of <, the well-ordering principle
does not apply to ℤ, ℝ, or ℚ. ♦

Here is the context in which our generalization of the well-ordering principle
holds. Recall that a relation on a set 𝑋 is a predicate in two variables. That is, if ⪯
is a relation on 𝑋 , then for any two elements 𝑥, 𝑦 ∈ 𝑋 then 𝑥 ⪯ 𝑦 is either true or false.

Definition 9.59 (Well-ordered set). Suppose that 𝑋 is a set and that ⪯ is a re-
lation on 𝑋 such that the following hold.
(1) Each pair is comparable. For each pair 𝑥, 𝑦 ∈ 𝑋 , either 𝑥 ⪯ 𝑦 or 𝑦 ⪯ 𝑥,
(2) Antisymmetric. If 𝑥 ⪯ 𝑦 and 𝑦 ⪯ 𝑥, then 𝑥 = 𝑦
(3) Reflexive. For every 𝑥 ∈ 𝑋 , 𝑥 ⪯ 𝑥
(4) Transitive. For every choice of 𝑥, 𝑦, 𝑧 ∈ 𝑋 , if 𝑥 ⪯ 𝑦 and 𝑦 ⪯ 𝑧, then 𝑥 ⪯ 𝑧.
Then we say that ⪯ is a total order on 𝑋 and (𝑋, ⪯) is a totally ordered set.
If 𝐴 ⊂ 𝑋 , then an element 𝑚 ∈ 𝐴 is the minimal element of 𝐴 if 𝑚 ⪯ 𝑎
for every 𝑎 ∈ 𝐴. An element 𝑀 ∈ 𝐴 is themaximal element of 𝐴 if 𝑎 ⪯ 𝑀
for every 𝑎 ∈ 𝐴. A totally ordered set (𝑋, ⪯) is a well-ordered set (and ⪯ is a
well-ordering) if every nonempty subset has a minimal element.

Example 9.60. The usual ≤ (less than or equal to) relation on any subset 𝑋 ⊂ ℝ is a
total order on 𝑋 . If 𝑋 ⊂ ℕ, then (𝑋, ≤) is a well-ordered set. The relation ≤ is not a
well-ordering on ℝ, ℚ, or ℤ. ♦

Exercise 9.61. For 𝑛 ∈ ℕ, let 𝑆(𝑛) = {𝑛− 1
𝑘+1 ∶ 𝑘 ∈ ℕ and 𝑘 ≥ 2}. Note that the usual

ordering ≤ on 𝑆(𝑛) is a well-ordering (proof?). The ordering ≤ is also a well-ordering
of the set 𝑆 = ⋃

𝑛∈ℕ
𝑆(𝑛). Sketch a picture of this set. This is often the picture people

have in mind when they discuss an arbitrary well-ordered set.

Example 9.62. Let 𝑋 be any set with at least three elements. Define ⪯ on 𝒫(𝑋) by
𝐴 ⪯ 𝐵 if and only if 𝐴 ⊂ 𝐵. Then ⪯ is not a well-ordering on 𝒫(𝑋). Which conditions
from the definition do hold? ♦

Exercise 9.63. Find a well-ordering on the set {𝑥 ∈ ℤ ∶ 𝑥 ≤ 0}.

Example 9.64. Let 𝑋 = ℕ × ℕ. Define (𝑎, 𝑏) ⪯ (𝑐, 𝑑) if and only if either 𝑎 < 𝑐 or if
𝑎 = 𝑐 and 𝑏 ≤ 𝑑. Then (𝑋, ⪯) is a well-ordered set. ♦

Example 9.65. Let 𝑆 be the set of all finite nondecreasing sequences inℕ. So for exam-
ple (10, 8, 6, 4) and (25, 25, 3, 3, 3, 3) are elements of 𝑆. Suppose that 𝛼 = (𝑎1, 𝑎2, . . . , 𝑎𝑛)



9.5. Other induction methods 277

and 𝛽 = (𝑏1, 𝑏2, . . . , 𝑏𝑚) are two elements of 𝑆. Define 𝛼 ⪯ 𝛽 if and only if one of the
following holds.

• 𝛼 = 𝛽
• There exists 𝑘 ∈ {1, . . . , 𝑛 − 1} such that 𝑘 < 𝑚, 𝑎𝑖 ≤ 𝑏𝑖 for all 𝑖 ≤ 𝑘, and
𝑎𝑘+1 < 𝑏𝑘+1.

Then ⪯ is a well-ordering on 𝑆. ♦

Suppose ⪯ is a well-ordering on a nonempty set 𝑋 , we let 𝟎 denote the minimal
element of 𝑋 . Also, if 𝑎 ⪯ 𝑥 and 𝑎 ≠ 𝑥, we write 𝑎 ≺ 𝑥. We defineJ𝟎, 𝑎 M = {𝑥 ∈ 𝑋 ∶ 𝑥 ≺ 𝑎}

Theorem 9.66 (Transfinite induction). Suppose that (𝑋, ⪯) is a nonempty well-
ordered set and that 𝐴 ⊂ 𝑋 has the following properties.

• Base fact: 𝟎 ∈ 𝐴
• Inductive fact: For every 𝑎 ∈ 𝑋 , if J𝟎, 𝑎M ⊂ 𝐴, then 𝑎 ∈ 𝐴.

Then 𝐴 = 𝑋 .

Thus, for any set 𝑋 such that there exists a well-ordering ⪯ on 𝑋 , we can use in-
duction to prove facts about 𝑋 . So what sets 𝑋 have a well-ordering? It turns out that
they all do!13 A proof of the next theorem uses only material covered in this text, but it
is rather challenging, so it is relegated to Section 9.10.

Theorem 9.67 (The well-ordering theorem). For every set 𝑋 , there exists a well-
ordering ⪯ on 𝑋 .

Theorem 9.68. Suppose that 𝑋 and 𝑌 are sets. Then either there exists an injec-
tion 𝑋 → 𝑌 or there exists an injection 𝑌 → 𝑋 .

Proof. If 𝑋 = ∅, then the empty function is an injection 𝑋 → 𝑌 and if 𝑌 = ∅, it is
an injection 𝑌 → 𝑋 . Assume, therefore, that neither 𝑋 nor 𝑌 are empty. A partial
injection 𝑓∶ (𝑋, 𝐴) → 𝑌 is an injective function 𝑓∶ 𝐴 → 𝑌 where 𝐴 ⊂ 𝑋 . If 𝐴 = 𝑋 ,
then a partial injection 𝑓∶ (𝑋, 𝐴) → 𝑌 is an injection 𝑋 → 𝑌 .

By the well-ordering theorem, there exists a well-ordering ⪯ on 𝑋 . Let 𝟎𝑋 be the
minimal element of 𝑋 with respect to this ordering. Let 𝟎𝑌 ∈ 𝑌 . Define 𝑓(𝟎𝑋) =
𝑓(𝟎𝑌 ). Observe that 𝑓∶ (𝑋, {𝟎𝑋}) → 𝑌 is a partial injection.

Let J𝟎𝑋 , 𝜅 M denote the set of all 𝑥 ∈ 𝑋 such that 𝑥 ≺ 𝜅, and let J𝟎𝑋 , 𝜅 K denote the
set of all 𝑥 ∈ 𝑋 such that 𝑥 ⪯ 𝜅.

Suppose that there exists 𝜅 ∈ 𝑋 such that for all 𝜆 ⪯ 𝜅, we have a partial injection
𝑓𝜆 ∶ (𝑋, J𝟎, 𝜆 K) → 𝑌.

13This statement is logically equivalent to the axiom of choice (Section 6).
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A priori, if 𝜆 ≺ 𝜆′ ≺ 𝜅, the partial injections 𝑓𝜆 and 𝑓𝜆′ have nothing to do with each
other. Make the additional assumption, therefore, that for each such 𝜆, 𝜆′, the function
𝑓𝜆 ∶ J𝟎, 𝜆 M → 𝑌 is the restriction of the function 𝑓𝜆′ to J𝟎, 𝜆 M.

Define a function 𝑔∶ J𝟎𝑋 , 𝜅 M → 𝑌 by declaring 𝑔(𝜆) = 𝑓𝜆(𝜆) for all 𝜆 ≺ 𝜅.

⟨ Explain why 𝑔 is an injection. ⟩

If 𝑔 is a surjection, let 𝑓∶ 𝑌 → 𝑋 be defined so that 𝑓(𝑦) is that element of 𝑋
such that 𝑔(𝑓(𝑦)) = 𝑦. (That is, 𝑓 is the right inverse to 𝑔.) Since 𝑔 was injective, 𝑓 is a
function and since 𝑔 was a function 𝑓 is an injection. Since we were looking for either
an injection 𝑋 → 𝑌 or an injection 𝑌 → 𝑋 , we found what we were looking for.

If we still haven’t found what we are looking for, then 𝑔 is not a surjection. Thus,
there exists 𝑦 ∈ 𝑌 such that 𝑦 ∉ range (𝑔). Define

𝑓𝜅(𝑥) = {𝑔(𝜆) if 𝜆 ≺ 𝜅
𝑦 if 𝜆 = 𝜅.

Then 𝑓𝜅 ∶ (𝑋, J𝟎𝑋 , 𝜅 K) → 𝑌 is a partial injection.

⟨ Verify this! Also notice that if 𝜆 ≺ 𝜅, then 𝑓𝜆 is the restriction of 𝑓𝜅. ⟩

Suppose that there, is no injection 𝑌 → 𝑋 . Then by transfinite induction, for each
𝜅 ∈ 𝑋 , we have the partial injection 𝑓𝜅 constructed above. Define 𝑓(𝜅) = 𝑓𝜅(𝜅). Then14
𝑓∶ 𝑋 → 𝑌 is a function. It is also injective.

⟨What properties of our definitions ensure that 𝑓 is well defined? ⟩
⟨What properties of our definitions ensure that 𝑓 is an injection? ⟩ □

9.6. Application: Probability

Using the factorial symbol always makes us look excited, and for good rea-
son: the number 52! turns out to be about 1068, amind-bogglingly large num-
ber of different ways to order a deck of cards! This is way more than either
stars in the universe or seconds since the big bang.

—Francis Su15

The number of ways to choose 𝑘 objects out of a collection of 𝑛 ≥ 𝑘 objects is
denoted (𝑛𝑘). This is equal to the number of 𝑘-element subsets of an 𝑛-element set. The
factorial is defined recursively for 𝑛 ∈ ℕ∗ by declaring 0!= 1 and (𝑛 + 1)! = (𝑛 + 1)𝑛!
for all 𝑛 ∈ ℕ∗.

14If we insist on a formal set-theoretic definition of function, as in Chapter 6, we need the version of the recursion
principle associated to transfinite induction to make this statement valid. We do not discuss this in this book, but more
advanced books on set theory do.

15Quotation fromMathematics forHumanFlourishing, Francis Su©2020YaleUniversity Press. Usedwith permission.
[121]



9.6. Application: Probability 279

Theorem 9.69. The number of ways to choose 𝑘 objects out of a collection of 𝑛
objects is

(𝑛𝑘) =
𝑛!

(𝑛 − 𝑘)! 𝑘! .

The number (𝑛𝑘) is read as “𝑛 choose 𝑘”. It is ubiquitious throughout mathematics
and statistics.

Proof. Let 𝑛 ∈ ℕ. We prove the theorem by induction on 𝑘. Let 𝑆 be a set with 𝑛
elements.

Base case: 𝑘 = 0
By definition, 0!= 1, so 𝑛!

𝑘!(𝑛−𝑘)! =
𝑛!
𝑛! = 1. On the other hand, if a set has zero

elements, it is the empty set, and so there is a unique subset of 𝑆 having 𝑘 = 0 elements.
Thus,

(𝑛0) = 1.

Inductive step: Assume that there exists 𝑘 ∈ ℕ∗ with 𝑘 < 𝑛 such that

(𝑛𝑘) =
𝑛!

𝑘! (𝑛 − 𝑘)! .

Let 𝑋 ⊂ 𝑆 be a set with 𝑘 + 1 elements. Then there are exactly 𝑘 + 1 partitions of 𝑋
of the form {{𝑥}, {𝑥}𝑐} where 𝑥 ∈ 𝑋 . Furthermore, for a given 𝑥 ∈ 𝑋 , the set 𝑌 = {𝑥}𝐶
has exactly 𝑘 elements. Thus, when we count the number of (𝑘 + 1)-element subsets
𝑋 ⊂ 𝑆, we see that

(𝑘 + 1) ⋅ ( 𝑛
𝑘 + 1) = (number of 𝑘-element subsets 𝑌 of 𝑆)

⋅ (number of elements of 𝑌 𝑐)

= (𝑛𝑘) ⋅ (𝑛 − 𝑘)

(𝐼𝐻)= 𝑛!
𝑘! (𝑛 − 𝑘)! ⋅ (𝑛 − 𝑘)

= 𝑛!
𝑘! (𝑛 − 𝑘 − 1)! .

Hence, algebra shows that

( 𝑛
𝑘 + 1) =

1
(𝑘 + 1)

𝑛!
𝑘! (𝑛 − 𝑘 − 1)! =

𝑛!
(𝑘 + 1)! (𝑛 − 𝑘 − 1)! .

By induction, we are done. □

Suppose now that we have a fair coin, which we are going to flip 𝑛 ≥ 1 times.
There are 2𝑛 possible outcomes of the flips. What is the probability that exactly 𝑘 of
the 𝑛 flips are heads? (The other 𝑛 − 𝑘must be tails.)
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Consider the set 𝑋 of the 2𝑛 possible outcomes of the 𝑛 flips. We let ℰ = 𝒫(𝑋) be
thought of as an event space. Since the coin is fair, for 𝐴 ⊂ 𝑋 , we define

𝑃(𝐴) = |𝐴|
|𝑋|

where |𝐴| and |𝑋| denote the number of elements in 𝐴 and 𝑋 , respectively. We are
interested in the probability that an event contains exactly 𝑘 heads. Let 𝐴 ∈ 𝒫(𝑋) be
the set whose elements are precisely the subsets of 𝑋 containing exactly 𝑘 heads. Since
any event which is not a heads is a tail, this is equal to the number of subsets of an
𝑛 element set which contain exactly 𝑘 elements (that is, out of the 𝑛 flips, there are 𝑘
which are heads.) Thus,

𝑃(exactly 𝑘 of the 𝑛 flips are heads) = 𝑃(𝐴)/|𝑋| = (𝑛𝑘)/2
𝑛.

9.7. Application: Iterated function systems

For look, how oft I iterate the work
—Ben Jonson16

One of the most common methods of creating a sequence in a set 𝑋 is to iterate a
function 𝑓∶ 𝑋 → 𝑋 . Given 𝑓, we pick some initial element 𝑥0 ∈ 𝑋 and then define
a sequence (𝑥𝑛) recursively by letting 𝑥𝑛 = 𝑓(𝑥𝑛−1) for all 𝑛 ∈ ℕ. Such a sequence
is called an iterated function sequence. We saw an example of an iterated function
sequence in the proof of Theorem 9.48. The sequence in the example of Section 8.4.2
can also be interpreted as an iterated function sequence.

Tom Stoppard’s play Arcadia (1993) incorporates a number of mathematical and
scientific themes; one of them is the way that iterated function sequences, such as the
discrete logistic sequence (described in the next example), can be used for population
modeling. One of the characters says, “It’s how you look at population changes in
biology. Goldfish in a pond, say. This year there are 𝑥 goldfish. Next year there will be
𝑦 goldfish. Some get born, some get eaten by herons, whatever. Nature manipulates
the 𝑥 and turns it into 𝑦. Then 𝑦 goldfish is your starting population for the following
year. . . .Your value for 𝑦 becomes your next value for 𝑥. The question is: what is being
done to 𝑥?” [119]

Example 9.70. Let 𝑟 ∈ ℝ be fixed. A discrete logistic sequence is defined by choos-
ing 𝑥0 ∈ ℝ and recursively defining, for all 𝑛 ∈ ℕ,

𝑥𝑛+1 = 𝑟𝑥𝑛(1 − 𝑥𝑛).

The discrete logistic equation is used as a simple model of population growth. The
number 𝑥𝑛 is the ratio of the population in year 𝑛 to the total possible population. The
number 𝑟 is a scaling factor that takes reproduction and death rates into account. ♦

16Ben Jonson (1572–1637) was playwright contemporary with Shakespeare. This line is from The Alchemist (1610).
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Figure 9.10. Comic from xkcd.17

Example 9.71 (Collatz conjecture). Let 𝑥0 ∈ ℕ. We define a sequence (𝑥𝑘) in ℕ as
follows. Assume that 𝑥0, . . . , 𝑥𝑘 have been defined and let

𝑥𝑘+1 = {𝑥𝑘/2 if 𝑥𝑘 is even,
3𝑥𝑘 + 1 if 𝑥𝑘 is odd.

Observe that we have a different sequence for each starting value 𝑥0 ∈ ℕ. Suppose that
there is a 𝑘 ∈ ℕ such that 𝑥𝑘 = 1. What can you say about the terms of the sequence
following 𝑥𝑘? ♦

TheCollatz conjecture says that for all 𝑥0 ∈ ℕ, the sequence defined in Example
9.71 will have 1 as a term of the sequence. It is currently open. The mathematician
Paul Erdős (1913–1996) thought that perhaps mathematics wasn’t yet ready for such a
conjecture!

Exercise 9.72. Give a formal definition of the directed graph appearing in the xkcd
comic in Figure 9.10.

To explain the next two examples, recall that the set ℂ of complex numbers is sim-
ply ℝ2 where we write 𝑥 + 𝑖𝑦 instead of (𝑥, 𝑦). Multiplication of complex numbers is
defined by letting 𝑖2 = −1 and using the distributive property so that

(𝑥 + 𝑖𝑦)(𝑎 + 𝑖𝑏) = (𝑥𝑎 − 𝑦𝑏) + 𝑖(𝑦𝑎 + 𝑥𝑏).

17See http://xkcd.com/710/.

http://xkcd.com/710/
http://xkcd.com/710/
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Figure 9.11. The Mandelbrot set

The norm of a complex number 𝑥 + 𝑖𝑦 is defined to be

|𝑥 + 𝑖𝑦| = √𝑥2 + 𝑦2.

Choose 𝑐 ∈ ℂ and let 𝑓𝑐(𝑧) = 𝑧2+𝑐 for all 𝑧 ∈ ℂ. Let 𝑧0 = 0 = 0+𝑖0 and, for 𝑘 ≥ 0,
define 𝑧𝑘+1 = 𝑓(𝑧𝑘). Then (𝑧𝑘) is an iterated function sequence for each choice of 𝑐.
TheMandlebrot set18 is the set of all 𝑐 ∈ ℂ such that the iterated function sequence
(𝑧𝑘) starting at 𝑧0 = 0 is bounded. That is, a complex number 𝑐 is an element of the
Mandlebrot set if and only if there exists𝑀 ∈ ℕ such that |𝑧𝑘| ≤ 𝑀 for all 𝑘. For those
values of 𝑐 ∈ ℂ where the iterated function sequence does not remain bounded, we
may color the point 𝑐 ∈ ℂ = ℝ2 according to how many terms of the iterated function
sequence are needed before the norm is larger than a prechosen threshold.

Figure 9.12. The closed Julia set for 𝑐 = −0.8 + 0.156𝑖.

18Named after Benoit Mandelbrot (1924–2010)
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Now, consider 𝑐 as fixed and think about varying the the initial 𝑧0 values for the
iterated function sequence. For 𝑧0 ∈ ℂ, let (𝑧𝑘) be the iterated function sequence. If
the sequence (𝑧𝑘) is bounded, then 𝑧0 is an element of the (closed) Julia set for 𝑓𝑐. As
with theMandlebrot set, we color the point 𝑧0 ∈ ℂ = ℝ2 according to howmany terms
of the sequence are needed for the norm to be larger than the prechosen threshold. See
Figure 9.12 for a picture.

In the Mandlebrot and Julia sets, the points near the edges have the property that
if they are perturbed slightly (i.e., moved a little bit in some direction) the behavior
of the iterated function sequence can change dramatically (for instance, from being
bounded to being unbounded). This is called “sensitivity to initial conditions” and is
one component of the definition of a chaotic system.

An important example of sensitivity to initial conditions occurs in Newton’s
method. Frequently in applications, it is necessary to find the places (the roots) where
a certain function 𝑓∶ ℝ → ℝ is zero. For instance, to find the maximimum and min-
imum values of a differentiable function 𝐹, we solve the equation 𝑓(𝑡) = 𝐹′(𝑡) = 0
for 𝑡. For most functions (including most polynomials) it is impossible to algebraically
find their roots. Newton’s method is a popular method for approximating roots. A full
description can be found in most calculus texts; here we content ourselves with ob-
serving how the approximation process is an iterated function sequence. In order to
generate a pretty picture, we work with complex numbers rather than real numbers,
though much of the same behavior can occur with reals.

Let 𝑓∶ ℂ → ℂ be a differentiable function with the property that 𝑓′(𝑧) ≠ 0 for all
𝑧 ∈ ℂ. Define 𝑁 ∶ ℂ → ℂ by

𝑁(𝑧) = 𝑧 − 𝑓(𝑧)
𝑓′(𝑧) .

Choose 𝑧0 ∈ ℝ and let (𝑧𝑛) to be the iterated function sequence defined by 𝑧𝑛+1 =
𝑁(𝑧𝑛). If all goes well, the sequence (𝑧𝑛) will converge to a root of 𝑓. However,
Newton’s method is sensitive to initial conditions. Figure 9.13 depicts the con-
vergence properties of (𝑧𝑛) for different initial conditions 𝑥0 for the function
𝑓(𝑥) = (𝑧 + 2)(𝑧2 + 1).

Figure 9.13. Letting𝑓(𝑧) = (𝑧+2)(𝑧2+1), each point𝑥+𝑖𝑦 ∈ ℂwith−2.5 ≤ 𝑥, 𝑦 ≤ 2.5
is colored corresponding to how rapidly Newton’s method converges when the iterated
function sequence has initial term 𝑥+ 𝑖𝑦. The more red the color, the longer it takes to
converge.
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9.8. Application: Paths in graphs

I trace back the paths that I’ve chosen to take
Only to realize they were not choices,
Just ripples on a lake

—Ashanti Files19

Recall (from Section 8.4.1) that a path in a graph 𝐺 is a finite sequence of vertices
such that every two adjacent vertices in the sequence are the endpoints of an edge. We
say that such an edge is traversed by the path. In this section, we consider a classical
problem, which is the origin of themathematical subjects of graph theory and topology,
and then discuss its relevance to the problem of analyzing DNA.

9.8.1. Eulerian paths and circuits. In 1736, the residents of Königsberg, Prus-
sia, enjoyed long walks around their town. One of the beautiful features of Königsberg
at that time (features subsequently destroyed by bombing duringWorldWar II and con-
struction afterward) was the presence of seven bridges connecting the different parts
of the town. On their leisurely walks, the residents wondered, “Is it possible to walk
across the seven bridges of Königsberg without walking across any of them twice?”
The famedmathematician Leonhard Euler (1707–1783) answered the question and, in
so doing, prefigured the creation of graph theory and topology as mathematical dis-
ciplines. Figure 9.14 shows an image of the bridges of Königsberg from Euler’s paper
[43]. Howmightwe turn theKönigsberg bridge problem into amathematical problem?

Figure 9.14. The seven bridges of Königsberg from Euler’s paper

We can construct a graph (called the Königsberg bridge graph) by taking a vertex
for every landmass and an edge for every bridge. Join two vertices by an edge if and
only if one of the vertices is a land mass and the other is a vertex corresponding to a
bridge adjacent to the landmass.The graph 𝐺 is shown in Figure 9.15.

19Ashanti Files was Poet Laureate of Urbana, Illinois, 2021–2022. These lines are from “Ripples”, ©2022 by Ashanti
Files. This poem originally appeared in Kamelion (2014). Used with permission of the author. [46]
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a

b

c

d

Figure 9.15. The Königsberg graph 𝐺

Observe that our Königsberg bridge graph has multiple edges with the same end-
points. According to our prior definitions, a path in a graph is a list of vertices where
each pair of adjacent vertices in the graph are the endpoints of an edge. When there
aremultiple edges with the same endpoints, this creates a troubling ambiguity. We can
rectify this by putting the name of each edge in between its endpoints. For instance,
using the notation from Figure 9.15,

𝑎, 𝑒6, 𝑑, 𝑒7, 𝑐, 𝑒4, 𝑏, 𝑒2, 𝑎
is a path starting and ending at 𝑎. However, for simplicity we won’t write the edge
names, but will only imagine that they have been specified.

Theorem 9.73 (The Königsberg bridge problem). There is no path through 𝐺
which traverses each edge exactly once.

Proof. Suppose, for a contradiction, that there is a path
𝛼 = 𝑣0, . . . , 𝑣𝑛

that traverses each edge exactly once.
Consider 𝑘 ∈ {0, . . . , 𝑛}. Since 𝛼 traverses each edge of 𝐺 exactly once, the path

enters 𝑣𝑘 along a different edge than the edge by which it leaves 𝑣𝑘. No edge of 𝐺 is a
loop. Thus, for each vertex 𝑝 of 𝐺, the vertex 𝑝 is adjacent to an even number of edges
unless 𝑣0 ≠ 𝑣𝑛 in which case the vertices 𝑣0 and 𝑣𝑛 each are adjacent to an odd number
of edges and all other vertices of 𝐺 are adjacent to an even number of vertices.

However, there is a vertex of 𝐺 (actually every vertex of the Königsberg bridge
graph) which is adjacent to an odd number of vertices. Thus, it is not possible for 𝛼 to
traverse every edge of 𝐺 exactly once. □

A path in a graph 𝐺 is Eulerian if it traverses each edge exactly once. A closed
Eulerian path is an Eulerian circuit. The proof that there is no walk through Königs-
berg that traverses each edge exactly once actually proves the following stronger result.
The condition that 𝐺 has no loops is not a serious one, and adding or removing a loop
from a graph does not affect the presence of Eulerian paths or circuits.

If 𝑣 is a vertex of a graph 𝐺, the valence (or degree) of 𝑣 is the number of edges
that are not loops for which 𝑣 is an endpoint plus twice the number of loops adjacent
to 𝑣.
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Figure 9.16. Removing a valence 2 vertex in the proof of Theorem 9.74

Theorem 9.74 (Constructing Eulerian circuits). Suppose that 𝐺 is a nonempty
finite connected graph such that every vertex has even valence. Then 𝐺 contains
an Eulerian circuit.

Proof. We first examine two special cases. The first is when 𝐺 consists of a single
vertex and no edges. In this case, the constant path where we just sit at the vertex is an
Eulerian circuit. The second special case is when every vertex of 𝐺 has valence equal
to 2. We tackle this situation by minimal counterexample.

Assume that 𝐺 is a nonempty finite connected graph such that every vertex has
valence 2. Assume, for a contradiction, that 𝐺 does not contain an Eulerian circuit.
Out of all such counterexamples, we may assume that we selected 𝐺 to minimize the
number of vertices. Since 𝐺 is nonempty, it has a vertex 𝑣. If 𝑣 is the only vertex,
then 𝐺 has a single edge, which must be a loop based at 𝑣. Traversing the loop is then
an Eulerian circuit, contradicting the assumption that 𝐺 does not have such a circuit.
Thus, we may assume that 𝐺 has at least two vertices. Let 𝑣 be one of them. It is
incident to edges 𝑒− and 𝑒+. Let 𝐺′ be the graph obtained from 𝐺 by merging 𝑒− and
𝑒+ into a single edge 𝑒 and removing 𝑣 as a vertex, as in Figure 9.16. 𝐺′ is still nonempty
and connected. (Do you see why?) Each vertex still has valence equal to 2. It also has
one less vertex than 𝐺. Thus, 𝐺′ cannot be a counterexample and so has an Eulerian
circuit. At some point, as we traverse the circuit, we cross the edge 𝑒. Insert the vertex 𝑣
back into 𝑒, splitting it back into 𝑒− and 𝑒+. Traversing 𝑒, then amounts to traversing 𝑒−
and then 𝑒+, or vice versa. Our Eulerian circuit for 𝐺′ is then turned into an Eulerian
circuit for 𝐺, contradicting our assumption that 𝐺 was a counterexample. Thus, no
counterexample has vertices all of valence 2.

We now prove the remaining cases by induction on the number of vertices 𝑣 that
have valence greater than 2. Let 𝑁(𝐺) be the number of the vertices of 𝐺 that have
valence at least 4. (Recall that all vertices have even valence.)

⟨ State the base case and explain why it holds. ⟩

Let 𝑣 be a vertex of 𝐺 having valence at least 4. Let 𝐺′ be the graph obtained by
splitting 𝐺 open along 𝑣, pairing off the edges incident to 𝑣, and inserting vertices of
valence 2, as in Figure 9.17. It may be the case that 𝐺′ is disconnected.

⟨ Explain why each component of 𝐺′ has an Eulerian circuit. ⟩
⟨ Prove that 𝐺 has an Eulerian circuit. ⟩ □
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Figure 9.17. Splitting 𝐺 open at 𝑣 to obtain 𝐺′

Although there is a trick which allows you to derive the proof in the next exercise
from the statement of Theorem 9.74, you are encouraged instead to construct a full
proof modeled on the proof of Theorem 9.74. Doing so will give you practice in writing
proofs by minimal counterexample.

Exercise 9.75. Suppose that 𝐺 is a finite, connected graph having vertices 𝑣− and 𝑣+
such that 𝑣− and 𝑣+ bothhave odd valence and all other vertices of𝐺 have even valence.
Prove that there is an Eulerian path in 𝐺 from 𝑣− to 𝑣+. You may first want to prove
that there is no graph such that exactly one vertex has odd valence.

9.8.2. DNA sequencing. DNA molecules are essential to life as we know it.
Roughly speaking, DNA consists of two strands winding around each other to form
a double helix. Each strand contains a sequence of submolecules called bases. On
(most) DNA there are four kinds of bases, abbreviated C, G, A, and T. The strands are
joined together by chemical bonds between the bases. Knowing the DNA sequence,
i.e., the finite sequence of C’s, G’s, A’s, and T’s, tells biologists a great deal about the
DNA. Since A always pairs with T and C always pairs with G, it is enough to know the
sequence of bases along just a single strand of the DNA. For example, human DNA
contains the following sequence.20

𝑇𝑇𝑇𝐺𝑇𝑇𝑇𝐶𝐶𝐶𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶𝑇𝐺𝐴𝐺𝐺𝐴𝐴𝐶𝐶𝐶
𝐴𝐴𝐺𝐶𝑇𝐴𝐴𝐺𝐴𝐶𝐴𝐶𝑇𝐺𝑇𝐴𝑇𝐺𝑇𝑇𝑇𝐴𝑇𝑇𝐶𝑇𝐴𝐴𝑇𝑇𝑇

Since DNA is naturally incredibly long and the machines that detect the base se-
quence require short strands of DNA, biologists cut the DNA into pieces, analyze the
pieces to learn the sequence on each piece, and then re-assemble these small sequences
to obtain the entire DNA sequence. The cutting is performed either randomly or non-
randomly by particular enzymes, each of which recognizes a particular short sequence
of bases and cuts the DNA after that sequence. After cutting, the fragments of DNA
are read and then re-assembled into the complete string. Unfortunately, the process of
cutting the DNA, analyzing the strands, and reporting the sequences cannot preserve
the order of the sequences on the original strand. The basic steps for determining a
long DNA sequence are cut, analyze, re-assemble. The re-assembly stage is the most
difficult, as biologists must figure out what is the correct order for the pieces.

The basic strategy in re-assembly is to make copies of the DNA sequence before
cutting and then cut the copies in different ways. For example, suppose that one copy

20This sequence was obtained fromWolframAlpha.
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of the strand above is randomly cut into the fragments:21

△=
⎧
⎪
⎨
⎪
⎩

𝑇𝑇𝑇𝐺𝑇𝑇𝑇
𝐶𝐶𝐶𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶𝑇𝐺𝐴
𝐺𝐺𝐴𝐴𝐶𝐶
𝐶𝐴𝐴𝐺𝐶𝑇𝐴𝐴𝐺𝐴𝐶𝐴𝐶𝑇
𝐺𝑇𝐴𝑇𝐺𝑇𝑇𝑇𝐴𝑇𝑇𝐶𝑇𝐴𝐴𝑇𝑇𝑇

⎫
⎪
⎬
⎪
⎭

.

A different copy of the DNA strand is then randomly cut into different fragments:

▴ =

⎧
⎪⎪
⎨
⎪⎪
⎩

𝑇𝑇𝑇𝐺𝑇𝑇𝑇𝐶𝐶𝐶,
𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶,
𝑇𝐺𝐴𝐺𝐺𝐴𝐴𝐶𝐶𝐶,
𝐴𝐴𝐺𝐶𝑇𝐴𝐴𝐺𝐴,
𝐶𝐴𝐶𝑇𝐺𝑇𝐴𝑇𝐺𝑇,
𝑇𝑇𝐴𝑇𝑇𝐶𝑇𝐴𝐴𝑇𝑇𝑇

⎫
⎪⎪
⎬
⎪⎪
⎭

.

The two sets △ and ▴ are then compared to each other. The set △ contains
the sequence 𝐺𝐺𝐴𝐴𝐶𝐶. In ▴, we see that sequence contained in the sequence
𝑇𝐺𝐴𝐺𝐺𝐴𝐴𝐶𝐶𝐶. That is the only sequence in 𝑆(▴) which contains 𝐺𝐺𝐴𝐴𝐶𝐶, and
so we can conclude that in the original strand, 𝐺𝐺𝐴𝐴𝐶𝐶 was preceded by 𝑇𝐺𝐴 and
itself precedes 𝐶. In△, there is one sequence ending in 𝑇𝐺𝐴, namely

𝐶𝐶𝐶𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶𝑇𝐺𝐴.
There are, however, two sequences in△ beginning with 𝐶:

𝐶𝐴𝐴𝐺𝐶𝑇𝐴𝐴𝐺𝐴𝐶𝐴𝐶𝑇 and 𝐶𝐶𝐶𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶𝑇𝐺𝐴.
We already know, however, that the latter strand comes after 𝐺𝐺𝐴𝐴𝐶𝐶, and so the
original strand of DNA must contain the sequence

𝐶𝐶𝐶𝐴𝐶𝑇𝑇𝑇𝐺𝐶𝑇𝑇𝑇𝐶𝑇𝐺𝐴𝐺𝐺𝐴𝐴𝐶𝐶𝐶𝐴𝐴𝐺𝐶𝑇𝐴𝐴𝐺𝐴𝐶𝐴𝐶𝑇
(as we already knew). Continuing on in this way, we can reconstruct the entire original
sequence.

There are two challenges to this process. The first is that there can be errors in both
the cutting process and the analyzing process. These are relatively easily dealt with by
making many, many copies of the original sequence and using statistical methods to
eliminate errors up to a certain allowable probability. The second challenge is more
serious: DNA sequences typically contain many repeated patterns of bases (called re-
peats). In the very simplified example above, we saw how the multiple occurences
of 𝐶 at the beginning of a strand made it somewhat more difficult to re-assemble the
fragments correctly. In long strands of DNA, the many repeats mean that many com-
parisons must be made to figure out how to correctly re-assemble the fragments. This
means that the assembly stage is very slow; it seems that each sequence in△must be
compared with each sequence in ▴. Since thousands of DNA strands must have their
sequences re-assembled, this time constraint is a serious obstacle.

21This is a somewhatmisleading way to put it. Themachines that do the analyzing cannot analyze the entire length of
a fragment, so typically an analysis of a fragment returns some sequence of definitive bases and then a considerable number
of unknown bases.
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Progress can be made by reinterpreting the assembly step as a problem in graph
theory. To do this, we create a graph with a vertex for each sequence in△. We join
two vertices 𝑣 and 𝑤 by a directed edge if there is a sequence (let’s call it 𝑄) in ▴ such
that the sequence 𝑄 contains the end of the sequence corresponding to 𝑣 followed by
the beginning of the sequence corresponding to 𝑤. Call the resulting graph 𝐺. Recon-
structing the original sequence then amounts to the problem of finding a path in 𝐺
which passes through every vertex exactly once. The desired path is called a Hamil-
tonian path.22 The challenge of finding a Hamiltonian path is called the travelling
salesman problem for 𝐺.

Unfortunately, the travelling salesman problem is, in general, extremely difficult
to solve. In particular, all known methods for finding a Hamiltonian path take an ex-
tremely long time when the graph has a large number of vertices. In 2001, however,
significant progress was made by Pevzner, Tang, and Waterman [100]. They found a
way of transforming the assembly problem into the problem of finding Euler circuit
in a different (but related) graph associated to the DNA sequences. Finding an Euler
path (in a graph that has one) is straightforward and there are algorithms for it whose
running time only grows linearly with respect to the number of vertices.

9.9. Additional exercises

Proving things is a matter of finding good arguments, and when you’ve seen
a lot of good arguments you have a much better sense of what a good argu-
ment smells like.

—Amie Wilkinson23

(1) Let 𝑟 ≠ 1 be a real number. Prove, using regular old induction, that for all 𝑛 ∈ ℕ∗

𝑛
∑
𝑘=0

𝑟𝑘 = 1 − 𝑟𝑛+1
1 − 𝑟 .

(2) Suppose that (𝑋, 𝑑) is a metric space and that 𝑥1, . . . , 𝑥𝑛 ∈ 𝑋 . Prove that

𝑑(𝑥1, 𝑥𝑛) ≤
𝑛−1
∑
𝑖=1

𝑑(𝑥𝑖, 𝑥𝑖+1).

(3) Prove the following following characterization of prime numbers.

Theorem 9.76 (Characterization of prime numbers). For 𝑝 ∈ ℕ, the fol-
lowing are equivalent.

• 𝑝 is a prime number.
• If 𝑎, 𝑏 ∈ ℕ and 𝑎𝑏 is a multiple of 𝑝, then 𝑎 is a multiple of 𝑝 or 𝑏 is a
multiple of 𝑝.

(4) Let 𝑋 be a set with 𝑛 ≥ 1 elements. Prove that there are 𝑛!= 𝑛(𝑛 − 1)⋯3 ⋅ 2 ⋅ 1
permutations of 𝑋 .

22Named after William Rowan Hamilton (1805–1865).
23Amie Wilkinson is a mathematician who studies dynamical systems. The quotation is from Kevin Hartnett, “A

mathematician whose only constant is change”, Quanta Magazine (June 13, 2019). Used with permission. [64]
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(5) Let 𝑋 and 𝑌 be sets with 𝑛 and𝑚 elements, respectively. Prove that if 𝑋 ∩ 𝑌 = ∅,
then 𝑋 ∪ 𝑌 has 𝑛 + 𝑚 elements. What can you say about the situation when
𝑋 ∩ 𝑌 ≠ ∅?

(6) Suppose that 𝑋 is a finite set and that {𝑈𝜆 ⊂ 𝑋 ∶ 𝜆 ∈ Λ} is a partition of 𝑋 .
Suppose that, for each 𝜆 ∈ Λ, 𝑈𝜆 has 𝑛𝜆 elements. Prove that the number of
elements of 𝑋 is

∑
𝜆∈Λ

𝑛𝜆.

(Hint: Induct on the number of elements of Λ.)
(7) Let 𝑋 and 𝑌 be sets with 𝑛 and𝑚 elements, respectively. Prove that 𝑋 ×𝑌 has 𝑛𝑚

elements.
(Hint: Observe that {{𝑎}×𝐵 ∶ 𝑎 ∈ 𝐴} is a partition of𝐴×𝐵, as in the image below.)

A

B
A x B

(8) A tree 𝑇 is a connected graph with the property that for every edge 𝑒 in 𝑇, the
graph 𝑇 ⧵ 𝑒 obtained by removing 𝑒 (but leaving its endpoints) is disconnected.
A leaf is a vertex of a tree which is an endpoint of exactly one edge of the tree.
It is a fact (see Theorem 9.26) that every tree with at least one edge has at least
two leaves. Suppose that 𝑇 is a tree with vertex set 𝑉(𝑇) and edge set 𝐸(𝑇). Let
ℱ(𝑉(𝑇)) denote the set of functions 𝑓∶ 𝑉(𝑇) → ℝ and ℱ(𝐸(𝑇)) the set of func-
tions 𝑔∶ 𝐸(𝑇) → ℝ. See the discussion in Section 8.2.4 and Exercise 18 in Section
8.12.

Assign an orientation to every edge of 𝑇, so that for each edge 𝑒, one endpoint
of 𝑒 is the head (denoted 𝜕+𝑒) and the other endpoint is the tail (denoted 𝜕−𝑒).
Define ∇∶ ℱ(𝑉(𝑇)) → ℱ(𝐸(𝑇)) as follows. Given a function 𝑓 ∈ ℱ(𝑉(𝑇)), we
will have a function ∇𝑓 ∈ ℱ(𝐸(𝑇)). The function ∇𝑓 is defined by declaring

∇𝑓(𝑒) = 𝑓(𝜕+𝑒) − 𝑓(𝜕−𝑒)

for every edge 𝑒 ∈ 𝐸(𝑇).
Prove that, for a finite tree 𝑇 with at least one edge, the function

∇∶ ℱ(𝑉(𝑇)) → ℱ(𝐸(𝑇))

is surjective.
(Hint: Use regular old induction on the number of edges of 𝑇. To apply the in-
ductive hypothesis, use the fact that every tree with at least one edge has a leaf
and remove an edge having a leaf as an endpoint.)
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(9) Suppose that 𝐴 is a nonempty subset of ℕ such that there exists 𝑀 ∈ ℕ so that
for all 𝑎 ∈ 𝐴, 𝑎 ≤ 𝑀. (That is, 𝑀 has an upper bound.) Use the well-ordering
principle to prove that there exists a unique 𝑀′ ∈ 𝐴 such that for all 𝑎 ∈ 𝐴,
𝑎 ≤ 𝑀′. (That is, show that 𝐴 contains a unique maximal element.)

(10) Explain why the 𝑑 in Theorem 9.39 is the greatest common divisor of 𝑥 and 𝑦.

9.10. Appendix: The well-ordering theorem

. . . the things should be ordered immediately.
—Jane Austen24

In this section we prove the well-ordering theorem, following the exposition given
in [139]. The proof relies heavily on the persistence of certain structures under in-
tersections as in Chapter 2. We also make use of injective functions and power sets.
All-in-all a heady mix! The well-ordering theorem is actually logically equivalent to
the axiom of choice. Of all the statements logically equivalent (in the presence of the
other set theory axioms) to the AC, it is the most counterintuitive. The well-ordering
theorem was first formulated by Cantor, and the AC was introduced by Zermelo in
order to make it more palatable [13].

Theorem 9.77 (The well-ordering theorem). For every set 𝑋 , there exists a well-
ordering on 𝑋 .

Proof. We actually define a total ordering⋞ on 𝑋 such that for each nonempty𝐴 ⊂ 𝑋 ,
there exists a maximal element in 𝐴. Once we have defined such a total ordering, we
define another total ordering ⪯ on 𝑋 by declaring 𝑥 ⪯ 𝑦 if and only if 𝑦 ⋞ 𝑥.

⟨ Show that in such a situation ⪯ is a well-ordering on 𝑋 . ⟩

It turns out that it is better to work with certain subsets of 𝑋 , rather than 𝑋 itself.
Let 𝒫∗(𝑋) = {𝐴 ⊂ 𝑋 ∶ 𝐴 ≠ ∅}. For each 𝐴 ∈ 𝒫∗(𝑋), choose a particular element
𝐹(𝐴) ∈ 𝐴. If you studied Chapter 6, you will know that the AC guarantees it is possible
to do this in such a way that

{𝑥 ∈ 𝑋 ∶ ∃𝐴 ∈ 𝒫∗(𝑋), 𝑥 = 𝐹(𝐴)}

is a set. Consequently, 𝐹 ∶ 𝒫∗(𝑋) → 𝑋 is a function. If you didn’t study Chapter 6, you
will need to trust me on that.

Say that a setℱ ⊂ 𝒫∗(𝑋) of nonempty subsets of 𝑋 is distinguished if the follow-
ing hold.

(1) 𝑋 ∈ ℱ.
(2) For all 𝐴 ∈ ℱ, either 𝐴 ⧵ {𝐹(𝐴)} ∈ ℱ or it is empty.

24Jane Austen (1775–1817) is the author of Pride and Prejudice, from which this quotation is taken.
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(3) For all 𝒜 ⊂ ℱ, either ⋂
𝐴∈𝒜

𝐴 ∈ ℱ or it is empty.

⟨ Prove that the intersection of distinguished sets is distinguished. ⟩

Therefore, the intersection of all distinguished sets is distinguished. Let ℱ be that
distinguished set.

⟨ Explain why ifℱ′ is some other distinguished set, thenℱ ⊂ ℱ. That is,
ℱ is the smallest distinguished set. ⟩

We will attempt to construct a well-ordering on ℱ using the subset relation ⊂.
Recall that a well-ordering is a total ordering such that every nonempty set has a min-
imum. We will show that as a relation on ℱ, the relation ⊂ is a total order such that
every nonempty set has a maximum.

⟨ Remind yourself that ⊂ is reflexive, antisymmetric, and transitive. ⟩

To be a total order onℱ, we need to be able to compare any two elements ofℱ. That
is we need to know that if 𝐴, 𝐵 ∈ ℱ, then 𝐴 ⊂ 𝐵 or 𝐵 ⊂ 𝐴. Rather than proving this
directly (which is very difficult), we take a more abstract approach, wherein we collect
all incomparable sets together and show we can do without them. Unless there are no
incomparable sets, this will contradict our choice ofℱ to be the smallest distinguished
set.

Say that a set 𝐼 ∈ ℱ is incomparable if there exists 𝑍 ∈ ℱ such that 𝐼 ⊄ 𝑍 and
𝑍 ⊄ 𝐼. Notice that such a 𝑍 is also incomparable. Let ℱ′ be the set of all 𝑆 ∈ ℱ such
that every incomparable 𝐼 ⊂ 𝑆.

⟨ Show thatℱ′ satisfies the first and third criteria for being distinguished. ⟩

We now show, using a somewhat more involved argument, that ℱ′ also satisfies
the second criterion for being distinguished.

⟨ Explain why each 𝑆 ∈ ℱ′ is not incomparable, using the fact that if 𝑍
is incomparable then 𝑍 ⊂ 𝑆 by the definition ofℱ′. ⟩

Suppose that 𝑆 ∈ ℱ′. Let 𝑆′ = 𝑆 ⧵ {𝐹(𝑆)}; assume it is nonempty. If 𝑆′ ∉ ℱ′, there
exists an incomparable set 𝐼 such that 𝐼 ⊂ 𝑆 but 𝐼 ⊄ 𝑆′. Thus, there is an element 𝑠 ∈ 𝐼
such that 𝑠 ∈ 𝑆 but 𝑠 ∉ 𝑆′. That element must be 𝐹(𝑆).

⟨ Explain why. ⟩

Consequently, 𝐼 = 𝑆, implying 𝑆 is incomparable, a contradiction.Thus, 𝑆′ ∈ ℱ′,
as desired. We conclude that ℱ′ is distinguished.

⟨ Explain why this implies thatℱ = ℱ′. ⟩
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No incomparable set 𝐼 is an element of ℱ′, so ℱ contains no incomparable sets.
Thus, the subset relation ⊂ is a total order on ℱ.

We now show that for each nonempty𝒜 ⊂ ℱ,𝒜 contains a maximal element. Let
𝒜 ⊂ ℱ be nonempty. Define

ℳ = {𝑍 ∈ ℱ ∶ for every 𝐴 ∈ 𝒜,𝐴 ⊂ 𝑍}
to be the set of all sets in ℱ containing all elements of 𝒜.

Clearly, 𝑋 ∈ ℳ, soℳ is nonempty. Let𝑀 = ⋂
𝑍∈ℱ

𝑍.

⟨ Explain why 𝐴 ⊂ 𝑀 for every 𝐴 ∈ 𝒜. ⟩

Thus, since𝒜 is nonempty and no 𝐴 ∈ 𝒜 is the empty set, the set𝑀 is nonempty.
Since ℱ is distinguished,𝑀 ∈ ℱ.

⟨ Explain why𝑀 ∈ ℳ and why if 𝑍 ∈ ℳ, then𝑀 ⊂ 𝑍. ⟩

Let𝑀′ = 𝑀 ⧵ {𝐹(𝑀)}. Since𝑀′ ⊊ 𝑀,𝑀′ ∉ ℳ. Thus, there exists 𝐴 ∈ 𝒜 such that
𝐴 ⊄ 𝑀′.

⟨ Prove that 𝐴 = 𝑀. ⟩

Thus, 𝑀 ∈ 𝒜. Since 𝐴 ⊂ 𝑀 for every 𝐴 ∈ 𝒜 and since 𝑀 ∈ 𝒜, we see that 𝑀 is
the maximal element of 𝒜.

It remains to convert the total order ⊂ on ℱ into a well-ordering on 𝑋 . To do this
we construct an injection 𝐼 ∶ 𝑋 → ℱ.

For 𝑥 ∈ 𝑋 consider the set 𝐼(𝑥) which is the intersection of all sets 𝑍 ∈ ℱ such
that 𝑥 ∈ 𝑍. Since 𝑋 is such a set, the intersection is defined.

⟨ Explain why 𝑥 ∈ 𝐼(𝑥) and why 𝐼(𝑥) ∈ ℱ. ⟩

Thus, we have an injection 𝐼 ∶ 𝑋 → ℱ. We now show it is injective.

⟨ Explain why if 𝑍 ∈ ℱ and 𝑥 ∈ 𝑍, then 𝐼(𝑥) ⊂ 𝑍. ⟩

Let 𝐼′ = 𝐼(𝑥) ⧵ {𝐹(𝐼(𝑥))}. Recall that if 𝐼′ ≠ ∅, then 𝐼′ ∈ ℱ. Since 𝐼 ⊄ 𝐼′, it must be
the case that 𝑥 ∉ 𝐼′.

⟨ Show that this implies that 𝑥 = 𝐹(𝐼(𝑥)). ⟩

Now suppose that 𝑥, 𝑦 ∈ 𝑋 and 𝐼(𝑥) = 𝐼(𝑦). Since 𝐹 is a function, 𝐹(𝐼(𝑥)) =
𝐹(𝐼(𝑦)). Thus, 𝑥 = 𝑦. Consequently, 𝐼 ∶ 𝑋 → ℱ is an injective function.

Define 𝑥 ⋞ 𝑦 if and only if 𝐼(𝑥) ⊂ 𝐼(𝑦).

⟨ Use the fact that ⊂ is a total order on ℱ to show that ⋞ is a total order
on 𝑋 . ⟩
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Let 𝐴 ⊂ 𝑋 be nonempty; we show that 𝐴 contains a maximal element. Let 𝒜 =
range 𝐼|𝐴. By our previous remarks, there exists a set 𝑀 ∈ 𝒜 such that 𝑆 ⊂ 𝑀 for all
𝑆 ∈ 𝒜. By the definition of 𝒜, there exists 𝑚 ∈ 𝐴 such that 𝑀 = 𝐼(𝑚). Thus, for all
𝑥 ∈ 𝐴, 𝐼(𝑥) ⊂ 𝐼(𝑚). That is, for all 𝑥 ∈ 𝐴, 𝑥 ⋞ 𝑚. Thus, 𝐴 has a maximal element.

Consequently, the order ⪯ defined at the start of this proof in terms of ⋞ is a well-
ordering on 𝑋 . □



Chapter 10

The Sizes of Sets

Key Terms

• cardinality of a finite set
• card𝑋 = card 𝑌
• card𝑋 ≤ card 𝑌
• a set 𝑋 is countable

What is the truth of this world? It is not in the masses of substance, not in
the number of things, but in their relatedness, which neither can be counted,
nor measured, nor abstracted.

—Rabindranath Tagore1

10.1. Finite sets

Certain accurate observers have found out, that the entrails of the field-
mouse correspond in number to the moon’s age.

—Pliny the Elder2

The number of elements of a finite set is a crucial attribute of the set. What exactly
do we mean by this number? Informally, we certainly have an idea of what we mean:
We can count the elements of the set, beginning with 1 and not skipping any elements,
until we run out of elements. Whatever number we end with is the number of elements
of the set. Considering things more carefully, however, we might begin to worry.

1Rabindranath Tagore (1861–1941) was a philosopher, poet, and the first non-European winner of the Nobel Prize in
Literature. The quotation is from Creative Unity (1922), Macmillan.

2Pliny the Elder (ca. 23–79) was a Roman administrator. The quotation is from volume 1 of The Natural History of
Pliny translated by Bostock (1855). That book, in all its volumes, is the original model for the modern encyclopedia. It
synthesizes work of many other authors, often, as this quote indicates, with little in the way of fact-checking.

295
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In her provocative and influential book What’s Math Got to Do With It? [15], Jo
Boaler writes, “Mathematical ideas that may seem obvious to us—such as the fact that
you can count a set of objects, move them around, and then count them again and you
get the same number—are fascinating to young children.” Even as adults, we’ve likely
all had the experience of counting the number of objects in some collection and coming
to a different number than the number a friend has obtained. We usually put this down
to one of us havingmade amistake. What if, however, it wasn’t that wemade amistake
but that the number of elements of the set changed? Or it wasn’t well defined to begin
with? Furthermore, we only have first-hand experience of sets with a relatively small
number of elements. What if the size of a set, when the set is very large, doesn’t make
sense? After all, for very large finite sets we couldn’t list the elements in our lifetime!
What exactly do we mean by a finite set when we can’t physically or mentally count all
of its elements?

As is often the case, careful definitions can bring clarity. Our definition is inspired
by the fact that we should be able to count the elements of a finite set until at some
point we run out of elements. Since counting involves naming each element in the set
with an element of ℕ, we model the process of counting with bijections.

Definition 10.1. The empty set ∅ is finite. Its cardinality is 0 and we write
|∅| = 0 or card (∅) = 0. A nonempty set 𝑋 is finite if there exists 𝑛 ∈ ℕ such
that there is a bijection

𝑓∶ {1, . . . , 𝑛} → 𝑋.
In this case, we say that the cardinality of 𝑋 is 𝑛 and we write |𝑋| = 𝑛 or
card (𝑋) = 𝑛. A set is infinite if it is not finite.
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Our first theorem confirms our intuition that two finite sets have the same cardi-
nality if and only if we can form a one-to-one matching between their elements. Its
proof is a straightforward application of the definition of cardinality.

Theorem 10.2. Suppose that 𝑋 and 𝑌 are finite sets. Then |𝑋| = |𝑌| if and only
if there is a bijection 𝑓∶ 𝑋 → 𝑌 .

But is it possible that |𝑋| is not well defined? That is, is it possible for there to be
some finite set 𝑋 and distinct 𝑛,𝑚 ∈ ℕ such that there is a bijection {1, . . . , 𝑛} → 𝑋
and also a bijection {1, . . . , 𝑚} → 𝑋? Although the answer may seem like an obvious
“No!”, that is only because we have grown accustomed to the idea that the number of
elements of a finite set is a well-defined concept. When we remember that what we
consider obvious was formed by our long experience with finite sets having relatively
few elements, wemay questionwhether or not the same results hold for setswithmany,
many more elements than we can possibly imagine. Thus, we need a proof. We begin
by considering the situation when 𝑋 = {1, . . . , 𝑚}.

Theorem 10.3. For each 𝑛,𝑚 ∈ ℕ, if there is a bijection 𝑓∶ {1, . . . , 𝑚} →
{1, . . . , 𝑛}, then𝑚 = 𝑛.

For convenience, we begin with an important exercise.

Exercise 10.4. Let𝑚 ∈ ℕ and suppose that 𝑞 ∈ {1, . . . , 𝑚}. Construct a bijection
𝜙∶ {1, . . . , 𝑚 − 1} → {1, . . . , 𝑚} ⧵ {𝑞}.

The challenges in the proof of Theorem 10.3 aremostly of the bookkeeping variety.
We will induct on 𝑛. When 𝑛 = 1, we can use the fact that {1} has a unique element
and the definition of bijection to conclude that {1, . . . , 𝑚} does aswell. For the inductive
step, we consider a bijection 𝑓∶ {1, . . . , 𝑚} → {1, . . . , 𝑘 + 1}. We then create a bijection
𝑓′ ∶ {1, . . . , 𝑚 − 1} → {1, . . . , 𝑘} from 𝑓 as follows. We remove 𝑘 + 1 from {1, . . . , 𝑘 + 1}
and also remove whatever number 𝑞 ∈ {1, . . . , 𝑚} is sent to 𝑘 + 1 from {1, . . . , 𝑚}. We
obtain 𝐴 = {1, . . . , 𝑞 − 1} ∪ {𝑞 + 1, . . . , 𝑚}. By restricting the domain and codomain of
𝑓, we create a bijection

𝑓|𝐴 ∶ {1, . . . , 𝑚} ⧵ {𝑞} → {1, . . . , 𝑘}.
We renumber the domain of 𝑓|𝐴 using the bijection 𝜙 constructed in Exercise 10.4.
The composition 𝑓′ = 𝑓|𝐴 ∘ 𝜙 is then the bijection we are looking for. Applying the
induction hypothesis, we conclude that𝑚−1 = 𝑘 and, hence that𝑚 = 𝑘+1, as desired.

Proof of Theorem 10.3. Let 𝑃(𝑛) be the statement,

for all𝑚 ∈ ℕ, if there is a bijection 𝑓∶ {1, . . . , 𝑚} → {1, . . . , 𝑛} then𝑚 = 𝑛.

We prove that 𝑃(𝑛) is true for all 𝑛 ∈ ℕ by induction.
Base case: We prove that for all𝑚 ∈ ℕ, if there is a bijection 𝑓∶ {1, . . . , 𝑚} → {1}

then𝑚 = 1.
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1 2 3 q m− 1 m

1 2 3 k − 1 k k + 1

1 2 3 m− 2 m− 1

1 2 3 k − 1 k

Remove elements and renumber

f

f ′

Figure 10.1. The inductive step of the proof of Theorem10.3. The dark boxmeans that
we don’t know exactly how the bijection matches elements, except that 𝑓(𝑞) = 𝑘 + 1.

Let 𝑚 ∈ ℕ and assume that there is a bijection 𝑓∶ {1, . . . , 𝑚} → {1}. If 𝑎 ∈
{1, . . . , 𝑚}, then 𝑓(𝑎) = 1, since 1 is the unique element of {1}. Since 𝑓 is injective,
the set {1, . . . , 𝑚} is empty or has a unique element. Since𝑚 ≥ 1, 1 ∈ {1, . . . , 𝑚}, and so
{1, . . . , 𝑚} ≠ ∅. Thus, {1, . . . , 𝑚} = {1}. Hence,𝑚 = 1.

Inductive step: Assume that there exists 𝑘 ∈ ℕ such that for all𝑚′ ∈ ℕ, if there
is a bijection 𝑓′ ∶ {1, . . . , 𝑚′} → {1, . . . , 𝑘}, then𝑚′ = 𝑘. We will show that for all𝑚 ∈ ℕ
if there is a bijection 𝑓∶ {1, . . . , 𝑚} → {1, . . . , 𝑘 + 1}, then𝑚 = 𝑘 + 1. Figure 10.1 gives
the essential idea for how we can apply the inductive hypothesis.

Let 𝑚 ∈ ℕ and suppose that 𝑓∶ {1, . . . , 𝑚} → {1, . . . , 𝑘 + 1} is a bijection. Recall
that 𝑘 + 1 ≥ 2, so 𝑘, 𝑘 + 1 ∈ {1, . . . , 𝑘 + 1}. By the definition of bijection, there is a
unique element 𝑞 ∈ {1, . . . , 𝑚} such that 𝑓(𝑞) = 𝑘 + 1. Let 𝐴 = {1, . . . , 𝑚} ⧵ {𝑞}. Define
𝑓|𝐴 ∶ 𝐴 → {1, . . . , 𝑘} by

𝑓|𝐴(𝑥) = 𝑓(𝑥)
for all 𝑥 ∈ 𝐴.

⟨ Verify that 𝑓|𝐴 is a bijection. ⟩

By Exercise 10.4 there is a bijection

𝜙∶ {1, . . . , 𝑚 − 1} → {1, . . . , 𝑚} ⧵ {𝑞}.

Define 𝑓′ ∶ {1, . . . , 𝑚 − 1} → {1, . . . , 𝑘} by letting 𝑓′ = 𝑓|𝐴 ∘ 𝜙.

⟨ Explain why 𝑓′ is a bijection. ⟩
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By our inductive hypothesis, applied with 𝑚′ = 𝑚 − 1, we must have 𝑚 − 1 = 𝑘.
Hence,𝑚 = 𝑘+1, as desired. Thus, by induction for all𝑚, 𝑛 ∈ ℕ, if there is a bijection
from {1, . . . , 𝑚} to {1, . . . , 𝑛}, then𝑚 = 𝑛. □

The next theorem is the result we are after. Construct a short proof using Theorem
10.3.

Theorem 10.5. If 𝑋 is a finite set and there is a bijection {1, . . . , 𝑛} → 𝑋 and a
bijection {1, . . . , 𝑚} → 𝑋 , then 𝑛 = 𝑚.

The cardinality of a finite set is an example of what is called an invariant, namely
a number (in this case) that does not change for sets that are equivalent from a certain
point of view—in this case two sets are equivalent if there is a bijection between them.
In other settings, different notions of equivalence may be used and in those situations
an invariant would be a number (or some other mathematical object) assigned to the
sets in such a way that equivalent sets get the same number (or other mathematical
object).

Exercise 10.6. Adapt the proof of Theorem 10.3 to show that, for all𝑚, 𝑛 ∈ ℕ, if there
exists an injection 𝑓∶ {1, . . . , 𝑚} → {1, . . . , 𝑛}, then 𝑚 ≤ 𝑛. Extend this result to show
that if 𝑋 and 𝑌 are finite sets and if there is an injection 𝑓∶ 𝑋 → 𝑌 , then |𝑋| ≤ |𝑌|.

Exercise 10.7 (Subsets of finite sets are finite). Adapt the proof of Theorem 10.3 to
show that, for all 𝑛 ∈ ℕ, if 𝑌 ⊂ {1, . . . , 𝑛}, then 𝑌 is finite and |𝑌| ≤ 𝑛. Remember that
this means you need to show that either 𝑌 = ∅ or there is a 𝑝 ∈ ℕ such that 𝑝 ≤ 𝑛 and
a bijection 𝑓∶ {1, . . . , 𝑝} → 𝑌 . Then extend this result to show that a subset of a finite
set is always finite.

Exercise 10.8. Suppose that 𝑋 is a finite set and that 𝑥 ∈ 𝑋 , then prove that
|𝑋 ⧵ {𝑥}| = |𝑋| − 1. Note that this means you must show that if there is a bijection
𝑓∶ {1, . . . , 𝑛} → 𝑋 , then there is a bijection 𝑔∶ {1, . . . , 𝑛 − 1} → 𝑋 ⧵ {𝑥}.

Exercise 10.9. Let 𝑛 ∈ ℕ. Suppose that 𝑌 ⊂ {1, . . . , 𝑛}. Prove that |𝑌| + |𝑌𝐶 | = 𝑛.

Exercise 10.10. Let 𝑋 be a finite set and suppose that 𝑃 ⊂ 𝒫(𝑋) is a partition of 𝑋 .
Prove that

∑
𝐴∈𝑃

|𝐴| = |𝑋|.

(Remember to use Definition 10.1 when working with |𝐴| and |𝑋|!)

Although we are used to comparing sizes of finite sets by counting the number of
elements in each, we can also just match the elements up directly. The following is
a useful encapsulation. Parts of the theorem were either previously proved or follow
directly from our previous work.
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Theorem 10.11 (Cardinalities of finite sets). Suppose that 𝑋 and 𝑌 are finite
sets. Then the following hold.
(1) |𝑋| = |𝑌| if and only if there exists a bijection 𝑓∶ 𝑋 → 𝑌 .
(2) |𝑋| ≤ |𝑌| if and only if there exists an injection 𝑓∶ 𝑋 → 𝑌 .
(3) |𝑋| ≥ |𝑌| if and only if there exists a surjection 𝑓∶ 𝑋 → 𝑌 .
(4) For all 𝑛 ≤ |𝑋|, there exists a finite set 𝐴 ⊂ 𝑋 such that |𝐴| = 𝑛.
(5) If |𝑋| ≤ |𝑌| and |𝑌| ≤ |𝑋|, then |𝑋| = |𝑌|.
(6) Either |𝑋| ≤ |𝑌| or |𝑌| ≤ |𝑋|.

We also need the following very useful result.

Theorem 10.12. Suppose that 𝑋 and 𝑌 are finite sets such that |𝑋| = |𝑌|. Then
a function 𝑓∶ 𝑋 → 𝑌 is an injection if and only if it is a surjection. Thus, every
injection and every surjection is also a bijection.

10.2. Infinite sets

These are some of those difficulties that derive from reasoning about infini-
ties with our finite understanding, giving to them those attributes that we
give to finite and bounded things.

—Galileo3

In Theorem 10.5, we saw that two finite sets with a bijection between them had
the same number of elements. For sets with an infinite number of elements, we do not
(yet!) have a way of measuring their size. For the remainder of this chapter, we explore
the rather surprising consequences of using the notion of bijection to govern how we
think about the size of infinite sets. We begin by showing the unsurprising result that
infinite sets contain finite sets of all sizes. You can prove it by induction or by doing a
proof by minimal counterexample.

Theorem 10.13. 𝑋 is infinite if and only if for all 𝑛 ∈ ℕ∗ there exists𝐴 ⊂ 𝑋 such
that |𝐴| = 𝑛.

Theorem 10.13 gives a characterization of infinite sets (they have subsets of all
finite cardinalities). The next theorem provides many more such characterizations.
Previous results in this text will be very helpful in proving it.

3Galileo Galilei (1564–1642) is famous as an advocate of Copernicus’s views on heliocentrism, but he also produced
some of the earliest cogent reasoning about the nature of infinity. Quotation fromGalilei, Galileo, TwoNew Sciences. Transl.
Stillman Drake. Wall & Emerson, Inc. Toronto, (1989) Used with permission. [49]
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Theorem 10.14 (Characterization of infinite sets). Suppose that 𝑋 a set. Then
the following are equivalent.
(1) 𝑋 is infinite.
(2) There exists an injective sequence in 𝑋 . (That is, an injective function ℕ →

𝑋 .)
(3) If 𝐴 is a finite set, then there is an injection 𝐴 → 𝑋 .
(4) If 𝐴 is a finite set, then there is no injection 𝑋 → 𝐴.
(5) There exists a surjection 𝑋 → ℕ.
(6) For all finite subsets 𝐴 ⊂ 𝑋 , there exists a bijection 𝑓∶ 𝑋 → 𝑋 ⧵ 𝐴.

The cardinality |𝐴| of a finite set 𝐴 is an extremely useful invariant of the finite
set. (After all, we count all sorts of things!) Might there be a similarly useful invariant
for infinite sets? We won’t define such an invariant directly. Rather we’ll define a way
of comparing two infinite sets. As in Figure 10.2, we will say two sets have the same
cardinality if we can pair up the elements using a bijection.

Figure 10.2. There are the same number of sheep as there are sweaters since the act
of wearing a sweater determines a bijection from the set of sheep to the set of sweaters.
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Definition 10.15 (Cardinality relations). Suppose that 𝑋 and 𝑌 are sets. We
say that they have the same cardinality and write

card𝑋 = card 𝑌
if there is a bijection 𝑋 → 𝑌 . If there is an injection 𝑋 ↪ 𝑌 , we say that the
cardinality of 𝑋 is at most the cardinality of 𝑌 and write

card𝑋 ≤ card 𝑌.
If there is a surjection 𝑋 ↠ 𝑌 , we say that the cardinality of 𝑋 is at least the
cardinality of 𝑌 and write

card𝑋 ≥ card 𝑌.

Warning 10.2.1. In Definition 10.15 we have not actually defined card𝑋 , al-
thoughwe have previously defined it (and denoted it by |𝑋|) in the case when 𝑋
is a finite set. Definition 10.15 should be thought of as setting forth the phrase
“card𝑋 = card 𝑌” to be a shorthand for the phrase “there is a bijection from 𝑋
to 𝑌”. Similarly, “card𝑋 ≤ card 𝑌” is shorthand for “there is an injection from
𝑋 to 𝑌”.

Exercise 10.16. Prove the following (perhaps by appealing to previous results):
(1) cardℕ = card 2ℕ (where 2ℕ is the set of even natural numbers)
(2) cardℕ = cardℤ
(3) cardℝ = card (0, 1) (where (0, 1) is the open interval in ℝ)
(4) If 𝑋 is infinite, then cardℕ ≤ card𝑋 .
(5) cardℕ ≤ cardℝ
(6) If 𝐴 ⊂ 𝑋 , then card𝐴 ≤ card𝑋 .
(7) For any set 𝑋 , card𝑋 ≤ card𝒫(𝑋).

Prove the next result by appealing to facts about bijections.

Theorem 10.17. The notion “having the same cardinality” is an equivalence re-
lation on sets. That is:
(1) Reflexive. For all sets 𝑋 , card𝑋 = card𝑋 .
(2) Symmetric. For all sets𝑋 and𝑌 , if card𝑋 = card 𝑌 , then card 𝑌 = card𝑋 .
(3) Transitive. For all sets 𝑋 , 𝑌 , and 𝑍, if card𝑋 = card 𝑌 and card 𝑌 =

card 𝑍, then card𝑋 = card 𝑍.

Theorem 10.17 shows that, with regard to the symbol “=”, the cardinalities of infi-
nite sets behave exactly like the cardinalities of finite sets. What about with regard to
the symbols ≤ and ≥? Here the situation is more complicated. We start with a warm-
up exercise and then proceed to the important Theorem 10.19. Aspects of its proof are
relatively straightforward and aspects are very difficult. Theorem 10.11 covers the case
when 𝑋 and 𝑌 are finite.
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Exercise 10.18. For each of the statements in the following theorem, come up with a
slogan that captures the essence of the theorem. For instance, the first one might be
summarized as “When it comes to comparing cardinalities, surjections are nearly as
good as injections”.

Theorem10.19 (Comparing cardinalities). The following hold for all sets𝑋 and
𝑌 .
(1) If 𝑋 is nonempty, then card (𝑋) ≤ card (𝑌) if and only if card (𝑌) ≥

card (𝑋).
(2) If card (𝑋) ≤ card (𝑌) and card (𝑌) ≤ card (𝑍), then card (𝑋) ≤ card (𝑍).
(3) If card (𝑋) ≤ card (𝑌), then there exists 𝐴 ⊂ 𝑌 such that card (𝑋) =

card (𝐴).
(4) If card (𝑋) ≤ card (𝑌) and card (𝑌) ≤ card (𝑋), then card (𝑋) = card (𝑌).
(5) Either card (𝑋) ≤ card (𝑌) or card (𝑌) ≤ card (𝑋).

Proof.

⟨ Prove the first statement; perhaps by appealing to a previously provedtheorem. ⟩
⟨ Prove the second statement; perhaps by appealing to a previously provedtheorem. ⟩

⟨ Prove the third statement. ⟩

The fourth statement is called the Cantor–Bernstein theorem. We state it sepa-
rately as Theorem 10.41 and prove it below.

The fifth statement is equivalent to the AC (which we discussed in Chapter 6). It
follows immediately from the definition of card (𝑋) ≤ card (𝑌) and Theorem 9.68. □

We conclude with an exercise which will be useful in the next section.
Exercise 10.20. Suppose that card𝑋 = card𝐴 and card 𝑌 = card 𝐵. Prove that
card𝑋 × 𝑌 = card𝐴 × 𝐵.

10.3. Countable sets

But they are scarcely within countable relationship, are they?
—Mary Louisa Molesworth4

The importance of the set of natural numbers suggests that it might be useful to
give names to sets having the same cardinality as ℕ.

Definition 10.21 (Countability). A set 𝑋 , which is either finite or for which
card𝑋 = cardℕ, is called countable. If a set is not countable, it is uncount-
able. If card𝑋 = cardℕ, we say that card𝑋 = ℵ0.

4MaryLouisaMolesworth (1839–1921)was an author ofVictorian children’s stories, includingTheLaurelWalk (1899),
from which the quotation is taken.
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The letterℵ (pronounced “aleph”) is the first letter of the Hebrew alphabet. Aleph
with a subscript is traditionally used to denote certain types of cardinalities.

The reason the term “countable” is used is because a bijection 𝑓∶ {1, . . . , 𝑛} → 𝑋
or 𝑓∶ ℕ → 𝑋 is just a way of counting the elements of 𝑋 . Such a bijection produces a
list 𝑥1, 𝑥2, . . . of the elements of 𝑋 . The list is either finite or infinite, but in either case
every element from 𝑋 appears in the list and no element appears twice. The following
theorem is very useful for showing that certain sets are countable. It is a rephrasing
of theorems you have already encountered. You will especially want to make use of
Theorem 9.50 and recall that a sequence is just a function whose domain is ℕ.

Theorem10.22 (Characterization of countable sets). Suppose that𝑋 ≠ ∅. Then
the following are equivalent.
(1) 𝑋 is countable
(2) card𝑋 ≤ cardℕ
(3) If 𝐴 is an infinite countable set, then there exists an injection 𝑋 → 𝐴.
(4) There exists an infinite countable set 𝐴 such that there exists a surjection

𝐴 → 𝑋 .
(5) There is a countable set 𝐴 such that 𝑋 ⊂ 𝐴.

The cardinalities of infinite sets behave somewhat strangely when compared to the
cardinalities of finite sets. We exhibit this with a collection of important examples.

Theorem 10.23. card (ℕ × ℕ) = card (ℕ).

Wegive two proofs. The presentation of the first one lacks sufficient detail for some
tastes, but is well known. The second uses the fact that natural numbers (other than
1) have unique prime factorizations (Theorem 9.42).

Proof of Theorem 10.23 (Version 1: The Cantor snake). We will exhibit a bijec-
tion 𝐶𝑆 ∶ ℕ → ℕ × ℕ. To define 𝐶𝑆, arrange the elements of ℕ × ℕ in a grid:

(1, 1)

(1, 2)

(1, 3)

(1, 4)

(1, 5)

(1, 6)

(2, 1)

(2, 2)

(2, 3)

(2, 4)

(2, 5)

(2, 6)

(3, 1)

(3, 2)

(3, 3)

(3, 4)

(3, 5)

(3, 6)

(4, 1)

(4, 2)

(4, 3)

(4, 4)

(4, 5)

(4, 6)

(5, 1)

(5, 2)

(5, 3)

(5, 4)

(5, 5)

(5, 6)

(6, 1)

(6, 2)

(6, 3)

(6, 4)

(6, 5)

(6, 6)

. . .

⋮
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We define 𝐶𝑆 ∶ ℕ → ℕ × ℕ by weaving, snake-like, diagonally back and forth
through the grid, letting𝐶𝑆(𝑘) be the 𝑘th point ofℕ×ℕwe encounter, as in the diagram
below:

. . .

⋮

1 2

3

4

5

6 7

8

9

10

11

12

13

14

15 16

17

18

19

20

21 23

24

25

26

27

31

32

33

34 40

41

42

50

51 61

It is clear from the picture that 𝐶𝑆 is a bijection, and so cardℕ = cardℕ × ℕ. □

Exercise 10.24. What makes the presentation of the Cantor snake proof less than sat-
isfactory? Can you rewrite it so as to remedy the flaws? Can you give a precise (perhaps
recursive) definition of 𝐶𝑆?

Proof of Theorem 10.23 (Version 2). We begin by constructing a bijection 𝑓∶ ℕ ×
ℕ → 𝐴 where 𝐴 ⊂ ℕ. Define 𝑓(𝑛,𝑚) = 2𝑛3𝑚. If 𝑓(𝑛,𝑚) = 𝑓(𝑥, 𝑦), we have 2𝑛3𝑚 =
2𝑥3𝑦. By the uniqueness of prime factorizations (Theorem 9.42), 𝑛 = 𝑥 and 𝑚 = 𝑦.
Thus, 𝑓∶ ℕ×ℕ → ℕ is an injection. By Theorem 10.22, ℕ×ℕ is countable. Since it is
also infinite, by the definition of countable, cardℕ × ℕ = cardℕ. □

Exercise 10.25. Does the Cantor snake proof have any advantages over the proof using
prime factorizations?

The countability of ℕ × ℕ can then be used to prove that the following important
theorem.

Theorem 10.26. The following sets are all countable.
(1) ℤ × ℤ
(2) ℚ
(3) 𝐴 × 𝐴 ×⋯ × 𝐴⏟⎵⎵⎵⏟⎵⎵⎵⏟

𝑛 times
where 𝐴 is any countable set and 𝑛 ∈ ℕ.

We conclude with another very useful theorem.
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Theorem 10.27 (The countable union of countable sets is countable). Suppose
that𝒜 is a countable set such that for all𝐴 ∈ 𝒜, 𝐴 is a countable set. Then ⋃

𝐴∈𝒜
𝐴

is countable.

It is worth trying to construct a proof of this theorem using the Cantor snake: list
the sets in𝒜 horizontally and above each make a vertical list of its elements. We could
then attempt to create a bijection as we did using the Cantor snake. The main chal-
lenge is that some of our sets may have only finitely many elements and it may not be
clear how to adapt the snake to that situation. Additionally, some of the sets may have
nonempty intersection, and so the Cantor snake may be only a surjection rather than
an injection. Furthermore, rather than repeating the same proof that we have already
created, it might be better to find a way to simply quote the previous result. Our proof5
will do that.

Proof. Special case: 𝒜 ≠ ∅ and, for all 𝐴 ∈ 𝒜, 𝐴 ≠ ∅.
Since 𝒜 is countable, by Theorem 10.22, there is a surjection ℕ → 𝒜. This means

that we can list the elements of 𝒜 (possibly with repetition) as

𝐴1, 𝐴2, 𝐴3, . . . .

For each 𝑖 ∈ ℕ, the set 𝐴𝑖 is countable, so we can also list its elements (possibly with
repetition) as

𝑎𝑖,1, 𝑎𝑖,2, 𝑎𝑖,3, . . . .

Thus, 𝑎𝑖,𝑗 is the 𝑗th element of the 𝑖th set𝐴𝑖. Now let𝑓∶ ℕ×ℕ → ⋃
𝐴∈𝒜

𝐴 be the function

defined by
𝑓(𝑖, 𝑗) = 𝑎𝑖,𝑗

for all (𝑖, 𝑗) ∈ ℕ × ℕ.

⟨ Show that 𝑓 is surjective. ⟩

Since ⋃
𝐴∈𝒜

𝐴 is the surjective image of a countable set, by Theorem 10.22 it is count-

able.
Finally, we consider the other cases.
If 𝒜 = ∅, then by definition ⋃

𝐴∈𝒜
𝐴 = ∅. The empty set is countable, so ⋃

𝐴∈𝒜
𝐴 is

countable. Similarly, if ∅ ∈ 𝒜, then𝒜′ = 𝒜⧵ {∅} is still countable and ⋃
𝐴∈𝒜

𝐴 = ⋃
𝐴∈𝒜′

𝐴.

By our previous work, ⋃
𝐴∈𝒜

𝐴 is countable. □

5Incidentally, according to [93, Chapter 1.1], Theorem 10.27 cannot be proven without some version of the AC. Can
you find the place where the AC is used implicitly?
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10.4. Uncountable sets

. . . the real numbers of the Thebans were not greater than could be dealt with. . .
—George Grote6

From the preceding section, it may seem as though every infinite set is countable.
This is not so:

Theorem 10.28. The interval (0, 1) ⊂ ℝ is uncountable. In fact, cardℕ <
card (0, 1).

To prove that a nonempty set is uncountable, we must prove that there is no bi-
jection from the set to a finite set or to ℕ. Not surprisingly, we do this with a proof by
contradiction. The argument in the following proof is known as theCantor diagonal-
ization argument.

Proof. Suppose, for a contradiction, that the interval (0, 1) is countable. It is clearly
infinite, and so we assume that there is a bijection 𝑓∶ ℕ → (0, 1). We will produce a
contradiction by showing that 𝑓 cannot be surjective.

Since for each 𝑘 ∈ ℕ, the number 𝑓(𝑘) ∈ (0, 1) has a decimal expansion, there are
digits 𝑎𝑘𝑖 so that

𝑓(𝑘) = .𝑎𝑘1𝑎𝑘2𝑎𝑘3𝑎𝑘4𝑎𝑘5𝑎𝑘6 . . . .
If there is not a unique such decimal expansion for 𝑓(𝑘), we choose the decimal expan-
sion which ends in repeating 9’s rather than in repeating 0’s.

We now produce a number 𝑏 ∈ (0, 1) such that 𝑏 ∉ range 𝑓. We do so by specifying
its decimal representation.

For each 𝑛 ∈ ℕ, define 𝑏𝑛 by

𝑏𝑛 = {6 if 𝑎𝑛𝑛 = 5
5 if 𝑎𝑛𝑛 ≠ 5.

Observe that for all 𝑛 ∈ ℕ, 𝑏𝑛 ∈ {5, 6}. Define
𝑏 = .𝑏1𝑏2𝑏3𝑏4⋯.

Informally, the number 𝑏 is constructed by toggling the diagonal entries of the table of
decimal representations of the elements in the range of 𝑓:

. 𝑎11 𝑎12 𝑎13 𝑎14 𝑎15

. 𝑎21 𝑎22 𝑎23 𝑎24 𝑎25

. 𝑎31 𝑎32 𝑎33 𝑎34 𝑎35 . . .

. 𝑎41 𝑎42 𝑎43 𝑎44 𝑎45

. 𝑎51 𝑎52 𝑎53 𝑎54 𝑎55
⋮

6This quotation from Volume 6 of History of Greece (1854) is unfortunately not referring to the real number line;
however we shall see that even though the real numbers have a cardinality greater than that of the naturals, we can still
deal with them!
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Since 0 < 𝑏1 < 9, the number 𝑏 is an element of (0, 1). Also since the decimal
representation of 𝑏 does not end in repeating 9’s or 0’s, it is the unique decimal repre-
sentation for 𝑏. Since 𝑓 is surjective, there exists 𝑘 ∈ ℕ such that

.𝑎𝑘1𝑎𝑘2𝑎𝑘3𝑎𝑘4𝑎𝑘5𝑎𝑘6⋯ = 𝑓(𝑘) = 𝑏 = .𝑏1𝑏2𝑏3𝑏4⋯.
Since the decimal representation of 𝑏 is unique, for each 𝑛 we have 𝑎𝑘𝑛 = 𝑏𝑛. In par-
ticular, 𝑎𝑛𝑛 = 𝑏𝑛. However, 𝑏𝑛, by definition, differs from 𝑎𝑛𝑛. We have, therefore,
encountered our contradiction. Hence, 𝑓 is not surjective and is, therefore, not a bijec-
tion. □
Exercise 10.29. Can you rewrite the proof of Theorem 10.28 so that it is not a proof by
contradiction? (Hint: Show that no injection 𝑓∶ ℕ → (0, 1) can be a surjection.)
Exercise 10.30. Prove that the following sets are uncountable.
(1) Any interval [𝑎, 𝑏], [𝑎, 𝑏), (𝑎, 𝑏], (𝑎, 𝑏) with 𝑎 < 𝑏
(2) ℝ
(3) The set of irrational numbers ℚ𝐶 ⊂ ℝ
(4) The set of irrational numbers contained in any open interval in ℝ

As another consequence of Theorem 10.28 we can answer a question raised in our
discussion of circle rotations in Section 8.4.

Theorem 10.31. There is no surjective sequence in the unit circle 𝑆1. In partic-
ular, no iterated function sequence arising from a function which is the rotation
of the circle by some fixed angle will ever have the property that every point of 𝑆1
appears as some element of the sequence.

As we did with finite sets, infinite sets, and countable sets, we can find multiple
characterizations of uncountable sets. The proof of the next theorem ismostly amatter
of putting together things you already know.

Theorem 10.32 (Characterization of uncountable sets). Suppose that 𝑋 ≠ ∅ is
a set. Then the following are equivalent.
(1) 𝑋 is uncountable
(2) No function 𝑋 → ℕ is injective
(3) No function ℕ → 𝑋 is surjective
(4) If 𝐴 ⊂ 𝑋 is countable, then there exists a bijection 𝑋 → 𝑋 ⧵ 𝐴.

We conclude with some more examples of uncountable sets. Adapt the Cantor
diagonalization argument to prove the next theorem.

Theorem 10.33. Let 𝒮 be the set of infinite sequences in {0, 1}. Then 𝒮 is
uncountable.

Corollary 10.34. Suppose that 𝑋 is an infinite set and that 𝑌 is a set with at least two
elements. Then the setℱ(𝑋, 𝑌) = {𝑓 ∶ 𝑋 → 𝑌} is uncountable.
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Exercise 10.35. Give an example of an uncountable set 𝑋 such that 𝑋 is the union of
countable sets.

10.5. Producing larger cardinalities

. . . the fear of absolute and irresistible power set . . .
—John Locke7

In John Green’s popular novel, The Fault in our Stars [56], the character Hazel
reflects on her love for boyfriend Augustus:

Some infinities are bigger than other infinities. . .There are days, many of
them, when I resent the size of my unbounded set. I want more numbers
than I’m likely to get, and God, I want more numbers for Augustus Waters
than he got. But, Gus, my love, I cannot tell you how thankful I am for our
little infinity.

Hazel drew on her experience in mathematics as a metaphor for the promises and lim-
itations of life and love. In mathematical terms, she is correct that “some infinities are
bigger than other infinities”; to see why, we use the power set.

Theorem 10.36. Suppose that 𝑋 is a set. Then card𝑋 < card𝒫(𝑋).

The proof of this result is reminiscent of Russell’s paradox.

Proof. By Exercise 10.16, we know that card𝑋 ≤ card𝒫(𝑋). It remains to show that
card𝑋 ≠ card𝒫(𝑋); that is, there is no bijection 𝑋 → 𝒫(𝑋).

Suppose, for a contradiction, that there is such a bijection 𝑓∶ 𝑋 → 𝒫(𝑋). Then for
each 𝑥 ∈ 𝑋 , the set 𝑓(𝑥) is a subset of 𝑋 , so we may inquire if 𝑥 ∈ 𝑓(𝑥) or if 𝑥 ∉ 𝑓(𝑥).

Let 𝑅 = {𝑥 ∈ 𝑋 ∶ 𝑥 ∉ 𝑓(𝑥)}. Since 𝑓 is a bijection, there exists 𝑟 ∈ 𝑋 such that
𝑓(𝑟) = 𝑅. We consider two possibilities: either 𝑟 ∈ 𝑅 or 𝑟 ∉ 𝑅.

⟨ Show that both possibilities lead to contradictions. ⟩

Hence, card𝑋 < card𝒫(𝑋). □

Exercise 10.37. A set 𝑋 for which card𝑋 = cardℝ is said to have the cardinality of
the continuum, and we write card𝑋 = 𝔠. The letter 𝔠 is just “c” written in the Fraktur
font—an old German script. It stands for continuum, an old name for the set of real
numbers. The previous theorem shows that 𝔠 < card𝒫(ℝ).

Exercise 10.38. Back in Section 3.7 and in Theorem 6.23 we gave two different proofs
that there does not exist a set 𝑈 such that 𝐴 ∈ 𝑈 if and only if 𝐴 is a set (i.e., Russell’s
paradox). Provide a new proof of that theorem using Theorem 10.36.

7For humorous effect, I cut the full phrase off. The original says, “if the fear of absolute and irresistible power set it
on upon the mind,—the idea is likely to sink the deeper, and spread the further”. It is from a section of Essay on Human
Understanding by John Locke (1632–1704) in which Locke explores the ubiquity of notions of the divine across cultures.
Locke’s work is foundational to the Enlightenment and heavily influenced the founding documents of the United States.



310 10. The Sizes of Sets

We now have a way of generating larger and larger cardinalities:
cardℕ < card𝒫(ℕ) < card𝒫𝒫(ℕ) < ⋯ .

For convenience, let 𝒫𝑘(ℕ) = 𝒫𝒫𝒫⋯𝒫⏟⎵⎵⏟⎵⎵⏟
𝑘 times

(ℕ).

This raises some natural questions:
(1) Is there a 𝑘 such that 𝔠 = 𝒫𝑘(ℕ)?
(2) Is there a set 𝐴 such that cardℕ < card𝐴 < card𝒫(ℕ)?
(3) For every infinite set𝑋 , does there exist some 𝑘∈ℕ such that card𝑋=card𝒫𝑘(ℕ)?

The first question is answered in Section 10.6, where we show that 𝔠 = card𝒫(ℕ).
For the second question, we observe that if there is a set 𝐴 such that cardℕ < card𝐴 <
card𝒫(ℕ), then there exists a subset 𝐴 ⊂ ℝwhich is uncountable, but whose cardinal-
ity is strictly less than the cardinality of ℝ. Does there exist such a set? The answer to
this question, in particular, upended the very idea of what truth is; its consequences
reverberate to today. We take this up, as well as the third question, in Section 10.9.

We conclude this section with some more results on uncountable sets.

Figure 10.3. A characteristic function determines whether each point in a set is on or off.

To begin, consider each point of a set 𝑋 as a lightbulb (see Section 8.2) that can be
switched on or off as in Figure 10.3. Choosing a setting for each lightbulb, determine
a function 𝑓∶ 𝑋 → {0, 1}, where 𝑓(𝑥) = 0 if the bulb at point 𝑥 is off and 𝑓(𝑥) = 1 if
the bulb at point 𝑥 is on. For instance, if 𝐴 ⊂ 𝑋 is a particular collection of lightbulbs,
we could decide to turn each of the bulbs in that set on and all other bulbs off. This
function is called the characteristic function of𝐴. More formally, for a subset𝐴 ⊂ 𝑋 ,
the characteristic function of 𝐴 is the function 𝜒𝐴 ∶ 𝑋 → {0, 1} defined by

𝜒𝐴(𝑥) = {1 𝑥 ∈ 𝐴
0 𝑥 ∉ 𝐴.

Consider a given function 𝑓∶ 𝑋 → {0, 1}. It tells us which lightbulbs are on and
which are off. If we let 𝐴 = {𝑥 ∈ 𝑋 ∶ 𝑓(𝑥) = 1} be the set of points where the bulbs
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are on, we see that 𝑓 = 𝜒𝐴. (In particular, 𝑓 and 𝜒𝐴 have the same domain and range
and take the same value on each 𝑥 ∈ 𝑋 .) For a set 𝑋 , we let 𝜒(𝑋) denote the set of
characteristic functions of subsets of 𝑋 :

𝜒(𝑋) = {𝜒𝐴 ∶ 𝐴 ⊂ 𝑋}.

Observe that 𝜒(𝑋) is exactly the set of functions from 𝑋 to the set {0, 1}.

Theorem 10.39. card𝒫(𝑋) = card𝜒(𝑋).

Proof. Define ℎ∶ 𝒫(𝑋) → 𝜒(𝑋) by ℎ(𝐴) = 𝜒𝐴 for all subsets 𝐴 ⊂ 𝑋 . We claim that ℎ
is a bijection.

⟨ Complete the proof or appeal to a previous result. ⟩ □

Finally, here is a variant (adapted from [84, Corollary 7.13]) of Theorem 10.36.

Theorem 10.40. Suppose that 𝑌 is a set such that there is a function 𝜏∶ 𝑌 → 𝑌
with the property that for all 𝑦 ∈ 𝑌 , 𝜏(𝑦) ≠ 𝑦. If 𝑋 is any set, let ℱ(𝑋, 𝑌)
denote the set of functions with domain 𝑋 and codomain 𝑌 . Then, no function
Φ∶ 𝑋 → ℱ(𝑋, 𝑌) is surjective.

If 𝑌 satisfies the hypothesis of Theorem 10.40 we say that 𝑌 admits a self-map
without fixed points. It follows from Theorem 10.36 and Theorem 10.39 that the
cardinality of the set of characteristic functions on a set𝑋 is not equal to the cardinality
of 𝑋 (for any set 𝑋 .) Since the set {0, 1} admits a self-map without fixed points (namely
the transposition interchanging 0 and 1) Theorem10.40 gives another proof of that fact.

10.6. The Cantor–Bernstein theorem

The hope of pleasure in the work itself: how strange that hope must seem
to some of my readers—to most of them! . . . [A person] at work, making
something which he feels will exist because he is working at it and wills it, is
exercising the energies of his mind and soul as well as of his body. Memory
and imagination help her as she works. Not only her own thoughts, but the
thoughts of the people of past ages guide her hands; and, as a part of the
human race she creates.

—William Morris8

In Section 10.2, we asked whether it is true that if card𝑋 ≤ card 𝑌 and card 𝑌 ≤
card𝑋 , then card𝑋 = card 𝑌 . If the answer is yes, then this is more evidence that our
notion of cardinality is a good mental model for the size of a set.

8William Morris (1834–1896) is best known as the founder of the Arts and Crafts movement. This is from an 1884
talk [95], devoted to articulating a vision for work which is life-giving to all members of society. I have changed some of the
pronouns to broaden its relevance.
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Theorem 10.41 (Cantor and Bernstein). Suppose that 𝑋 and 𝑌 are sets such
that card𝑋 ≤ card 𝑌 and card 𝑌 ≤ card𝑋 . Then card𝑋 = card 𝑌 .

The proof we give is due, in essence, to Julius König and can be found in [4]. Before
beginning, recall that if 𝑓∶ 𝐴 → 𝐴 is function, then for 𝑘 ∈ ℕ∗, the notation 𝑓𝑘
indicates the function obtained by composing 𝑓 with itself 𝑘 times. The function 𝑓0 is
the identity function.

Proof. If necessary, by replacing 𝑋 and 𝑌 with 𝑋 × {0} and 𝑌 × {1}, we may assume
that 𝑋 ∩ 𝑌 = ∅.

⟨ Explain why this replacement doesn’t affect the truth value of the theo-rem. ⟩
Since card𝑋 ≤ card 𝑌 , there is an injection 𝑓∶ 𝑋 ↪ 𝑌 . Similarly, since card 𝑌 ≤

card𝑋 there is an injection 𝑔∶ 𝑌 ↪ 𝑋 . We must construct a bijection 𝑋 → 𝑌 . We
begin by creating a certain partition of 𝑋 ∪ 𝑌 .

Let 𝑧, 𝑧′ ∈ 𝑋 ∪ 𝑌 . Define 𝑧 ∼ 𝑧′ if and only if there exists
ℎ ∈ {𝑓 ∘ (𝑔 ∘ 𝑓)𝑘, (𝑔 ∘ 𝑓)𝑘, 𝑔 ∘ (𝑓 ∘ 𝑔)𝑘, (𝑓 ∘ 𝑔)𝑘 ∶ 𝑘 ∈ ℕ∗}

so that one of the following holds.
• ℎ(𝑧) = 𝑧′

• ℎ(𝑧′) = 𝑧

⟨ Prove that ∼ is an equivalence relation on 𝑋 ∪ 𝑌 . ⟩

Recall that the set of equivalence classes is a partition of 𝑋 ∪ 𝑌 . The equivalence
class of an element 𝑧 ∈ 𝑋 ∪ 𝑌 can be categorized based on what happens when we
repeatedly apply 𝑓 and 𝑔. There are essentially four types of sets, indicated in the dia-
gram below. The red dots represent elements of𝑋 and the blue dots represent elements
of 𝑌 and the arrows represent the functions 𝑓 and 𝑔 (with 𝑓 taking red dots to blue and
𝑔 taking blue dots to red).

...

...

... ...

...

We say that an equivalence class [𝑧] (for some 𝑧 ∈ 𝑋∪𝑌 ) begins at 𝑦 ∈ 𝑌 if 𝑦 ∈ [𝑧]
and 𝑦 ∉ range 𝑓. Define ℎ∶ 𝑋 → 𝑌 by defining ℎ(𝑥), for 𝑥 ∈ 𝑋 , as follows:

ℎ(𝑥) = {𝑓(𝑥) if [𝑥] does not begin at any 𝑦 ∈ 𝑌
𝑦 if there exists 𝑦0 ∈ [𝑥] s.t. [𝑥] begins at 𝑦0 and 𝑔(𝑦) = 𝑥.
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We claim that ℎ is well defined and that it is a bijection.

⟨ Prove it! ⟩ □
Exercise 10.42. Where in the proof of the Cantor–Bernstein theorem do we use the
fact that 𝑓 and 𝑔 are injections? Where do we use our assumption that 𝑋 ∩ 𝑌 = ∅?

We now turn to some of the consequences of the Cantor–Bernstein theorem.

Theorem 10.43. cardℝ = card𝒫(ℕ).

For simplicity, we will use the fact that every real number 𝑟 ∈ (0, 1) has a binary
representation

𝑏 = .2𝑏1𝑏2𝑏3𝑏4⋯ =
∞
∑
𝑖=1

𝑏𝑖
2𝑖

with 𝑏𝑖 ∈ {0, 1} for each 𝑖 ∈ ℕ. Furthermore, the binary representation is unique unless
it terminates in repeating 0’s or 1’s.

Proof. Recall that card (0, 1) = cardℝ, so it suffices to show that card (0, 1) =
card𝒫(ℕ). By the Cantor–Bernstein theorem, we need only show that card (0, 1) ≤
card𝒫(ℕ) and card𝒫(ℕ) ≤ card (0, 1).
card (0, 1) ≤ card𝒫(ℕ): We construct an injection 𝑓∶ (0, 1) ↪ 𝒫(ℕ) as follows. For
𝑏 ∈ (0, 1), let

𝑏 = .2𝑏1𝑏2𝑏3𝑏4⋯
be its binary representation. If there is more than one such, choose the one that termi-
nates in repeating 1’s. Let 𝑓(𝑏) = {𝑖 ∈ ℕ ∶ 𝑏𝑖 = 1}.

We claim that 𝑓 is injective.

⟨ Show that 𝑓 is injective. ⟩

Consequently, card (0, 1) ≤ card𝒫(ℕ).
card𝒫(ℕ) ≤ card (0, 1): We construct an injection 𝑔∶ 𝒫(ℕ) ↪ (0, 1). Let 𝐴 ⊂ ℕ. Let

𝑏𝑖 = {3 𝑖 ∉ 𝐴
4 𝑖 ∈ 𝐴

. Then define

𝑔(𝐴) = .𝑏1𝑏2𝑏3⋯.
(If𝐴 = ∅, then 𝑔(𝐴) = 0.) Since for all𝐴 ⊂ ℕ, the number 𝑔(𝐴) has a decimal represen-
tation with only 3’s and 4’s, it has a unique decimal representation. Thus, 𝑔(𝐴) = 𝑔(𝐵)
if and only if 𝐴 = 𝐵. Hence, 𝑔 is injective. □
Exercise 10.44. Let (0, 1) ⊂ ℝ. Then card (0, 1) × (0, 1) = cardℝ × ℝ.

Here is another result (originally due to Cantor) whose proof we again adapt from
[4].

Theorem 10.45. cardℝ × ℝ = cardℝ.
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Proof. Once again we use the Cantor–Bernstein theorem. Clearly, cardℝ≤cardℝ×ℝ
since 𝑥 ↦ (𝑥, 0) gives an injection. To finish the proof, we show cardℝ × ℝ ≤ cardℝ.
By the previous exercise, it suffices to show that

card (0, 1) × (0, 1) ≤ card (0, 1).

For numbers 𝑎, 𝑏 ∈ (0, 1), let
𝑎 = .2𝑎1𝑎2𝑎3⋯,
𝑏 = .2𝑏1𝑏2𝑏3⋯.

Define 𝑓(𝑎, 𝑏) = .𝑎17𝑏17𝑎27𝑏27𝑎37𝑏37⋯ (in decimal, not binary, notation). Since the
decimal expression for 𝑓(𝑎, 𝑏) does not terminate in all 0’s or 9’s, 𝑓(𝑎, 𝑏) has a unique
decimal representation for all (𝑎, 𝑏) ∈ (0, 1) × (0, 1). In particular, 0 < 𝑓(𝑎, 𝑏) < 1 and
so 𝑓∶ (0, 1) × (0, 1) → (0, 1) is a function.

We claim that 𝑓 is an injection. To see this, suppose that 𝑓(𝑎, 𝑏) = 𝑓(𝑎′, 𝑏′). Then
.𝑎17𝑏17𝑎27𝑏27𝑎37𝑏37⋯ = 𝑎′17𝑏′17𝑎′27𝑏′27𝑎′37𝑏′37⋯ .

Since such decimal representations are unique, it is easy enough to match up terms to
conclude that 𝑎 = 𝑎′ and 𝑏 = 𝑏′. Hence, 𝑓 is an injection and cardℝ × ℝ ≤ cardℝ. □

10.7. Application: Transcendental numbers

distance inexpressible
By numbers that have name.

—John Milton9

We can use the fact thatℝ is uncountable to prove the existence of certain types of
numbers, called transcendental numbers. These existence proofs are nonconstructive:
they do not allow us to know that any specific number is transcendental. We warm up
by considering the irrationals.

Theorem 10.46 (Irrationals are uncountable). The set ℚ𝑐 of irrational real
numbers is uncountable. In fact, for every open interval (𝑎, 𝑏) ⊂ ℝ, ℚ𝑐 ∩ (𝑎, 𝑏) is
uncountable.

(Hint: Do a proof by contradiction and use the fact that the union of countable sets
is countable.)

Back in Chapter 1, we proved that√2 was irrational, so the existence of irrational
numbers is nothing new. However, Theorem 10.46, which says that the irrationals are
uncountable, does produce the rather counterintuitive consequence: there are more
irrationals than rationals. To get a sense for why this is counterintuitive, note the fol-
lowing.

Claim 1: Whenever 𝑎 < 𝑏 are rational, there exists an irrational 𝑠 between them.
That is, 𝑠 ∈ (𝑎, 𝑏).

9John Milton (1608–1674) was an English poet and political activist. These lines are from Paradise Lost (1667).
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Claim 1 follows immediately from the fact that (𝑎, 𝑏) ∩ ℚ𝑐 is uncountable and,
therefore, nonempty.

Claim 2: Whenever 𝑎 < 𝑏 are irrational, there exists a rational 𝑟 between them.
That is 𝑟 ∈ (𝑎, 𝑏).

To see that Claim 2 holds, let 𝑎 = .𝑎1𝑎2⋯ and 𝑏 = .𝑏1𝑏2⋯ be their decimal
expansions. Suppose that index 𝑖 is the first place where 𝑎𝑖 ≠ 𝑏𝑖. Since 𝑎 < 𝑏, 𝑎𝑖 < 𝑏𝑖.
Let 𝑗 > 𝑖 be the first index after 𝑖where 𝑎𝑗 ≠ 9. Such an index exists since 𝑎 is irrational.
The decimal

.𝑎1𝑎2⋯𝑎𝑖𝑎𝑖+1⋯𝑎𝑗−190000⋯

is then a rational number between 𝑎 and 𝑏.
As a result of Claims 1 and 2 we know that between any two rationals there is an

irrational and between any two rationals there is an irrational. So our intuition tells
us that the rationals and irrationals should alternate on the number line. However,
Theorem 10.46 tells us that there are uncountably many irrationals, and we already
knew there were only countably many rationals. So even though the rationals and
irrationals seem to alternate, there are more irrationals than rationals.

The solution to this conundrum is to realize that we only have intuition for count-
able sets. The fact that ℝ is uncountable means that it simply doesn’t make sense to
think about the rationals and irrationals alternating. Indeed, notice that for the even
and odd integers which do genuinely alternate, there is a function taking each even
integer to the next biggest odd integer and another function which takes each odd in-
teger to the next smallest even integer—these functions give bijections between the
evens and the odds. For an irrational number 𝑠, however, there is no next biggest ratio-
nal and, similarly, for a rational 𝑟 there is no next smallest irrational, so the alternating
analogy simply doesn’t apply to the rationals and irrationals.

The term dense in the next definition better captures the relationship between ra-
tionals and irrationals. Claims 1 and 2 show that the irrationals and rationals are both
dense.

Definition 10.47. A subset 𝑋 ⊂ ℝ is dense (in ℝ) if for every open interval
(𝑎, 𝑏) ⊂ ℝ (with 𝑎 < 𝑏) there exists 𝑥 ∈ 𝑋 ∩ (𝑎, 𝑏).

We can increase the surprise by considering two other complementary sets of real
numbers:

Definition 10.48. Suppose that 𝑟 ∈ ℝ. Then 𝑟 is algebraic if there exist 𝑛 ∈ ℕ
and 𝑎0, . . . , 𝑎𝑛 ∈ ℚ, not all zero, such that for the polynomial

𝑝(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛,
we have 𝑝(𝑟) = 0. (That is, 𝑟 is a root of a polynomial with rational coefficients.)
A number 𝑟 ∈ ℝ is transcendental if it is not algebraic.
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Example 10.49. The following numbers are all algebraic. For each, can you find a
nonzero polynomial with rational coefficients for which it is a root?

(1) 𝑎/𝑏 where 𝑎, 𝑏 ∈ ℕ.
(2) √𝑛 for every 𝑛 ∈ ℕ.
(3) √5 + √3. ♦

We will prove that the algebraic numbers are countable and, therefore, that the
transcendental numbers are uncountable. In Carl Sagan’s 1985 novel Contact (later
turned into amovie), themain character Eleanor, as a child, learns that transcendental
numbers are uncountable: “She had caught a glimpse of something majestic. Hiding
between all the ordinary numbers was an infinity of transcendental numbers whose
presence you would never have guessed unless you looked deeply into mathematics.
Every now and then one of them, like 𝜋, would pop up unexpectedly in everyday life.
But most of them—an infinite number of them, she reminded herself—were hiding,
minding their own business, almost certainly unglimpsed by [her teacher] the irritable
Mr. Weisbrod.” [113]

Let’s see this for ourselves, beginning with a few lemmas. The first one is a conse-
quence of Theorem 10.26.

Lemma 10.50. For each 𝑛 ∈ ℕ, the 𝑛-fold Cartesian product ℚ𝑛 = {(𝑥1, 𝑥2, . . . , 𝑥𝑛) ∶
𝑥𝑖 ∈ ℚ} is countable.

Lemma 10.51. For all 𝑛 ∈ ℕ, the set 𝑃𝑛 of polynomials of degree10 at most 𝑛 having
rational coefficients is countable.

(Hint: Construct an injection from 𝑃𝑛 to ℚ𝑛+1.)

Lemma 10.52. The set of all polynomials 𝑃 having rational coefficients is countable.

We also need the following result.

Theorem 10.53 (Polynomials have finitely many roots). A polynomial 𝑝(𝑥) =
𝑎0+𝑎1𝑥+𝑎2𝑥2+⋯+𝑎𝑛𝑥𝑛 which is not the zero polynomial has at most 𝑛 roots.

Proof. (Hint: Use Theorem 9.33 to show that if 𝑥0 is a root of 𝑝, then there is a poly-
nomial 𝑝′ of smaller degree such that for all 𝑥 ∈ ℝ, 𝑝(𝑥) = (𝑥 − 𝑟)𝑝′(𝑥). Then induct
on the degree.) □

Theorem 10.54 (Algebraic numbers are countable). The set 𝔸 of algebraic real
numbers is countable.

Proof. Let 𝑃 be the set of nonzero polynomials having rational coefficients. By Lemma
10.52, the set 𝑃 is countable. For 𝑝 ∈ 𝑃, let 𝑅𝑝 be the set of roots of 𝑝. By Theorem

10Recall that the degree of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛 is 𝑛 if 𝑎𝑛 ≠ 0.
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10.53, for each 𝑝 ∈ 𝑃, the set 𝑅𝑝 is finite. By the definition of 𝔸,

𝔸 = ⋃
𝑝∈𝑃

𝑅𝑝.

Since this is the countable union of countable sets, 𝔸 is countable. □

Corollary 10.55 (The set of transcendentals is uncountable). The set 𝔸𝑐 of transcen-
dental numbers is uncountable. Indeed, for every open interval (𝑎, 𝑏) ⊂ ℝwith 𝑎 < 𝑏, the
set 𝔸𝑐 ∩ (𝑎, 𝑏) is uncountable.

Proof. Let 𝑎 < 𝑏 and let 𝐼 be either (𝑎, 𝑏) or ℝ. Suppose that 𝔸𝑐 ∩ 𝐼 is countable.
Since subsets of countable sets are countable and since 𝔸 is countable, the set 𝕒 ∩ 𝐼 is
countable. Then 𝐼 = (𝔸∩𝐼)∪(𝔸𝑐∩𝐼) is the union of two countable sets and is, therefore,
countable. But this contradicts the fact that 𝐼 is uncountable. □

One intriguing consequence of Corollary 10.55 is that there exists a transcendental
number, even though it doesn’t produce a specific example. It turns out that the num-
bers 𝜋, 𝑒, sin(1), ln(2), etc., are transcendental numbers; however the proofs that they
are transcendental are very difficult. There remain many interesting open questions
about transcendental numbers.

In many applications of mathematics, there is a need for random numbers. Unfor-
tunately, it is very difficult to generate truly random numbers via a mechanical process
(such as on a computer) and so usually pseudo-random numbers are used. These are
numbers that are chosen in a predictable fashion from a nonpredictable sequence. For
instance, one might choose a list of pseudo-random numbers to be the digits of 𝜋, or
some other number. Since rational numbers have predictable decimal expansion (they
eventually repeat), it would be a bad idea to use the digits of a rational number to gener-
ate pseudo-random numbers. The paper [80] shows that it would also be a bad idea to
choose the digits of an algebraic number (or certain kinds of transcendental numbers).

10.8. Application: Countable sets and probability

I doubtmere assertion, and, to be convinced, require something approaching
to proof.

—Ann Ward Radcliffe11

If you are asked to pick a random real number in the interval (−10, 10), whatwould
you choose? 7? −5? 13/27? Chances are the number you pick will be rational. (Of
course, you might pick 𝜋 or 𝑒, but then that choice wouldn’t be random, now would
it?) Tomake randomness precise, as discussed in Sections 5.7 and 8.10, we need to pick
a probability space for the real numbers. As a reminder, a probability space (𝑋, ℰ, 𝑃)
consists of a set 𝑋 , an event space ℰ ⊂ 𝒫(𝑋) (satisfying certain axioms), and a function

11The quotation is from TheMysteries of Udolpho (1794), an influential Gothic romance by Ann Radcliff (1764–1823).
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𝑃 ∶ ℰ → [0, 1] also satisfying certain axioms; it is called a probability function. The
event space ℰmust satisfy the following.
(E1) ∅, 𝑋 ∈ ℰ.
(E2) If 𝐴 ∈ ℰ, then 𝐴𝑐 ∈ ℰ.
(E3) If Λ is countable and if 𝐴𝜆 ∈ ℰ for every 𝜆 ∈ Λ, then ⋃

𝜆∈Λ
𝐴𝜆 ∈ ℰ.

An element of ℰ is said to be an event. The criterion (E3) can be summarized
by saying that the countable union of events is an event. (We phrased this slightly
differently in Definition 5.70.) The function 𝑃 is required to have the properties that
𝑃(∅) = 0, 𝑃(𝑋) = 1, and 𝑃( ⋃

𝜆∈Λ
𝐴𝜆) = ∑𝜆∈Λ 𝑃(𝐴𝜆) whenever {𝐴𝜆 ∶ 𝜆 ∈ Λ} is a count-

able collection of pairwise disjoint events.
Henceforth, let 𝑋 = [0, 2𝜋] ⊂ ℝ. It is easy to adapt the following discussion to the

case when 𝑋 is a different interval in ℝ.
Exercise 10.56. Show that for any number 𝑥0 ∈ 𝑋 , there exists an event space ℰ on 𝑋
and a probability function 𝑃 such that for all 𝐴 ⊂ 𝑋 , 𝑃(𝐴) = 1 if and only if 𝑥0 ∈ 𝐴.

The probability space of Exercise 10.56 is clearly biased toward the number 𝑥0.
In order to be as unbiased as possible we will consider uniform probability spaces on
subsets of ℝ.

Definition 10.57. A subset 𝑈 ⊂ 𝑋 is open if for every 𝑥 ∈ 𝑋 , there exists an
open interval (𝑎, 𝑏) ⊂ ℝ such that 𝑥 ∈ (𝑎, 𝑏) and (𝑎, 𝑏) ∩ 𝑋 ⊂ 𝑈.

Example 10.58. The set 𝑈 = (1, 2) ∪ (2, 3) is an open set in 𝑋 = [0, 2𝜋]. To see this,
let 𝑥 ∈ 𝑈. If 𝑥 ∈ (1, 2), choose (𝑎, 𝑏) = (1, 2) and if 𝑥 ∈ (2, 3), choose (𝑎, 𝑏) = (2, 3). In
either case 𝑥 ∈ (𝑎, 𝑏) and (𝑎, 𝑏) ∩ 𝑋 ⊂ 𝑈. ♦
Example 10.59. The set𝑈 = [0, 1) is an open set in 𝑋 = [0, 2𝜋]. To see this, let 𝑥 ∈ 𝑈.
Choose (𝑎, 𝑏) = (−1, 1). Then 𝑥 ∈ (𝑎, 𝑏) and (𝑎, 𝑏) ∩ 𝑋 = 𝑈. ♦

In general, an interval that is a subset of𝑋 is open in𝑋 if it is either an open interval
of ℝ, all of 𝑋 , or a half-open interval in ℝ whose included endpoint is either 0 or 2𝜋.
More generally, a subset of 𝑋 is open if it is the union of finitely many intervals in 𝑋
that are open in 𝑋 (though it takes some work to prove this).

There is a very special event space defined for 𝑋 :

Definition 10.60. The Borel event space is the smallest event space ℰ for 𝑋
such that every interval (open, closed, or half-open) and every open set in 𝑋 is
an event. A probability function 𝑃 on ℰ is uniform if whenever 𝐼 is an interval
in 𝑋 of length ℓ(𝐼), then

𝑃(𝐼) = 1
2𝜋ℓ(𝐼)

(that is, 𝑃(𝐼) is the proportion of the interval 𝑋 occupied by 𝐼). We say that
(𝑋, ℰ, 𝑃) is a uniform probability space.
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It is a fact that given such𝑋 and its Borel event space, there exists a unique uniform
probability function defined on 𝑋 .

Example 10.61. Let 𝑋 = [0, 2𝜋] and consider the Borel event space on 𝑋 with the uni-
form probability function 𝑃. Then every interval in 𝑋 is an event, and we can calculate
the probability of each interval. For example,

• 𝑃((0, 𝜋)) = 𝜋
2𝜋 = 1

2 .

• 𝑃({0, 2𝜋}) = 1 − 𝑃((0, 2𝜋)) = 1 − 1 = 0. Since {0} and {2𝜋} are subsets of {0, 2𝜋},
we have 𝑃({0}) = 𝑃({2𝜋}) = 0.

• For 𝑦 > 0, we have
𝑃([0, 𝑦)) = 𝑦/2𝜋.

• If 𝑥 ∈ 𝑋 , then 𝑥 = [𝑥, 𝑥] and so 𝑃({𝑥}) = 0/2𝜋 = 0. ♦

We can interpret the previous exercise as saying that if we decide in advance what
element of the interval 𝑋 we are hoping to choose, then the probability that we choose
that particular element is equal to 0.

Exercise 10.62. Suppose that𝐴 ⊂ 𝐵 ⊂ 𝑋 are both Borel sets (not necessarily intervals).
Show that 𝑃(𝐴) ≤ 𝑃(𝐵), where 𝑃 is the uniform probability function.

The goal of this section is to prove the next theorem.

Theorem 10.63. If (𝑋, ℰ, 𝑃) is a uniform probability space, and if 𝑌 ⊂ 𝑋 is
countable, then 𝑌 ∈ ℰ and 𝑃(𝑌) = 0.

One consequence of this result is that if randomness is defined using a uniform
probability function, then the probability of randomly choosing an algebraic number
is 0 while the probability of choosing a transcendental number is 1. Yet, if you ask
someone for a random number in the interval [0, 2𝜋], they will almost always give you
an algebraic number! Before working out the proof, we consider an example which
contains all the important features.

Example 10.64. Suppose that 𝑋 = [0, 2𝜋] and consider the Borel event space on 𝑋
with the uniform probability function 𝑃. Let

𝑌 = {1, 1/2, 1/3, 1/4, 1/5, 1/6, . . .}.

We will first show that 𝑌 is an event and then that its probability is 0.
Let 𝑦𝑛 = 1/𝑛. By Exercise 10.61, {𝑦𝑛} is an event with 𝑃({𝑦𝑛}) = 0.

⟨ Explain why 𝑌 = ⋃
𝑛∈ℕ

{𝑦𝑛} is an event. ⟩

⟨ Explain why 𝑃(𝑌) = 0. ⟩ ♦

Exercise 10.65. Prove Theorem 10.63.
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10.9. The cardinal numbers

All things proceed from the Nothing, and are borne towards the Infinite.
Who will follow these marvellous processes?

—Blaise Pascal12

So far, we have seen how injections can be used to treat the sizes of infinite sets as
numbers. For example, for nonempty sets 𝐴, 𝐵, 𝐶, we know that if card (𝑋) ≤ card (𝑌)
and card (𝑌) ≤ card (𝑋), then card (𝑋) = card (𝑌) (the Cantor–Bernstein theorem).
This and our other results, suggest that ≤ is a relation on cardinalities much like the
corresponding relation ≤ on ℕ. But, we have given no definition of what we mean by
card (𝑋)! So we have a relation (of sorts) but it doesn’t relate things! In this section, we
(partially) rectify that.

As we are learning, almost any mathematical idea can be expressed in terms of
sets. In Section 6.3, we saw how the extended natural numbers ℕ∗ can be derived from
set theory. In that section, we defined the successor of a set 𝐴 to be the set

𝑆(𝐴) = 𝐴 ∪ {𝐴}.

We then defined individual natural numbers, as follows.

• Define 0 = ∅.
• Define 1 = 𝑆(0) = ∅ ∪ {0} = {0}.
• Define 2 = 𝑆(1) = 1 ∪ {1} = {0} ∪ {1} = {0, 1}.
• Define 3 = 𝑆(2) = {0, 1, 2}.
• etc.

Using this process we can define any particular natural number we wish. To define
1101, for example,13 we would first define the numbers 0 through 1100 and then de-
fine 1101 = 1100∪ {1100}. In Section 6.3, we used the axioms of set theory to construct
the set of extended natural numbersℕ∗, andwe showed that (ℕ∗, 0, 𝑆) is a natural num-
ber system. Notice that with this approach, each natural number is a set and, by our
definition of finite cardinalities (Definition 10.1), for each 𝑛 ∈ ℕ∗, |𝑛| = 𝑛. When we
count a finite set 𝑋 having 𝑛 elements, we are establishing a bijection between the set
𝑋 and the set 𝑛 = {0, 1, . . . , 𝑛 − 1}.

Likewise, when we list the elements of an infinite countable set 𝑋 , starting with 0,
say, we are establishing a bijection betweenℕ∗ = {0, 1, 2, . . .} and 𝑋 . Since we are using
ℕ as a method of counting (and not paying attention to any of its arithmetical proper-
ties), we use the new symbol ℵ0 to denote it. That is, define ℵ0 = ℕ. We previously
used the notation

card𝑋 = ℵ0

12Blaise Pascal (1623–1662) was a philosopher, mathematician, scientist, and religious author. He, along with Pierre
Fermat, is creditedwith creating probability theory. In his philosophical workPenséeshe lays out the controverisal argument
(now known as Pascal’s wager), which uses rudimentary probability theory and notions of the infinite, for belief in God.
This quote is from Trotter’s 1910 translation of Pensée 72.

13When my younger son was 5, he claimed that this number doesn’t actually exist. According to him, it went extinct
with the dinosaurs.
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to mean that 𝑋 was infinite and countable. Since we now have a definition for ℵ0, for
a countably infinite set 𝑋 , we define card𝑋 to be ℵ0. Just as each 𝑛 ∈ ℕ∗ is a number,
we will consider ℵ0 to be a number—it is the first infinite cardinal.

In more advanced (and formal) treatments of set theory (for instance [37, 75]) it
is possible to choose a collection of sets (called the cardinal numbers or cardinals)
such that for each set 𝐴 there exists a unique cardinal number ℵ with card𝐴 = cardℵ
(that is, there exists a bijection 𝐴 → ℵ). Furthermore, if ℵ𝑖 and ℵ𝑗 are two cardinal
numbers, there is a bijection between them if and only if they are equal. As with the
finite cardinals (i.e., elements of ℕ∗), we can order the class14 of all cardinal numbers
by declaring ℵ𝑖 ≤ ℵ𝑗 if and only if cardℵ𝑖 ≤ cardℵ𝑗 (i.e., if and only if there is an
injection from ℵ𝑖 to ℵ𝑗 .) The Cantor–Bernstein theorem assures us that if ℵ𝑖 ≤ ℵ𝑗 and
ℵ𝑗 ≤ ℵ𝑗 , then ℵ𝑖 = ℵ𝑗 . Theorem 9.68 (see Theorem 10.19 as well) guarantees that
given two cardinals ℵ𝑖 and ℵ𝑗 , either ℵ𝑖 ≤ ℵ𝑗 or ℵ𝑗 ≤ ℵ𝑖.

Aswith the elements ofℕ (the finite cardinals), it is also possible to define the basic
arithmetic operations of addition, multiplication, and exponentiation on the cardinals.
For example, thinking of 3 = {0, 1, 2} and 4 = {0, 1, 2, 3} as cardinals, we define 3 + 4 to
be the cardinal with the same cardinality as the set

3 ⊔ 4 = (3 × {0}) ∪ (4 × {1}) = {(0, 0), (1, 0), (2, 0), (0, 1), (1, 1), (2, 1), (3, 1)}
(i.e., the disjoint union of the set 3 and the set 4). This cardinal is easily seen to be
7 = {0, 1, 2, 3, 4, 5, 6} since there is a bijection from 7 = {0, . . . , 6} to 3 ⊔ 4.
Exercise 10.66. In Section 2.4, for 𝑎, 𝑏 ∈ ℕ∗ we gave a recursive definition of 𝑎+𝑏. We
defined 𝑎+ 0 = 𝑎 and 𝑎+ 𝑏 to be the successor of the sum of 𝑎with the predecessor of
𝑏. Prove that using this definition of+ gives the same answer for 𝑎+𝑏 (with 𝑎, 𝑏 ∈ ℕ∗)
as the cardinal arithmetic definition given above.

Similarly, ℵ0 + ℵ0 is defined to be the cardinal number with the same cardinality
as the setℕ⊔ℕ. We have seen that this cardinal is justℵ0 itself, as the countable union
of countable sets is countable. In other words, ℵ0 + ℵ0 = ℵ0.

If ℵ𝑖 and ℵ𝑗 are cardinals, then ℵ𝑖 ⋅ ℵ𝑗 is defined to be the cardinal number with
the same cardinality as the set ℵ𝑖 × ℵ𝑗 .
Exercise 10.67.
(1) Show that, using cardinal arithmetic, 2 ⋅ 3 = 6.
(2) Show that, using cardinal arithmetic, ℵ0 ⋅ ℵ0 = ℵ0.

Finally, if ℵ𝑖 and ℵ𝑗 are cardinals, then the exponentiationℵ
ℵ𝑗
𝑖 is defined to be the

cardinal with the same cardinality as the set of functions {𝑓 ∶ ℵ𝑗 → ℵ𝑖}.

Exercise 10.68. Prove that, using cardinal arithmetic, 23 = 8.

In Section 10.5, we constructed a sequence of sets
ℕ,𝒫(ℕ), 𝒫(𝒫(ℕ)), 𝒫(𝒫(𝒫(ℕ))), . . . , 𝒫𝑘(ℕ), . . .

14In our context, think of class as a collection of sets. In more formal contexts, there is an axiomatization of classes
similar to ZFC. It allows one to discuss the class of all sets even though there is no set of all sets.
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of strictly increasing cardinality. Are there sets whose cardinalities are not equal to any
of these?

The next exercise shows that there are!
Exercise 10.69. Let 𝐴0 = ℕ. For each 𝑛 ∈ ℕ, define 𝐴𝑛 recursively to be 𝒫(𝐴𝑛−1). Let
𝐴 = ⋃

𝑛∈ℕ∗
𝐴𝑛. Prove that

card𝐴𝑛 < card𝐴
for all 𝑛 ∈ ℕ∗. What other sets can you construct that have a cardinality different from
any cardinality you’ve already encountered?
Exercise 10.70. If you studied Chapter 6, use the axioms from that chapter to prove
that the set 𝐴 in Exercise 10.69 is actually a set.

In the previous exercise, the set 𝐴 you constructed has the property that
card𝒫𝑘(ℕ) < card𝐴

for all 𝑘 ∈ ℕ. Such a set is so large that it boggles the imagination. Are there any more
manageable sets whose cardinalities are not in the list? In particular, does there exist
a set 𝐴 such that

cardℕ < card𝐴 < card𝒫(ℕ)?
Recall that cardℝ = card𝒫(ℕ) (Theorem 10.43) and that if card𝑋 ≤ card 𝑌 , then

there exists a subset of 𝑌 with the same cardinality as 𝑋 (Theorem 10.19). We may,
therefore, rephrase our question as, does there exist a subset 𝐴 ⊂ ℝ such that cardℕ <
card𝐴 < cardℝ? More assertively, we state the following.
Statement 10.71 (The continuum hypothesis). If 𝐴 ⊂ ℝ is uncountable, then
card (𝐴) = card (ℝ).

How can we be so certain that there is no set of intermediate cardinality? On the
other hand, might we be able to prove such a set exists? We can’t! In 1938, Kurt Gödel
proved that the continuum hypothesis cannot be disproved using the standard axioms
of set theory. In 1963, things got even stranger when Paul Cohen proved that the con-
tinuum hypothesis cannot be proved using the usual axioms of set theory. That is, the
continuum hypothesis is independent of the usual set theory axioms.

This leads us to a very strange situation. The set of real numbers ℝ is constructed
using the axioms of set theory (see Chapter 12 for the outline of how to do this). Car-
dinalities are defined simply using the notions of injections and bijections. Yet, the
existence of an uncountable subset of ℝ having cardinality strictly less than ℝ can be
neither proved nor disproved using the axioms of set theory. If we believe that the set
ℝ has some sort of real (though perhaps only internal to our minds) existence, then
our questionmust have an answer. This means that the usual axioms of set theory are
not simply not strong enough. Gödel and Cohen’s work shows that we may add either
the continuumhypothesis or its negation to our axiom systemwithout introducing any
logical contradictions in ourmathematics. But which should it be? Logically speaking,
we are free to believe it or not as we wish! Of course, if you and I decide differently on
the truth of the continuum hypothesis, then we will not believe each other’s theorems,
to the extent our proofs do or do not require it or its negation.
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10.10. Application: Cardinality and symmetry

And it was as it dreamed, and the square was,
with all its lines and angles equal.
Fit diagram for any textbook this,
sharp black on white, exact, symmetrical.

—P.K. Page15

In Section 2.5, we saw how the symmetries of an object form a group. For example,
given the square on the left in Figure 10.4, there are four bilateral symmetries (depicted
on the right) and four rotational symmetries (by 0∘, 90∘, 180∘, and 270∘). The 0∘ rotation
is the identity, composing any two of these eight symmetries equals one of the other
eight symmetries, and each of the symmetries has an inverse symmetry.

Figure 10.4. The four bilateral symmetries of a square

In this section, we see how our explorations of cardinality can be used to prove
the most important theorem of finite group theory: Lagrange’s theorem. At the end of
the section, we apply Lagrange’s theorem to the study of symmetry. Throughout this
section, let (𝐺, 𝟙, ∘) be a group and let 𝐻 ⊂ 𝐺 be a subgroup. That is, 𝐻 is also a group
using the operation ∘ inherited from 𝐺. For instance, if 𝐺 is the group of symmetries
of the square, then the set of four rotations is a subgroup, as is the set consisting of the
identity, the 180∘ rotation, the vertical reflection, and the horizontal reflection. The
group 𝐺 has eight elements and both of those subgroups have four elements.
Exercise 10.72. Let 𝐺 be the group of symmetries of the square. Find an example of a
subgroup having exactly two elements and find another example of a subgroup having
exactly one element. Is there a subgroup having exactly three elements?

In its most elementary form, Lagrange’s theorem says that if 𝐺 is a group with
finitelymany elements and if𝐻 ⊂ 𝐺 is a subgroup, then the number of elements of𝐺 is
a multiple of the number of elements of𝐻. To get an evenmore informative statement,
we use an equivalence relation.

15P.K. Page was a Canadian poet, novelist, and painter. Reprinted from “The Figures”, in Planet Earth: Poems Selected
and New (2002), p. 140, by P.K. Page by permission of The Porcupine’s Quill. Copyright ©The Estate of P.K. Page, 2002. [99]
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Define a relation ∼𝐻 on 𝐺 by

(𝑥 ∼𝐻 𝑦) ⇔ (∃ℎ ∈ 𝐻 s.t. 𝑥 = ℎ ∘ 𝑦).

We can rephrase this as saying that 𝑥 ∼𝐻 𝑦 if and only if 𝑥 ∘ 𝑦−1 ∈ 𝐻.

Lemma 10.73. The relation ∼𝐻 is an equivalence relation.

Definition 10.74. If [𝑥] ∈ 𝐺/ ∼𝐻 , we call [𝑥] the right coset of 𝐻 in 𝐺 con-
taining 𝑥. The right coset [𝑥] is often denoted 𝐻𝑥.

We can also define an equivalence relation on 𝐺 giving rise to left cosets. In this
text, we have chosen to use right cosets because right cosets show up in our application
of group theory to bell-ringing.

Theorem 10.75 (Lagrange’s theorem). Suppose that (𝐺, 𝟙, ∘) is a group with
finitely many elements and that 𝐻 ⊂ 𝐺 is a subgroup. Then the number of el-
ements in 𝐺 is a multiple of the number of elements in𝐻. In fact,

|𝐺| = |𝐺/ ∼𝐻 | ⋅ |𝐻|,
where the vertical bars denote the number of elements in the set.

There are two key elements of the proof, both illustrated by a loaf of sliced bread.
We can (in principle) compute the volume of the loaf by first slicing it. We convince
ourselves that each slice has the same volume as each other slice, count the slices, and
then multiple the volume of each slice times the number of slices. Similarly, we will
first appeal to Lemma 10.73 to know that the equivalence classes in𝐺 using the relation
∼𝐻 are a partition of 𝐺. Secondly, we show that each equivalence class has the same
number of elements as each other equivalence class. Finally, we multiply the number
of equivalence classes times the number of elements in each equivalence class to arrive
at |𝐺|. The second step is where all of thework is. But how arewe to show this, working
in the abstract setting that we are? How do we count elements of a set if we don’t know
precisely what the set is? The key is to construct a bijection from𝐻 to each equivalence
class!
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Proof. By Lemma 10.73 and Theorem 7.32, the sets in 𝐺/ ∼𝐻 partition 𝐺. Thus, it
suffices to show that all the sets in 𝐺/ ∼𝐻 have the same number of elements as 𝐻.

Claim: If [𝑥] ∈ 𝐻\𝐺, then |[𝑥]| = |𝐻|.
We prove the claim by showing that there exists a bijection 𝑓∶ 𝐻 → [𝑥].
Let ℎ ∈ 𝐻 and define

𝑓(ℎ) = ℎ ∘ 𝑥.

By the definition of ∼𝐻 , 𝑓(ℎ) ∈ [𝑥].

⟨ Prove that 𝑓 is a bijection. ⟩ □

Recall that we thought of the quotient set 𝐺/ ∼𝐻 as being a “church picnic” or
“reunion” where we have all the different families (equivalence classes) [𝑥] gathered.
The proof of Lagrange’s theorem shows that if ∼𝐻 is an equivalence relation arising
from a subgroup of a group, then all of the families at the picnic have exactly the same
size.

Corollary 10.76. If a finite group 𝐺 has a prime number of elements, then its only sub-
groups are {𝟙} and 𝐺 itself.

Use Lagrange’s theorem to solve the following exercise. Recall that ℤ/𝑝ℤ is the
quotient set of ℤ under the equivalence relation where two integers are declared to be
equivalent if their difference is a multiple of 𝑝. The key to the proof is to recognize
that ℤ/𝑝ℤ is a group with + as the group operation; see Section 7.8 for a refresher. By
definition, the function 𝜙[𝑘] is a homomorphism if

𝜙[𝑘]([𝑎 + 𝑏]) = 𝜙[𝑘]([𝑎]) + 𝜙[𝑘]([𝑏])

for all [𝑎], [𝑏] ∈ ℤ/𝑝ℤ; so that’s what you should show. To use Lagrange’s theorem,
show that the range of 𝜙[𝑘] is a subgroup of ℤ/𝑝ℤ.

Exercise 10.77. Suppose that 𝑝∈ℕ is prime. Let [𝑘]∈ℤ/𝑝ℤ and define 𝜙[𝑘]∶ℤ/𝑝ℤ →
ℤ/𝑝ℤ by

𝜙[𝑘]([𝑥]) = [𝑘] ⋅ [𝑥].

Then 𝜙[𝑘] is a bijective homomorphism.
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In Section 2.5, we discussed how if 𝑋 is a set with some sort of structure, then
Sym(𝑋) is a group. One way of obtaining subgroups of Sym(𝑋) is to decorate 𝑋 . A dec-
oration of a set 𝑋 is a choice of 𝑌 ⊂ 𝑋 (the colored points), and we consider functions
𝑓∶ 𝑋 → 𝑋 which not only preserve the structure of 𝑋 but also have the property that
𝑓(𝑦) ∈ 𝑌 for all 𝑦 ∈ 𝑌 . We can formalize this by saying that the decorated object 𝑋 is
the pair (𝑋, 𝑌) and that a symmetry of 𝑋 is a symmetry of 𝑋 which preserves the set 𝑌 .

For example, suppose that 𝑋 is a regular hexagon (as on the left of Figure 10.5).
If we had four red dots to the hexagon (as on the right of Figure 10.5), the new deco-
rated shape 𝑋 has two of the bilateral symmetries of the 𝑋 and two of the rotations of
𝑋 (namely, the rotation by 0 radians and by 𝜋 radians) as symmetries. The decorated
shape 𝑋 has no other symmetries. Since Sym(𝑋) is a group with function composition
as the operation, it is a subgroup of Sym(𝑋). Since Sym(𝑋) has twelve elements (six re-
flections and six rotations) and since Sym(𝑋) has four symmetries (two reflections and
two rotations), there are three distinct left cosets of Sym(𝑋) in Sym(𝑋), by Lagrange’s
theorem.

The collection of symmetries of any given object form a group. For example, the
symmetry group of a regular hexagon has twelve symmetries: six rotations and six
reflections. If you decorate the hexagon and require the symmetries to preserve the
decoration, the new symmetry group is a subgroup of the old symmetry group.

Exercise 10.78. Prove that there is no way to decorate a regular pentagon 𝑋 so that
the decorated pentagon 𝑋 has exactly six symmetries.

Figure 10.5. On the left we have a regular hexagon with its six bilateral symmetries
depicted. On the right we have a decorated hexagon.

We conclude with an application to bell ringing. Recall from Section 8.9 that a
change is a pattern of ringing bells in one sequence after another, where to go from
one sequence to the next, we switch the positions of some pairs of neighboring bells.
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One of the basic changes is Plain BobMinimus. The table shows the change Plain Bob
Minimus for four bells, there are versions for more bells.

S A T B
A S B T
A B S T
B A T S
B T A S
T B S A
T S B A
S T A B
S T B A
T S A B
T A S B
A T B S
A B T S
B A S T
B S A T
S B T A
S B A T
B S T A
B T S A
T B A S
T A B S
A T S B
A S T B
S A B T

In Section 8.9, we learned that the plain lead on four bells is the set of all permu-
tations effected by the symmetries in the subgroup

𝐻 = {𝟙, (12)(34), (1342), (14), (14)(23), (13)(24), (1243), (23)}.

That subgroup is generated by {(12)(34), (23)}. Notice that the first section of Plain
Bob Minimus is simply the plain lead. In fact, each section of Plain Bob Minimus
is the plain lead on four bells, just starting from a different round each time. To get
between sections, the symmetry (34) is used. All 24 permutations of four bells show
up in Plain BobMinimus. Given our initial round of “S A T B”, each subsequent round
is determined by a permutation that gets us from “S A T B” to the new round. For
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example, the round “T B S A” corresponds to the permutation (13)(24). Here is Plain
Bob Minimus written with some permutation labels emphasizing a certain pattern:

𝟙
(12)(34) = ℎ1
(13)(42) = ℎ2

(14) = ℎ3
(14)(23) = ℎ4
(13)(24) = ℎ5
(1243) = ℎ6
(23) = ℎ7

𝟙 ∘ (243)
ℎ1 ∘ (243)
ℎ2 ∘ (243)
ℎ3 ∘ (243)
ℎ4 ∘ (243)
ℎ5 ∘ (243)
ℎ6 ∘ (243)
ℎ7 ∘ (243)
𝟙 ∘ (234)
ℎ1 ∘ (234)
ℎ2 ∘ (234)
ℎ3 ∘ (234)
ℎ4 ∘ (234)
ℎ5 ∘ (234)
ℎ6 ∘ (234)
ℎ7 ∘ (234)

Furthermore, we also can see the structure of the sections of Plain Bob Minimus.
The first section is just the effect of applying the permutations in𝐻 to the initial round
“S A T B”. The second section is the effect of applying symmetries which are a com-
bination of (243) and the symmetries of 𝐻 to “S A T B”. The third section is the effect
of applying symmetries which are a combination of (234) and the symmetries of 𝐻 to
“S A T B”. Thus the second section is the coset𝐻(243) and the third section is the coset
𝐻(234) in the group 𝑆4 (the group of permutations of four objects). We observe La-
grange’s theorem at work: 𝐻 contains eight permutations and there are three cosets:
𝐻, 𝐻(243), and 𝐻(234). The group 𝑆4 contains 4!= 24 = 3 ⋅ 8 elements.

10.11. Application: Dimension and space-filling curves

Can a surface (say a square including its boundary) be one-to-one correlated
to a line (say a straight line including its endpoints) so that to every point
of the surface there corresponds a point of the line, and conversely to every
point of the line there corresponds a point of the surface?

—George Cantor16

16George Cantor (1845–1918) created set theory and established bijections as central to understanding cardinality.
He suffered from depression, which was compounded by the difficulties he faced in having his work accepted. There are a
number of accessible biographies of Cantor. Quotation from “Correspondence between Cantor and Dedekind”, transl. W. B.
Ewald, From Kant to Hilbert, Volume 2, W. B. Ewald, editor Oxford University Press ©1996 W. B. Ewald. Reproduced with
permission of the Licensor through PLSclear. [42]
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The sets ℝ𝑛 (for 𝑛 ∈ ℕ) play a prominent role in mathematics. The number 𝑛 is
called the dimension of ℝ𝑛. What dimension space do we live in? Apparently, we
have three-dimensions of physical space and four-dimensions of space-time.17 If we
take other quantities (for instance, color or air pressure) into account we also live in a
higher dimensional space. But what exactly do we mean by dimension? Considering
only physical directions for a moment: what is the fundamental difference between
living in a two-dimensional space and in a three-dimensional space?

According to common usage, the number of dimensions should be the number of
quantities (i.e., real numbers) needed to describe our situation. Our position on Earth
is two-dimensional, because we can describe it with latitude and longitude. We could,
of course, use more quantities to represent a position on Earth. For example, we could
associate to a point on Earth the triple (𝜇, 𝜆, 19) where 𝜇 is the latitude of the point
and 𝜆 is the longitude. In this case, the third number “19” is superfluous. So really,
the number of dimensions should be the minimum number of quantities needed to
describe our situation.

Space is three-dimensional becausewe can describe it with latitude, longitude, and
distance from the Earth’s surface.18 Althoughwe can describe our position by a 4-tuple
(𝜇, 𝜆, 𝑟, 𝜇 + 𝜆) where 𝜇 is latitude, 𝜆 is longitude, 𝑟 is the distance from Earth’s surface,
we don’t need the final coordinate 𝜇 + 𝜆. So when we claim that our physical world
is three-dimensional, we are claiming not only that our position can be described by
three quantities, but also that it can’t be described by fewer than three quantities.

Without being too precise about howwe are modeling our physical locationmath-
ematically, Earth’s surface is at most two-dimensional (since we have a way of describ-
ing our location with two quantities) and space is three-dimensional (since we have a
way of describing our location with three quantities). But how do we know that there
isn’t some clever way of describing our position with even fewer quantities? Might it
be possible to describe our position on Earth’s surface using only a single quantity?

In fact, there is! We’ll use the unit sphere 𝑆2 ⊂ ℝ3 as a model for Earth’s surface.
We start by arguing that card 𝑆2 = card [0, 1] × [0, 1]. Latitude and longitude (in ra-
dians) are each numbers in the interval [0, 2𝜋], so specifying a latitude and longitude
gives a surjection [0, 2𝜋] × [0, 2𝜋] → 𝑆2. Restricting the domain gives an injection
from [0, 𝜋] × [0, 𝜋] → 𝑆2. Since card [0, 𝜋] = card [0, 2𝜋] = card [0, 1], by the Cantor–
Bernstein theorem card 𝑆2 = card [0, 1]×card [0, 1], as claimed. The proof of Theorem
10.45 implies

card [0, 1] = card [0, 1] × [0, 1] = card 𝑆2.

That is, there is a bijection 𝑓∶ 𝑆2 → [0, 1]. Consequently, if we are at position 𝑝 ∈ 𝑆2,
we can represent it uniquely by the number 𝑓(𝑝) ∈ [0, 1]. Apparently, the dimension
of the Earth’s surface is not 2, but 1!

17If recent theories from physics are correct, we may in fact have many more dimensions of space-time.
18We are glossing over a great deal of physical, mathematical, and philosophical complexity. See, for example,

Poincaré’s 1906 essay La Relativité de l’espace. It is available online in a 1913 English translation, The Relativity of Space
by George Bruce Halsted.
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Similarly, for each 𝑛 ∈ ℕ∗, a point in ℝ𝑛 can be represented by a single real num-
ber. To see this, recall that by Theorem 10.45, cardℝ2 = cardℝ. Thus, for 𝑛 ≥ 2, by
induction, we have

cardℝ𝑛 = card (ℝ𝑛−1 × ℝ) = card (ℝ × ℝ) = cardℝ.
Thus, there is a bijection between ℝ𝑛 (for 𝑛 ≥ 1) and ℝ. Positions in 𝑛-dimensional
space can be represented by a single number!

Does this mean that the notion of “dimension” is a meaningless concept? If all we
are concerned with are sets and functions, then yes, it is meaningless. Dimension is not
a quantity that is preserved by arbitrary functions. However, in the contexts where we
are concerned with notions of dimension, we are concerned not with arbitrary func-
tions but with functions preserving a certain structure on the set. If you’ve had linear
algebra, this is easy to explain. For 𝑛,𝑚 ∈ ℕ, the sets ℝ𝑛 and ℝ𝑚 are not just sets
they are vector spaces.19 In linear algebra, the dimension of a vector space is given a
very specific definition. The functions of interest in linear algebra are those functions
(namely linear functions)20 that preserve vector space structure.

In linear algebra, considering the sets ℝ𝑛 and ℝ𝑚 (for 𝑛,𝑚 ∈ ℕ∗) as vector spaces
and considering only linear functions 𝑓∶ ℝ𝑚 → ℝ𝑛, you will learn
(1) 𝑛 = 𝑚 if and only if there is a linear bijection 𝑓∶ ℝ𝑛 → ℝ𝑚;
(2) 𝑛 < 𝑚 if and only if there is a linear injection 𝑓∶ ℝ𝑛 → ℝ𝑚 and there is no linear

surjection 𝑓∶ ℝ𝑛 → ℝ𝑚;
(3) 𝑛 > 𝑚 if and only if there is a linear surjection 𝑓∶ ℝ𝑛 → ℝ𝑚 and there is no

linear injection 𝑓∶ ℝ𝑛 → ℝ𝑚.
Observe that the dimension 𝑛 of the vector space ℝ𝑛 functions a lot like cardinal-

ity. Unfortunately, the property of being a vector space is quite restrictive; the surface
of the Earth21 isn’t a vector space. Furthermore, even if we just restrict ourselves to the
Euclidean spaces ℝ𝑛, we will likely want to consider nonlinear functions. Whatever
types of mathematical structures and whatever types of functions we consider, they
need to be broad enough to do interesting and useful mathematics but narrow enough
to ensure that dimension behaves at least somewhat as expected. We might, for in-
stance consider, differentiable functions ℝ𝑛 → ℝ𝑚. Do statements (1), (2), and (3)
above remain true if we replace “linear” with “differentiable”? Since the derivative of
a multivariable function is a matrix, further investigation requires linear algebra out-
side the scope of this text. Instead, we’ll aim higher and ask if statements (1), (2), and
(3) remain true with “linear” replaced by “continuous”.

Let’s assume thatwhatever the definition of dimension is, that the dimension ofℝ𝑛

should be 𝑛. Somewhat more generally, if 𝐼 ⊂ ℝ is an interval of positive length, then
the dimension of 𝐼 ×⋯ × 𝐼⏟⎵⎵⏟⎵⎵⏟

𝑛 times
should be 𝑛. For the remainder of this section, we consider

only the relationship between dimension 1, dimension 2, and continuous functions.

19If you haven’t yet taken linear algebra, don’t worry—all you need to know is that this is a certain kind of structure
on certain kinds of sets.

20Linear functions are functions that preserve vector space structure. That is, a function 𝑓∶ ℝ𝑛 → ℝ𝑚 is linear if
for any two vectors 𝐯 and𝐰 and real numbers 𝑘, ℓ, we have 𝑓(𝑘𝐯 + ℓ𝐰) = 𝑘𝑓(𝐯) + ℓ𝑓(𝐰).

21or even any reasonable mathematical model of the surface of the Earth
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Exercise 10.79. Prove that there is no continuous bijection 𝑓∶ ℝ2 → ℝ.
(Hint: Suppose 𝑓 is such a bijection. Let 𝑧 ∈ ℝ2 be the (unique!) point such that
𝑓(𝑧) = 0. Let ℎ∶ ℝ2 ⧵ {𝑧} → (ℝ ⧵ {0}) be defined by letting

ℎ(𝑡) = 𝑓(𝑡)
|𝑓(𝑡)|

for all 𝑡 ∈ ℝ2 ⧵ {𝑧}. Explain why the function ℎ is continuous, and show that range ℎ =
{−1,+1}. Explain how this contradicts the IVT.)

We can strengthen Exercise 10.79 to show the following.

Theorem 10.80. There is no continuous injection 𝑓∶ ℝ2 → ℝ.

We simply sketch the proof; you may like to provide the details for yourself.

Proof. We again proceed by contradiction. Suppose that 𝑓∶ ℝ2 → ℝ is a continuous
injection. Let 𝑝, 𝑞, 𝑟 ∈ ℝ2 be three distinct points. Since 𝑓 is an injection, 𝑓(𝑝), 𝑓(𝑞),
and 𝑓(𝑟) are all distinct points inℝ. We may choose the labeling so that 𝑓(𝑝) < 𝑓(𝑞) <
𝑓(𝑟). Let 𝑓∶ ℝ2 → ℝ be the function defined by 𝑓(𝑥) = 𝑓(𝑥) − 𝑓(𝑞) for all 𝑥 ∈ ℝ2.
Observe that𝑓 is a continuous injection and that 0 is in the range of𝑓. Since there exists
a point in the range of 𝑓 that is less than 0 and a point in the range of 𝑓 that is bigger
than 0, we may apply the technique from Exercise 10.79 and construct a contradiction
to the IVT. □

More generally, it turns out22 that if 𝑛 > 𝑚, then there is no continuous injection
𝑓∶ ℝ𝑛 → ℝ𝑚.

Question: Is there a continuous surjection from a one-dimensional space to a
two-dimensional space?

In fact, there is! The remainder of this section will consist of constructing one.
Rather than working with ℝ and ℝ2 in all their unbounded glory, we will work with
the slighty more manageable interval 𝐼 = [0, 1] and square 𝑆 = [0, 1] × [0, 1]. A con-
tinuous surjection 𝑓∶ 𝐼 → 𝑆 is called a space-filling curve. The first example of a
space-filling curve was due to Peano in 1890. Hilbert adapted his example to produce
the eponymousHilbert curve. The Hilbert curve is explained informally many places
online; in our explanation we present a detailed description connecting the informal
idea to the formal definitions needed for proofs. We also take the opportunity to dis-
cuss connections with other themes (cardinality, graphs) of this text. Our presentation
is modeled on that of the excellent and intriguing text [114]. The first chapter of [12]
presents a similar perspective on space-filling curves, in the context of their applica-
tions in scientific computing. The article [65] is also an excellent starting point.

TheHilbert curve can be defined as a limit of certain other non-space-filling curves
𝑓1, 𝑓2, 𝑓3, . . ., each of which is a continuous injective function from 𝐼 to 𝑆. Figure 10.6
shows the first six curves of the pattern whose limit is the Hilbert curve. In each im-
age, the square 𝑆 is drawn in black and the range of each 𝑓𝑖 for 𝑖 ∈ {1, 2, 3, 4, 5, 6} is

22This follows from the famous invariance of domain theorem of algebraic topology.
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(a) (b) (c)

(d) (e) (f)

Figure 10.6. The first six approximations to the Hilbert curve.

Figure 10.7. The first four approximations to the Hilbert curve, displayed on a grid.

drawn in red. Figure 10.7 shows the first four approximating curves, placed on a grid
to help clarify the pattern used in construction. We’ll use these approximating curves
as inspiration for giving a direct definition of the Hilbert curve.
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In what follows, we’ll give one solution to the following exercise, but you should
try to do it first on your own.

Exercise 10.81. Try to precisely articulate what the pattern is in Figure 10.7. What is
the seventh curve in the sequence?

10.11.1. Intervals and trees. The range of each approximation 𝑓𝑛 is obtained by
joining the centers of subsquares of 𝑆 in a certain order. The domain 𝐼 of 𝑓𝑛 is subdi-
vided into 4𝑛 subintervals, and the codomain 𝑆 is subdivided into 4𝑛 subsquares. Each
subinterval of 𝐼 is mapped into 𝑆 by joining the centers of the subsquares in a certain
order. The order in which the subsquares are joined depends on the value of 𝑛. Figure
10.7 shows the process. The left hand side of Figure 10.8 shows the sequential subdivi-
sions of 𝐼, beginning with the zeroth subdivision, which is just the interval itself. The
Hilbert curve will ultimately be defined by matching the subintervals of the subdivi-
sions of 𝐼 with the subsquares of the subdivisions of 𝑄. We start by investigating the
decompositions of 𝐼.

Figure 10.8. At each stepwe subdivide each subinterval into four smaller subintervals.
We construct a rooted tree 𝑇 𝐼 from the sequence of subdivisions.

We start with the interval 𝐼 = [0, 1] and proceed to subdivide. It will be helpful to
have a list of the subintervals in each subdivision. Let ℐ0 = {𝐼} and assume we have
defined ℐ𝑛 to be a set of closed subintervals of 𝐼. Let ℐ𝑛+1 be the set consisting of all
the subintervals obtained by dividing each subinterval in ℐ𝑛 into four equally sized
subintervals. Inductively, we have a sequence ℐ0, ℐ1, . . .. For each 𝑛 ∈ ℕ∗, any two
distinct subintervals in ℐ𝑛 are disjoint, except for possibly sharing an endpoint. Also,
each subinterval in ℐ𝑛+1 is a subset of precisely one subinterval in ℐ𝑛.

We can visually represent these subdivisions with a rooted 4-valent tree 𝑇𝐼 , as on
the right of Figure 10.7. The root of 𝑇𝐼 is the interval 𝐼 itself. Descending from the
root, at height 𝑛 ∈ ℕ∗ we have a vertex for each element of ℐ𝑛. In fact, we might as
well take the vertices of 𝑇𝐼 to be the subintervals of the subdivisions of 𝐼. If 𝐽𝑛 ∈ ℐ𝑛 and
𝐽𝑛+1 ∈ ℐ𝑛+1, we join them by an edge descending from 𝐽𝑛 to 𝐽𝑛+1 if 𝐽𝑛+1 ⊂ 𝐽𝑛. Notice
that for each vertex 𝐽 in 𝑇𝐼 , there is a unique path in 𝑇𝐼 from the root 𝐼 to 𝐽 that does
not backtrack. We call that path the geodesic23 from the root to 𝐽.

23More generally, in geometry, a path is a geodesic if for any two points on the path that are close to each other, the
portion of the path between them is the shortest path from one to the other.
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0 1 2 3

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3

Figure 10.9. We label each edge of the tree according to which subinterval it descends into.

To help keep track of things, we can label each edge of 𝑇𝐼 with a label from the set
{0, 1, 2, 3}, as in Figure 10.9. More precisely, suppose that 𝑒 is an edge joining 𝐽𝑛 ∈ ℐ𝑛
to 𝐽𝑛+1 ∈ ℐ𝑛+1. We assign 𝑒 the label 0 if 𝐽𝑛+1 is the leftmost subinterval of 𝐽𝑛; the label
1 if 𝐽𝑛+1 is the subinterval that is second-from-left; the label 2 if 𝐽𝑛+1 is the subinterval
that is second-from-right; and the label 3 if 𝐽𝑛+1 is the subinterval of 𝐽 that is rightmost.

As we traverse the geodesic from the root to a vertex 𝐽 ∈ ℐ𝑛, we can read off the
labels on these edges. We get a finite sequence (called the label sequence) 𝑏1, . . . , 𝑏𝑛
in {0, 1, 2, 3}. Conversely, a finite sequence 𝑏1, . . . , 𝑏𝑛 in {0, 1, 2, 3} defines a unique ge-
odesic in 𝑇𝐼 from the root to an interval 𝐽𝑛 in the 𝑛th subdivision of 𝐼. Thus, we have a
bijection between the set of finite sequences in {0, 1, 2, 3} and the set of subintervals of
the subdivisions of 𝐼.

The next theorem is a key part of our construction of the Hilbert curve.

Theorem 10.82. Let 𝑥 ∈ 𝐼 and let 𝐽𝑛 ∈ ℐ𝑛 be a subinterval such that the geo-
desic from the root to 𝐽𝑛 has label sequence 𝑏1, 𝑏2, . . . , 𝑏𝑛. Then the following are
equivalent.
(1) 𝑥 ∈ 𝐽𝑛.
(2) There is a base-4 representation of 𝑥whose first 𝑛 digits coincide exactly with

the label sequence for 𝐽𝑛.

We want to move from considering intervals in 𝐼 to considering points in 𝐼. A ray
in𝑇𝐼 is an infinite path in𝑇 that starts at the root andwhich never backtracks. Each ray
is, therefore, a sequence of intervals 𝐽0, 𝐽1, 𝐽2, . . . such that 𝐽0 = 𝐼 and, for each 𝑛 ∈ ℕ∗,
we have 𝐽𝑛 ∈ ℐ𝑛 and 𝐽𝑛+1 ⊂ 𝐽𝑛. Let Rays(𝑇𝐼) be the set of rays in 𝑇𝐼 .

Our labeling of the edges shows that there is a bijection from the Rays(𝑇𝐼) to the
set of infinite sequences in {0, 1, 2, 3}. For example, the sequence

0, 2, 3, 3, 3, 2, 2, 1, 1, . . .

corresponds to the ray where we start at the root, then go to the vertex correspond-
ing to the leftmost subinterval of the first subdivision, then to the second-from-right
subinterval of the second subdivision, then to the rightmost subinterval of the third
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Figure 10.10. A sequence in the set {0, 1, 2, 3} corresponds to a ray, that is a path from
the root which doesn’t backtrack.

subdivision, and so forth, as in Figure 10.10 (which only depicts the first three steps).
We say that this sequence is the label sequence of the ray.

Theorem 10.83. Suppose that 𝑡 ∈ 𝐼 and that (𝑏𝑖) is an infinite label sequence
corresponding to a ray 𝐽0, 𝐽1, . . . in 𝑇𝐼 . The following are equivalent.
(1) 𝑡 = .4𝑏1𝑏2𝑏3⋯
(2) 𝑡 ∈ ⋂

𝑛∈ℕ∗
𝐽𝑛

Exercise 10.84. Prove that a ray in 𝑇 corresponds to an endpoint of an interval in one
of the subdivisions of 𝐼 if and only if the associate sequence in {0, 1, 2, 3} is eventually
constant at 0 or 3. If the corresponding sequence is not eventually constant at 0 or 3,
then it is the unique representation of the corresponding 𝑥 ∈ 𝐼.

Say that a ray in 𝑇 is eventually left turning if the associated sequence is even-
tually constant at 0; it is eventually right turning if it is eventually constant at 3. Let
𝐸(𝑇𝐼) denote the set of rays that are eventually left turning or eventually right turning.
Let

𝐸(𝐼) = {𝑒 ∈ 𝐼 ∶ ∃ 𝑛, 𝑗 ∈ ℕ∗ with 𝑗 ≤ 4𝑛 s.t. 𝑒 = 𝑗
4𝑛 }.

These are the endpoints of subintervals in the subdivisions of 𝐼.
Corollary 10.85. There is a bijection from 𝐼 ⧵ 𝐸(𝐼) to Rays(𝑇𝐼) ⧵ 𝐸(𝑇𝐼).

Prove that both 𝐸(𝐼) and 𝐸(𝑇𝐼) are countably infinite, and use this fact together
with Corollary 10.85 to prove the next corollary. You should be able to prove it without
appealing to the Cantor–Bernstein theorem or previously proved results concerning
the cardinality of 𝐼.
Corollary 10.86. There is a bijection from 𝐼 toℛ(𝑇𝐼).

10.11.2. Squares and trees. Nowwe do for subdivisions of squares what we did
for subdivisions of intervals in the previous subsection. When we subdivide a square
into four smaller squares, we can label the four smaller squares as 𝛼, 𝛽, 𝛾, 𝛿 beginning
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Figure 10.11. Labeling subsquares

with the subsquare in the lower left-hand corner and moving counterclockwise, as in
Figure 10.11.

Let 𝒮0 = {𝑆} and, given a set 𝒮𝑛 of subsquares of 𝑆, let 𝒮𝑛+1 be the set of subsquares
obtained by dividing each of the squares in 𝒮𝑛 into four congruent subsquares. As we
did with intervals, we form a rooted tree 𝑇𝑆 to keep track of our sequence of subdivi-
sions. The vertex set is ⋃

𝑛∈ℕ∗
𝒮𝑛. If 𝐽𝑛 ∈ 𝒮𝑛 and 𝐽𝑛+1 ∈ 𝒮𝑛+1, we add an edge between

𝐽𝑛 and 𝐽𝑛+1. Notice that every vertex other than the root is joined to exactly five other
vertices, corresponding to one bigger square and four smaller squares. The root, which
is 𝑆 itself, is just joined to the four smaller squares in 𝒮1. A schematic depiction of a
portion of 𝑇𝑆 is given in Figure 10.12.
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Figure 10.12. A portion of the tree 𝑇𝑆 , squashed flat like a spider. We have labeled
the vertices to distinguish our subsquares.
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α β γ δ

α β γ δ α β γ δ α β γ δ α β γ δ

Figure 10.13. The tree 𝑇𝑆 is drawn so as to match our drawing of 𝑇 𝐼 . Every edge is
labeled according to what subsquare its endpoints represent, but we have only drawn
the first two layers.

Our squashed spider representation of𝑇𝑆 isn’t very easy toworkwith, sowe redraw
it so that it looks like our representation of 𝑇𝐼 . See Figure 10.13.

Next we mimic our work from 10.11.1 but with squares instead of intervals. If
𝐽𝑛 ∈ 𝒮𝑛 is a vertex, there is a path with no backtracking in 𝑇𝑆 of length 𝑛 from the
root to 𝐽𝑛. We call this path a geodesic from 𝑆 to 𝐽𝑛. Reading the labels on these edges
gives us a finite sequence (the label sequence) 𝜖1, . . . , 𝜖𝑛 in {𝛼, 𝛽, 𝛾, 𝛿}. Conversely, a
finite sequence 𝜖1, . . . , 𝜖𝑛 in {𝛼, 𝛽, 𝛾, 𝛿} defines a unique geodesic from the root to some
𝐽𝑛 ∈ 𝒥𝑛.

We’ll use the next exercise later.

Exercise 10.87. Suppose that 𝐽𝑛 ∈ 𝒮𝑛 and that it has label sequence 𝜖1, . . . , 𝜖𝑛 in
{𝛼, 𝛽, 𝛾, 𝛿} corresponding to the geodesic from the root to 𝐽𝑛. If (𝑥, 𝑦) ∈ 𝐽, what can
you say about the binary representations of 𝑥 and 𝑦?

A ray in𝑇𝑆 is an infinite pathwithout backtracking emanating from the root. More
precisely, a ray is a sequence 𝐽0, 𝐽1, 𝐽2, . . . such that 𝐽0 = 𝑆, and, for all 𝑛 ∈ ℕ∗, 𝐽𝑛 ∈ 𝒮𝑛
and 𝐽𝑛+1 ⊂ 𝐽𝑛. Our labeling of the edges shows that there is a bijection from the set of
rays in 𝑇𝑆 to the set of infinite sequences in {𝛼, 𝛽, 𝛾, 𝛿}. For example, the sequence

𝛼, 𝛾, 𝛿, 𝛿, 𝛿, 𝛾, 𝛾, 𝛼, 𝛼, . . .
corresponds to the ray where we start at the root 𝐽0, then go to the vertex corresponding
to the bottom left square 𝐽1 of the first subdivision, then to the top right square 𝐽2 of the
subdivision of 𝐽1, then to the top left square of the subdivision of 𝐽2 and so forth. We
say that this sequence is the label sequence of the ray. Let Rays(𝑇𝑆) denote the set of
rays in 𝑇𝑆 . Adapt our work from the previous section to show the following.

Theorem 10.88. If (𝑥, 𝑦) ∈ 𝑆, then there exists a ray 𝐽0, 𝐽1, 𝐽2, . . . in 𝑇𝑆 such that
(𝑥, 𝑦) ∈ ⋂

𝑛∈ℕ∗
𝐽𝑛. Furthermore, unless (𝑥, 𝑦) is a corner of a subsquare in some

subdivision, there is a unique such ray. Conversely, if 𝐽0, 𝐽1, 𝐽2, . . . is a ray in 𝑇𝑆 ,
then there is a unique (𝑥, 𝑦) ∈ 𝑆 such that (𝑥, 𝑦) ∈ ⋂

𝑛∈ℕ∗
𝐽𝑛.
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Exercise 10.89. Show that a sequence in {𝛼, 𝛽, 𝛾, 𝛿} is associated to a corner of a sub-
square in some subdivision if and only if it is eventually constant. Also show that the
set 𝐸(𝑇𝑆) of such sequences is countable.

There is a bijection Rays(𝑇𝐼) → Rays(𝑇𝑆), as in Figure 10.14. We can use this
bijection to reprove Theorem 10.45.

0 1 2 3

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3

α β γ δ

α β γ δ α β γ δ α β γ δ α β γ δ

Figure 10.14. A ray in 𝑇 𝐼 with label sequence beginning 0, 3, 2 is matched with a ray
in 𝑇𝑆 with label sequence beginning 𝛼, 𝛿, 𝛾.

Exercise 10.90. Without appealing to either the Cantor–Bernstein theorem or Theo-
rem 10.45, prove that card (𝑆) = card (𝐼) by constructing an explicit bijection between
𝑆 and 𝐼.

10.11.3. Constructing the Hilbert curve. The bijection you constructed in Ex-
ercise 10.90 is necessarily discontinuous, and yet (depending on how you solved it) it
may provide the key idea for defining the Hilbert curve. Here is the outline for one
possible solution, an idea we’ll develop as we define the Hilbert curve.

The most straightforward way to use our setup to define a function 𝐼 → 𝑆 is as
follows. Suppose that 𝑡 ∈ 𝐼. By Theorem 10.83, there is a ray 𝜌(𝑡) ∈ Rays(𝑇𝐼) such
that 𝑡 is an element of each interval that is a term of 𝜌(𝑡). In particular, if we write 𝑡 in
base-4 as

𝑡 = .4𝑏1𝑏2𝑏3⋯,
then the ray 𝜌(𝑡) has label sequence

𝑏1, 𝑏2, 𝑏3, . . . .
We thenmatch the ray 𝜌(𝑡) ∈ Rays(𝑇𝐼)with a corresponding ray 𝜌′(𝑡) ∈ Rays(𝑇𝑆). For
now, we do this in the most straightforward way imaginable. Ultimately, however, that
won’t produce the Hilbert curve; we’ll have to vary the construction. For now, though,
match the rays as follows. Replace each 0 in that sequence with 𝛼; each 1with 𝛽; each 2
with 𝛾; and each 3with 𝛿. We get a sequence that is a ray 𝐽0, 𝐽1, 𝐽2, . . . in𝑇𝑆 . By Theorem
10.88, there exists a unique (𝑥, 𝑦) ∈ 𝑆 such that (𝑥, 𝑦) ∈ ⋂

𝑛∈ℕ∗
𝐽𝑛. Let 𝑓(𝑡) = (𝑥, 𝑦).

Exercise 10.91. What keeps 𝑓 from being well defined? Why should we be skeptical
about its surjectivity?
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Example 10.92. The real number 𝑡 = 1/15 has base-4 representation 𝑡 = .4010101.
(To see see this, notice that 16𝑡 = 1+𝑡.) Performing our replacements on the sequence

(𝑏𝑖) = 0, 1, 0, 1, 0, 1, 0, 1, . . . ,

we obtain
(𝑠𝑖) = 𝛼, 𝛽, 𝛼, 𝛽, 𝛼, 𝛽, . . . ,

Let (𝑥, 𝑦) be the coordinates of the point in 𝑆 associated to this sequence. Write both 𝑥
and 𝑦 in base-2 (i.e., binary) as

𝑥 = .2𝑑1𝑑2𝑑3⋯,
𝑦 = .2𝑒1𝑒2𝑒3⋯.

We use base-2, since each time we subdivide a square, we divide both the sides
parallel to the 𝑥-axis and the sides parallel to the 𝑦-axis in half. The odd numbered
subsquares in (𝑠𝑖) are all the bottom left (i.e., 𝛼), so the odd numbered binary digits of
both 𝑥 and 𝑦 are 0. Similarly, since the even numbered subsquares in (𝑠𝑖) are all bottom
right (i.e., 𝛽), the even numbered binary digits of 𝑥 are 1, while those of 𝑦 are 0. Thus,

𝑥 = .201010101 = 1/3,
𝑦 = .200000000 = 0.

Therefore, the real number 1/15 ∈ 𝐼 is matched with the point (1/3, 0) ∈ 𝑆 by 𝑓. ♦

Exercise 10.93. What point in 𝑆 is matched with the point 18/63 = .4102102 in 𝐼?

To get a sense of what this association does, approximate each element of 𝐼 to the
nearest 1/4 (i.e., one base-4 digit). This means we have taken the interval 𝐼 = [0, 1] and
subdivided it into the intervals

[0, 1/4], [1/4, 1/2], [1/2, 3/4], [3/4, 1].

Each element of [0, 1/4] is rounded to .40. Each element of [1/4, 1/2] is rounded to .41
and so forth. We take the square 𝑆 and subdivide it once, obtaining the squares of 𝒮1:

𝛼 = [0, 1/2]×[0, 1/2], 𝛽 = [1/2, 1]×[0, 1/2], 𝛾 = [1/2, 1]×[1/2, 1], 𝛿 = [0, 1/2]×[1/2, 1].

Under our association, each element of [0, 1/4) is associated with a point of 𝛼; each ele-
ment of (1/4, 1/2) is associatedwith a point of 𝛽; each element of (1/2, 3/4) is associated
with a point of 𝛾; and each element of (3/4, 1] is associated with a point of 𝛿. Since we
are just approximating, we might as well choose the center of each of the subsquares
as the approximation.

Consider the endpoints of the subintervals. The endpoint 1/4 can be written in
base-4 as either .403 or as .410. Using the first representation, our association of rays
in 𝑇𝐼 with rays in 𝑇𝑆 would associate 1/4 with a point in 𝛼, while using the second
representation would associate it with a point in 𝛽. Similarly, the endpoint 1/2 will be
associatedwith a point in either 𝛽 or 𝛾 and 3/4will be associatedwith either a point in 𝛾
or 𝛿. This suggests that the first image in Figure 10.7 is a reasonable first approximation
to our function 𝐼 → 𝑆.
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What happens when we go onto the second approximation? In this case, we have
the subintervals of 𝐼, represented by the paths

00, 01, 02, 03, 10, 11, 12, 13, 20, 21, 22, 23, 30, 31, 32, 33
in 𝑇𝐼 . These intervals are mapped into the subsquares of 𝑆 represented by the paths

𝛼𝛼, 𝛼𝛽, 𝛼𝛾, 𝛼𝛿, 𝛽𝛼, 𝛽𝛽, 𝛽𝛾, 𝛽𝛿,
𝛾𝛼, 𝛾𝛽, 𝛾𝛾, 𝛾𝛿, 𝛿𝛼, 𝛿𝛽, 𝛿𝛾, 𝛿𝛿,

respectively. Using the centers of each subsquare to represent each subsquare and join-
ing the centers by lines representing the potential images of the endpoints of the inter-
vals, we get this picture:

And we see there is a problem! Whereas in our first approximation the two pos-
sibilities for the endpoint 1/4 were in adjacent squares, for our second approximation
the two possibilities for the endpoint 1/4 were not adjacent. The image for the third
approximation is even worse:

As our goal is to take the limits of approximations to arrive at a well-defined curve,
we realize that we will have problems not only ensuring that our limiting function is
well defined, but also that it is continuous. How can we fix it?

At each stage of our approximation, we reorder the subsquares to ensure that
the two images for points with multiple base-4 representations are send to adjacent
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squares. The reordering is defined recursively and uses the two diagonal reflection
symmetries of the square. For any square in ℝ2 and sides parallel to the coordinate
axes, let 𝐷 represent the symmetry of the square obtained by reflecting over the diag-
onal line with negative slope, and let 𝑂 represent the symmetry obtained by reflecting
over the diagonal line with positive slope.

We define the new ordering recursively as follows. Order the corners of 𝑆 by
[𝛼, 𝛽, 𝛾, 𝛿] where we start with the bottom-left corner and move counterclockwise. We
refer to the positions of this (or any) ordering as 0, 1, 2, and 3. Once we’ve ordered the
corners of a square, when we subdivide, each subsquare contains one of those corners.
For the square 𝑆, the subsquare 𝛼 is in position 0, 𝛽 is in position 1, 𝛾 is in position 2,
and 𝛿 is in position 3. Suppose that 𝑆′ is some subsquare of some subdivision of 𝑆 and
that the corners of 𝑆′ have been given an ordering. When we subdivide 𝑆′, we get four
subsquares each containing a corner of 𝑆′. Let 𝑋 be one such subsquare and suppose
that it contains the corner of 𝑆′ which is at position 𝑗 in the ordering. If 𝑗 = 0, then
give the corners of 𝑋 the same ordering as the corners of 𝑂(𝑆′). If 𝑗 = 1, 2, then give
the corners of 𝑋 the same ordering as the corners of 𝑆′. If 𝑗 = 3, then give the corners
of 𝑋 the same ordering as the corners of 𝐷(𝑆′). See Figure 10.15 for examples.

Figure 10.15. The pattern for determining orderings of the corners of the squares. In
each case, we draw an arrow from the corner which has value 0 in the ordering to the
corner which has value 1 in the ordering.
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Figure 10.16. At each step, the orderings of the corners of the subsquares in the 𝑛th
subdivision determine the order in which we connect the subsquares of the (𝑛 + 1)-st
subdivision, in order to create the (𝑛 + 1)-st approximation to the Hilbert curve.

We then recursively define the approximations to the Hilbert curve as follows. If a
square 𝑆′ is a subsquare of the 𝑛th subdivision, its vertices have been ordered as above.
To create the (𝑛 + 1)-st approximation to the Hilbert curve, we subdivide 𝑆′ into four
subsquares. We join the centers of those subsquares by line segments, according to
the ordering of the corners of 𝑆′. The left side of Figure 10.16 is a picture of the third
approximation to the Hilbert curve, on top of the grid given by the second subdivision
of 𝑆. Notice how the arrows of the second subdivision control the third approximation
curve. The right side of Figure 10.16 shows the creation of the fourth approximation to
the Hilbert curve, obtained from the orderings of the corners of the subsquares of the
𝑛th subdivision of 𝑆.

We can interpret this in our trees by rearranging the order of the edges descending
from each vertex, as in Figure 10.17.

0 1 2 3

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3

α β γ δ

α δ γ β α β γ δ α β γ δ γ β α δ

Figure 10.17. A ray in 𝑇 𝐼 with label sequence beginning 0, 3, 2 is now matched with
a ray in 𝑇𝑆 with label sequence beginning 𝛼, 𝛾, 𝛽.

Weare now in a position to define theHilbert curvewhichwe again call𝑓. Suppose
that 𝑡 ∈ 𝐼. We can express 𝑡 in base-4 as

𝑡 = .4𝑏1𝑏2𝑏3⋯.
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The sequence (𝑏𝑖) corresponds to a ray 𝜌(𝑡) ∈ Rays(𝑇𝐼). By definition, as we traverse
the ray 𝜌(𝑡), beginning at the root, for each 𝑖 ∈ ℕ∗, the edge of the ray 𝜌(𝑡) departing
from the 𝑖th vertex has label 𝑏𝑖. We now convert this ray into a ray 𝜌′(𝑡) ∈ Rays(𝑇𝑆).
The ray, of course, starts at the root, which is the square 𝑆. In general, suppose we
have defined the 𝑛th vertex 𝑆𝑛 ∈ 𝒮𝑛 of the ray 𝜌′(𝑡). The corners of the square 𝑆𝑛
have an ordering, and this ordering defines an ordering of the edges departing from
the vertex 𝑆𝑛 in 𝑇𝑆 . Departing from the vertex 𝑆𝑛 are four edges, with labels {𝛼, 𝛽, 𝛾, 𝛿},
not necessarily in that order. Say they are in order 𝑒0, 𝑒1, 𝑒2, 𝑒3. Let 𝑆𝑛+1 be the other
endpoint of the edge 𝑒𝑏𝑛 . For example, if the ordering of the edges departing from 𝑆𝑛
is [𝛽, 𝛼, 𝛿, 𝛾] and if 𝑏𝑛 = 2, then we would follow the edge labeled 𝛿, because that is the
second edge in the ordering.

Wehave, therefore, recursively defined a ray 𝐽0, 𝐽1, 𝐽2,⋯ in the tree𝑇𝑆 . By Theorem
10.88, there is a unique element (𝑥, 𝑦) ∈ 𝑆 such that (𝑥, 𝑦) ∈ ⋂

𝑛∈ℕ∗
𝐽𝑛. We let 𝑓(𝑡) =

(𝑥, 𝑦). Put anotherway, for each 𝑡 ∈ 𝐼, there is a sequence of nested intervals converging
to that 𝑡; that sequence is matched with a sequence of nested subsquares converging to
some (𝑥, 𝑦) ∈ 𝑆. By definition, 𝑓(𝑡) = (𝑥, 𝑦).

Theorem 10.94. The function 𝑓∶ 𝐼 → 𝑆 is well defined, surjective, and contin-
uous.

Proof. Since we have a bijection between the rays of 𝑇𝐼 and the rays of 𝑇𝑆 , for each
𝑡 ∈ 𝐼, there exists at least one (𝑥, 𝑦) ∈ 𝑆with (𝑥, 𝑦) = 𝑓(𝑡). Likewise, for each (𝑥, 𝑦) ∈ 𝑆,
there is at least one 𝑡 ∈ 𝐼 with 𝑓(𝑡) = (𝑥, 𝑦). Thus, we need only show that 𝑓 is well
defined and that it is continuous.

We have already seen that the rays in 𝑇𝐼 corresponding to 𝑡 are in bijection with
base-4 representations of 𝑡. We need only consider, therefore, the possibility that 𝑡 has
one base-4 representation that is eventually constant at 3 and another that is eventually
constant at 0. For simplicity, consider the case that

𝑡 = .403 = .410.
Let 𝑏𝑖 be the 𝑖th digit of .403 and 𝑏′𝑖 be the 𝑖th digit of .410.

Let 𝐽0, 𝐽1, . . . and 𝐽′0, 𝐽′1, . . . be the rays corresponding to these base-4 representations;
both 𝐽0 and 𝐽′0 equal 𝑆. According to our matching, 𝐽0, 𝐽1, 𝐽2 has label sequence 𝛼, 𝛾 and
𝐽′0, 𝐽′1, 𝐽′2 has label sequence 𝛽, 𝛼. The square 𝑆 has label order [𝛼, 𝛽, 𝛾, 𝛿]. We can view
each finite label sequence in {𝛼, 𝛽, 𝛾, 𝛿} as a permutation of {0, 1, 2, 3}. For instance, the
square 𝐽1 has label sequence 𝛼. Passing to the subsquare 𝛼 of 𝑆 requires us to reflect the
ordering of the corners of 𝑆 across the diagonal with positive slope, since 𝛼 has position
0 in that ordering. Thus, the ordering of the corners of 𝐽1 is

𝛼([𝛼, 𝛽, 𝛾, 𝛿]) = [𝛼, 𝛿, 𝛾, 𝛽].
The subsquare 𝐽2 is whichever subsquare of 𝐽1 has position 3 in the ordering of the
corners of 𝐽1, since 𝑏2 = 3. That is square 𝛽, which is the bottom right subsquare of
𝐽1. The label sequence of 𝐽2 is 𝛼𝛽. When we view the label sequences as functions, we
need to reverse the order we write them in, since function composition is written from
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right to left. Thus,

𝛼𝛽([𝛼, 𝛽, 𝛾, 𝛿]) = 𝛽 ∘ 𝛼([𝛼, 𝛽, 𝛾, 𝛿]) = 𝛽([𝛼, 𝛿, 𝛾, 𝛽]) = [𝛾, 𝛿, 𝛼, 𝛽].

Since 𝛽 occurs in position 3 in the ordering [𝛼, 𝛿, 𝛾, 𝛽], by our definition in Section
10.11.3, the ordering of the corners of 𝐽2 is obtained by applying symmetry 𝐷 to the
square 𝐽1, with its ordering. This produces the final equality.

Since for each 𝑖 ≥ 2, we have 𝑏𝑖 = 3, by induction we have

𝛼 𝛽⋯𝛽⏟
𝑖+1 times

([𝛼, 𝛽, 𝛾, 𝛿]) = 𝛽 ∘⋯ ∘ 𝛽⏟⎵⏟⎵⏟
𝑖 times

[𝛾, 𝛿, 𝛼, 𝛽] = [⋅, 𝛿, ⋅, 𝛽].

The entries at positions 0 and 2 in the ordering depend on the parity of 𝑖, but all we
care about is the subsquare in the third position. That is always 𝛽.

The square 𝐽1 is the bottom left subsquare (i.e., 𝛼) of 𝑆. For each 𝑖 ≥ 1, the sub-
square 𝐽𝑖+1 is the bottom right subsquare (i.e., 𝛽) of 𝐽𝑖. Let (𝑥, 𝑦) be the coordinates of
𝑓(𝑡). By definition, (𝑥, 𝑦) ∈

∞
⋂
𝑖=0

𝐽𝑖. By Exercise 10.87, we conclude

𝑥 = .201
𝑦 = .200.

Now we redo the calculation, using the other base-4 expression for 𝑡 and confirm
that we get the same answer. Consider the sequence 𝐽′0, 𝐽′1, . . .. Since 𝑏′1 = 1 and the
ordering of the corners of 𝑆 is [𝛼, 𝛽, 𝛾, 𝛿], the square 𝐽′1 is the 𝛽 (i.e., bottom right) sub-
square of 𝐽′0 = 𝑆. The ordering of the corners of 𝐽′1 is

𝛽([𝛼, 𝛽, 𝛾, 𝛿]) = [𝛼, 𝛽, 𝛾, 𝛿]

since the subsquare occuring in position 1 in the ordering receives the same ordering as
its predecessor by the definition in Section 10.11.3. Since 𝑏′2 = 0, by similar reasoning
we have

𝛽𝛼([𝛼, 𝛽, 𝛾, 𝛿]) = 𝛼 ∘ 𝛽([𝛼, 𝛽, 𝛾, 𝛿]) = 𝛼([𝛼, 𝛽, 𝛾, 𝛿]) = [𝛼, 𝛽, 𝛾, 𝛿].

For each 𝑖 ≥ 2, the digit 𝑏′𝑖 = 0; consequently 𝐽′𝑖+1 is whatever subsquare of 𝐽′𝑖 has
position 0 in the ordering of the vertices of 𝐽′𝑖 . By induction, we see that each of these
subsquares will be the 𝛼 subsquare; i.e., the lower left subsquare. By Exercise 10.87,

𝑥 = .210
𝑦 = .200.

Since in base-2, .210 = .201, we get the same answer for 𝑓(𝑡) when we calculate its
coordinates using the representation of 𝑡 as .403 as when we use the representation of
𝑡 as .411.

⟨ Finish the proof that 𝑓 is well defined in general either by adapting theargument we just gave or by using symmetries and the scaling properties
of 𝑓. ⟩
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Before continuing to show that 𝑓 is continuous, show the following:

⟨ Suppose that 𝐼𝑛 ∈ ℐ𝑛 (i.e., 𝐼𝑛 is a subsquare of the 𝑛th subdivision of 𝐼).
Show that if 𝑡, 𝑡′ ∈ 𝐼𝑛, then 𝑓(𝑡) and 𝑓(𝑡′) are in the same subsquare of
𝒮𝑛. ⟩
⟨ Suppose that 𝐼𝑛, 𝐼′𝑛 ∈ ℐ𝑛 are distinct and share an endpoint. Show that
if 𝑡 ∈ 𝐼𝑛 and 𝑡′ ∈ 𝐼′𝑛, then 𝑓(𝑡) and 𝑓(𝑡′) are in adjacent subsquares of
𝒮𝑛. ⟩

The diameter of a square inℝ2 is the maximum distance between any two points
in the square.

We now show that 𝑓 is continuous. Let 𝑎 ∈ 𝐼 and let 𝜖 > 0 be given. Wemust show
that there is a 𝛿 > 0 such that for all 𝑥 ∈ 𝐼, if |𝑥 − 𝑎| < 𝛿, then 𝑑(𝑓(𝑥), 𝑓(𝑎)) < 𝜖. Here
𝑑 is the usual Euclidean distance metric on ℝ2. Choose 𝑛 large enough so that each
subsquare in the 𝑛th subdivision of 𝑆 has diameter less than 𝜖/2. Let 𝛿 be the length
of any of the subintervals in the 𝑖th subdivision of 𝐼. Let 𝐽 be the subinterval of the 𝑛th
subdivision of 𝐼 which contains 𝑎. Let 𝐴 be the subsquare in the 𝑛th subdivision of 𝑆
which contains 𝑓(𝑎). Suppose that 𝑥 ∈ 𝐼 and that |𝑥 − 𝑎| < 𝛿. Either 𝑥 ∈ 𝐽 or 𝑥 is in
a subinterval 𝐽′ of the 𝑛th subdivision of 𝐼 that is adjacent to 𝐽. The map 𝑓 takes the
points in interval 𝐽 into the square𝐴. It takes the points in interval 𝐽′ into a square𝐴′ of
the 𝑛th subdivision of 𝑆 that shares an edge with 𝐴. Since both 𝐴 and 𝐴′ have diameter
less than 𝜖/2, we see that 𝑑(𝑓(𝑥), 𝑓(𝑥′)) < 𝜖. Hence, 𝑓 is continuous. □

Another interesting property of the space-filling curve 𝑓 is that at no point is 𝑓
differentiable. For a proof, see [114].

10.11.4. Image compression. Have you ever tried to email or text a photo, only
to have your computer or phone refuse to send it because the image was too large?
Compression is the name for the suite of methods to make a collection of information
smaller, but without losing more information than necessary. Remarkably, space-
filling curves, which originated out of purely mathematical and philosophical con-
cerns, have become an essential tool in image compression. They also show up in
other image processing methods such as dithering and half-toning [118,129].

Here is a much-simplified attempt at image compression. Even in this situation,
however, we’ll be able to see how (an approximation to) a Hilbert curve produces a
much better result than a naive approach. Suppose that we have a an image in some
sort of uncompressed format thatwewish to compress. To do so, weneed to understand
a little bit of how the computer stores and displays image. To display an image, the
computer lights up a large number of small lights (called pixels) in some combination
of red, green, and blue. The amount of each color is often stored as an 8-bit number.
A bit is represented as either a 0 or 1. If we can use 8 bits to represent a number, this
means that there are 28 = 256 possibilities for each of red, green, and blue. On many
computers, therefore, the color of each pixel is represented as a triple (𝑟, 𝑔, 𝑏) where
each of 𝑟, 𝑔, 𝑏 is an integer between 0 and 255. Our image is a rectangle some number
(call it 𝑛) of pixels wide and somenumber (call it𝑚) of pixels tall. The image is stored in
the computer as an𝑚×𝑛 array where each entry in the array is an (𝑟, 𝑔, 𝑏) triple. Since
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our construction of the Hilbert curve involves repeatedly dividing each dimension of a
square by 2, for simplicity we will assume that our original image is a 2𝑘×2𝑘 square for
some 𝑘 ∈ ℕ. For example, here is an image combining two things thatMaine is famous
for (snow and apples)! The original version of this image has dimensions 29 × 29.

Each pixel requires 3 ⋅ 256 = 768 bits, so the image is 201326592 bits large. A
megabyte is 8,000,000 bits,24 so the image is about 25 megabytes of information. Most
image processing techniques fundamentally operate on one pixel at at time; that is they
treat the𝑚 × 𝑛 array of pixes as a list of𝑚𝑛 pixels.25 This suggests the following (very
naive) compression method:
(1) Put all of the pixel colors into a list. For our example image, this will be a list of

218 colors.
(2) Separate the colors into groupings of the same size (call it 𝜎) . For our example,

we will put them in groupings of size 𝜎 = 32.
(3) For each grouping, calculate the average red value, the average green value, and

the average blue value.
(4) Form a new list of pixel colors, by replacing the colors within each grouping by

the averages for that grouping.
(5) Reconstitute a new𝑚× 𝑛 image from our new pixel list.

The new image still has the same number of pixels as the original, but it has at
most 𝑚𝑛/𝜎 different colors. To store the new image, therefore, we just need to know
the dimensions of the image, the number 𝜎 of pixels in each block, and the list whose
𝑚𝑛/𝜎 entries are the average color for each grouping. This reduces the storage size of
the image by approximately a factor of 𝜎.

24A byte is 8 bits. Historically, a megabyte was 1, 048, 576 = 220 bytes, thoughmany now take it to be 1,000,000 bytes.
25This is the case, for example, if we examine each pixel one at a time by using nested loops.



10.11. Application: Dimension and space-filling curves 347

For our first attempt to implement this, we will use the image of the apple in the
snow above. We form our list 𝐿 of colors, by listing the colors of all pixels in the first
row, then the colors of all the pixels in the second row, then the colors of all the pixels
in the third row, and so forth. There are 29 pixels in each row and 29 rows, so we have
a list of 218 colors. Set 𝜎 = 32. We form a new list 𝐿′ as follows. Calculate the average
of the first 𝜎 entries of 𝐿 and make the first 𝜎 entries of 𝐿′ this number. Then calculate
the average of the next 𝜎 entries of 𝐿 and make this number the next 𝜎 entries of 𝐿′.
Continue working through 𝐿 in this way until we reach the end. The list 𝐿′ is then
a list of 218 colors, but consecutive groupings of 𝜎 colors are all the same. We then
separate 𝐿′ back into 29 rows of 29 colors each to create our new image. This is what
we end up with:

As we can see, the apple is not particularly recognizable. Notable also are the sig-
nificant bands running through the image. (This is known as color-banding.) One
obvious improvement to ourmethodwould be to average the colors in two-dimensional
blocks rather than just across rows. Even doing this, however, we will have very no-
ticeable color transitions between blocks. How can we do better? With the Hilbert
curve!

Since our image is 2𝑘×2𝑘, we can consider each pixel as the center of a square at the
𝑘th approximation to theHilbert curve. Aswe follow the approximating curve, we get a
list of the pixels of our image. Indeed, Hilbert’s pattern establishes a bijection between
{1, . . . , 218} and the pixels. Make the corresponding list of the coordinates of each of
these pixels and let 𝐿 be the corresponding list of pixel colors. As compared to our
previous attempt, this list has two main advantages. First, because the approximating
curve is continuous, colors that are near each other on the list are also near each other
in the original two-dimensional image. Secondly, because the approximating curve is



348 10. The Sizes of Sets

constructed recursively through our square subdivision process, on average colors that
are near each other in the image are also near each other in the list.

We now apply the same averaging process to our list 𝐿 that we did before to obtain
the list of colors 𝐿′. We then use the list of coordinates to reconstruct a two-dimensional
image from 𝐿′. This is what we get:

Hilbert to the rescue! We have again reduced the information needed to recon-
struct the image by a factor of about 32, but with significantly improved image quality,
as compared to our previous method. Rather than using Hilbert’s curve, we could use
any of a variety of other space-filling curves. Using the fractal nature of the curves, it
is also possible to scale the amount of compression based on the image itself [34]. Ad-
ditionally, there are versions of the Hilbert curve for three-dimensions; these are used
for compressing movies. It may be that when you watch a streaming movie, you have
19th century space-filling curves flashing before your eyes.

10.12. Application: Infinity in the humanities

A poet participates in the eternal, the infinite, and the one; as far as relates
to his conceptions, time and place and number are not.

—Percy Bysshe Shelley26

We highlight just a few of the vast influences and parallels that mathematics and
humanistic endeavors have exerted on each other over the millenia. This section is
intended more to whet your appetite for further thought and study than to present any
sort of systematic overview.

26Percy Bysshe Shelley (1792–1822) was one of the second-generation poets of English Romanticism. This quotation
is from A Defense of Poetry (1821).
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10.12.1. Philosophical, religious, andmathematical conceptions of the in-
finite. Formillenia, humankind has pondered the infinite. Throughout literature, art,
and theology “infinity” has been used as a metaphor for that which transcends human
understanding. Modern mathematics grew out of the mathematical traditions of an-
cient Greece. Concerning “the infinite,”’ ancient philosophers and mathematicians
made the distinction between the “potentially infinite” and the “actual infinite”. For
them, only the potentially infinite was subject to mathematical investigation. For ex-
ample, in Euclid’s Elements there are no lines that go on forever; there are only line
segments which are of finite length. Postulate 2 of the first book of the Elements states
that, given a line segment, it may be extended as far as one likes (though it must still re-
main of finite length).27 Similarly, one may speak of arbitrarily large natural numbers
but may not consider the collection of all natural numbers. That is, natural numbers
are potentially infinite, though not actually infinite. The formulation of the theorem
we know as “the infinitude of primes” is then as follows.
Theorem. Given any natural number𝑁, there exists a prime number𝑝 such that𝑝 ≥ 𝑁.

Observe that there is no claim that there are infinitely many prime numbers. De-
spite the reluctance of mathematicians and philosophers to embrace the notion of the
actually infinite, Jewish, Christian, and Muslim theologians and mystics sought, in
their own way, to comprehend it. For example, in his influential work City of God,
Augustine writes28

As for their other assertion, that God’s knowledge cannot comprehend
things infinite, it only remains for them to affirm, in order that they may
sound the depths of their impiety, that God does not know all numbers. For
it is very certain that they are infinite; since, no matter of what number you
suppose an end to be made, this number can be, I will not say, increased
by the addition of one more, but however great it be, and however vast be
the multitude of which it is the rational and scientific expression, it can still
be not only doubled, but even multiplied. . . . [W]hile they are simply finite,
collectively they are infinite. Does God, therefore, not know numbers on
account of this infinity; and does His knowledge extend only to a certain
height in numbers, while of the rest He is ignorant? . . . Far be it, then, from
us to doubt that all number is known to Him “whose understanding,” ac-
cording to the Psalmist, “is infinite”. The infinity of number, though there
be no numbering of infinite numbers, is yet not incomprehensible by Him
whose understanding is infinite. [7]
Until themid-19th century, Euclid’s choice of axiomswas seen as a true description

of nature, rather than (as we might see them now) as a choice of simplifying assump-
tions which are amenable to change as necessary. With the discovery of non-Euclidean
geometry and counterintuitive constructions in analysis, European mathematicians
felt compelled to revisit the logical underpinnings of mathematics. Most of the efforts
to find an acceptable foundation relied on set theory.

27Strictly speaking, Euclid does not actually assign lengths to line segments in the modern sense, but this summary
will do for our purposes.

28I was alerted to this quotation by [66].
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As a result of Cantor’s work on the cardinality of sets, mathematicians finally had
a way for talking about, and indeed using, actual infinities. With the ZFC axioms, the
set ℕ of all natural numbers is an actual infinite—a definite conception of infinitely
many objects. In Christian theology, there is a tradition called apophatic theology or
the via negativa, which asserts that we can only know what God is not (e.g., God is
not a created being or God is neither male nor female.) Similarly, with the definition
of an infinite set as a set which is not finite, we know only what an infinite set is not
and we have no positive, useful, characterization of an infinite set. Beginning with
Galileo’s observation that infinite sets can be put into bijection with a proper subset
and extending most magnificently through Cantor’s work, we begin to create positive
conceptions of what infinite sets are.

It is worth mentioning, however, that not all modern mathematicians are happy
about admitting the actual infinite into mathematics. (Consequently, these mathe-
maticians are also unhappy with the ZFC axioms, though for different reasons from
the category theorists.) Until his recent death, Edward Nelson was the most promi-
nent contemporary mathematician to take this viewpoint. He writes [66]:

I confess at the outset to the strong emotions of loathing and feeling of op-
pression that the contemplation of an actual infinity arouses in me. It is the
antithesis of life, of newness of becoming—it is finished.

Although, Nelson’s reaction to the existence of an actual infinity is an outlier among
mathematicians (see, however, [38, Section 13]), it is part of a long tradition of reactions
to infinity (or “eternity” in some contexts). In 2011, Nelson claimed a proof that the
Peano axioms of arithmetic (not just ZFC!) were inconsistent (see the discussion in
[9]). However, Terry Tao found a significant error in the proof, and Nelson retracted
the claim. Perhaps themost remarkable thing about this episode is that it demonstrates
the degree of consensus amongmathematicians as towhat constitutes a valid proof and
the value that Nelson placed on that, even above his attachment to the belief that Peano
arithmetic is inconsistent. Similarly, despite the majority belief that Peano arithmetic
is consistent, since Nelson’s proof was clearly presented, themathematical community
took it seriously, rather than dismissing it out-of-hand.

Finally, we comment that the parallel between religious and philosophical ap-
proaches to understanding the infinite and mathematical is not accidental. From its
early days, mathematics was closely connected with religious views (such as those
of the Pythagoreans or those in the Platonic and neo-Platonic philosophic tradition).
Philosophers and theologians often turn tomathematics as a source of analogies, meta-
phors, and test cases. Conversely, Cantor saw his work as contributing to a deeper
understanding of the character of God. Additionally, despite enormous opposition,
Cantor’s faith sustained him in his work. The article [32] quotes a letter from Cantor
to his father:

[M]y soul, my entire being lives in my calling; whatever one wants and is
able to do—and to which an unknown, secret voice calls him—that he will
surely carry through to success.
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It goes on to say,

[F]rom the very beginning, Cantor had recognized a special force, a secret
voice, unknown, and yet drawing him relentlessly to the study of mathemat-
ics. Later generations might forget the philosophy, smile at his abundant
references to St. Thomas and the Church fathers, overlook his metaphysi-
cal pronouncements, andmiss entirely the deeply religious roots of Cantor’s
later faith in the veracity of his work. But these all contributed to Cantor’s
resolve not to abandon his transfinite numbers . . .His forbearance, as much
as anything else he might have contributed, insured that set theory would
survive the early years of doubt and denunciation to flourish as a vigorous,
revolutionary force in scientific thought of the twentieth century.

The book [66] contains a very nice collection of articles (with differing viewpoints)
on mathematical, philosophical, scientific, and religious understandings of infinity.
More recently, it has come to light that certain prominent Russian mathematicians of
the early 20th century, whose work was concerned with the infinite, were influenced
by mystical traditions of the Orthodox Church [53].

10.12.2. The infinite in literature. Infinity has played an important role in liter-
ature for a very long time. The Argentinian Jorge Luis Borges is one author who made
good use of notions of the infinite in his work.29 Most famously, the story The Library
of Babel tells of an infinite library. This library is alluded to in Umberto Eco’s novel
The Name of the Rose and likely influenced the space of libraries in Terry Pratchett’s
Discworld series.

The library consists of hexagonal rooms, each with a ventilation shaft in the center
and each with five bookshelves along each of four sides. From the center of each room,
you can see through to the neighboring rooms, including those above and below. The
exact connectivity of the galleries to each other is somewhat mysterious,30 but it is
possible to get from any one room of the library to any other. The narrator believes
that the library contains all possible books, including the book that is a compendium
of all other books.31 This book is the equivalent of the mythical set of all sets, as it is a
book that must contain itself.

On some shelf in some hexagon . . . there must exist a book that is the cipher
and perfect compendium of all other books, and some librarian must have
examined that book; this librarian is analogous to a god.

As the inhabitants of the library realize its infinitude, their first reaction is “un-
bounded joy”.

Allmen felt themselves the possessors of an intact and secret treasure. There
was no personal problem, no world problem, whose eloquent solution did
not exist—somewhere in some hexagon.

29I am indebted to the very readable [61] for some of these observations.
30Millen [92] gives some suggestions as to how it might work and wrote a computer program for exploring it.
31All quotations from The Library of Babel are from [22].

http://www.jonmillen.com/babel/LibraryIntro.html
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However, eventually they realize that the Library also contains all books that
contain incorrect solutions and the “unbridled hopefulness was succeeded, naturally
enough, by a similarly disproportionate depression”. The crime rate and the number
of suicides increases and the narrator fears that the human species will become extinct
leaving only the Library, “enlightened, solitary, infinite, perfectly unmoving, armed
with precious volumes, pointless, incorruptible, and secret” to endure.

In a footnote, Borges notes that the vast Library is pointless,
[S]trictly speaking, all that is required is a single volume, of the common size,
printed in nine- or ten-point type, that would consist of an infinite number
of infinitely thin pages.
Of course this is reminicent of the fact that although the set of natural numbers

is infinite and unbounded it has the same cardinality as certain bounded subsets of ℝ.
Many other of Borges’ stories contain other references to infinity. Rather than reading
a summary of them, however, you are best off spending a few enjoyable hours reading
them for yourself.



Chapter 11

Sequences:
From Numbers to Spaces

Key Terms

• subsequence of a sequence
• convergent sequence
• complete metric space
• infimum and supremum

George said: “You know we are on a wrong track altogether. We must not
think of the things we could do with, but only of the things that we can’t do
without” . . .Well, we left the list to George, and he began it.

—Jerome K. Jerome1

In the previous sections, we’ve had occasion to make lists 𝑥1, 𝑥2, 𝑥3, . . . of elements
of certain sets. Such a list is called a sequence. The purpose of this chapter is to explore
sequences in more detail and to see how they can be used to understand structures
on sets. Two viewpoints are useful for studying sequences. We can view them as a
path in some sort of space (such as a graph); we can also view them as the result of a
sampling process that may or may not result in successively better approximations to
some quantity. Both viewpoints require a way of measuring distance (i.e., a metric),
however much of what we do in this chapter is relevant to other settings.

Recall that, formally, an infinite sequence in a set 𝑋 is a function 𝑠 ∶ ℕ → 𝑋 or
𝑠 ∶ ℕ∗ → 𝑋 . Weusuallywrite 𝑠𝑛 instead of 𝑠(𝑛) and (𝑠𝑛) instead of 𝑠. Since a sequence is
just a certain type of function, we can apply function terminology. Henceforth, we will

1Quotation from the 1889 comic novel Three Men in a Boat (to say Nothing of the Dog).

353
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assume that all of our sequences have domain ℕ∗. The terminology is easily adapted
to other settings.

Definition 11.1. Suppose that (𝑠𝑛) is a sequence in a set 𝑋 . Then:
• (𝑠𝑛) is injective (or a sequence of distinct terms or a sequence with-
out repetitions) if whenever 𝑠𝑛 = 𝑠𝑚, we have 𝑛 = 𝑚 for all 𝑛,𝑚 ∈ ℕ∗.

• (𝑠𝑛) is surjective if for every 𝑥 ∈ 𝑋 , there exists 𝑛 ∈ ℕ∗ such that 𝑠𝑛 = 𝑥.
• The range of (𝑠𝑛) is the set {𝑥 ∈ 𝑋 ∶ ∃𝑛 ∈ ℕ∗ such that 𝑠𝑛 = 𝑥}.
• (𝑠𝑛) is constant if there exists 𝑎 ∈ 𝑋 such that for all 𝑛 ∈ ℕ∗, 𝑠𝑛 = 𝑎.
• (𝑠𝑛) is eventually constant if there exists 𝑁 ∈ ℕ and 𝑎 ∈ 𝑋 such that for
every 𝑛 ≥ 𝑁, 𝑠𝑛 = 𝑎.

Exercise 11.2. Give an example of:

(1) a sequence in ℝ2 that is neither injective nor eventually constant.
(2) a sequence in ℤ that is surjective.
(3) a sequence in the set {−1, 1} that is eventually constant but not constant.

Sequences in ℝ play a special role in mathematics. For our purposes we highlight
two properties a sequence in ℝmay or may not have.

Definition 11.3. Suppose that (𝑠𝑛) is a sequence in a subset ofℝ. The sequence
(𝑠𝑛) is increasing if for every 𝑛 ∈ ℕ∗, 𝑠𝑛 ≤ 𝑠𝑛+1. If the inequality is always
strict, then (𝑠𝑛) is strictly increasing. The sequence (𝑠𝑛) is decreasing if for
every 𝑛 ∈ ℕ∗, 𝑠𝑛 ≥ 𝑠𝑛+1. If the inequality is always strict, then (𝑠𝑛) is strictly
decreasing. If (𝑠𝑛) is increasing or if (𝑠𝑛) is decreasing, we say that it ismono-
tonic. If there exist real numbers 𝑎 < 𝑏 such that 𝑠𝑛 ∈ [𝑎, 𝑏] for all 𝑛 in the
domain of (𝑠𝑛), then (𝑠𝑛) is bounded.

Example 11.4. Theorem 9.8 defined a sequence (𝑥𝑛) recursively by letting 𝑠0 = √2
and 𝑠𝑛+1 = √2 + 𝑠𝑛 for all 𝑛 ≥ 0. We can list the terms of this sequence as

√2,√2 + √2,√2 +√2 +√2,√2 +√2 +√2 +√2, . . . .

We showed that for every 𝑛, 𝑠𝑛 < 2 (i.e., the sequence is bounded) and that 𝑠𝑛 < 𝑠𝑛+1
(i.e., the sequence is increasing). Theorem 11.44 below shows that every increasing but
bounded sequence inℝ converges to some real number. Thus, our sequence converges
to a real number that we may denote by

𝑆 = √2 +√2 +√2 +√2 +⋯.

Using the fact that 𝑆2 = 2 + 𝑆, the algebra shows that 𝑆 = 2. ♦
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11.1. Subsequences

All from the crowded lists they drive with speed
—Ludovico Ariosto2

From a sequence with repetitions, we may want to exclude the repeated terms (as
we did in Theorem 9.50). Similarly, we may desire a sequence to consist of better and
better approximations to some fixed quantity, but every so often there may be outliers
that are poor approximations. In many cases, we can create a more useful sequence
by using only carefully chosen terms of the sequence and skipping the others. This is
called passing to a subsequence. Here’s how to do it.

Definition 11.5 (Subsequence). Suppose that (𝑠𝑛) is a sequence in a set 𝑋 and
that (𝑛𝑘) is a strictly increasing sequence in ℕ∗. Then the sequence (𝑠𝑛𝑘) is a
subsequence of (𝑠𝑛).

We can view subsequences in terms of functions. Suppose that 𝑠 ∶ ℕ∗ → 𝑋 is a
sequence and let 𝑓∶ ℕ∗ → ℕ∗ be a function which is strictly increasing. Then the
composition 𝑠 ∘ 𝑓 is a subsequence of 𝑠.

Example 11.6. Suppose that, for all 𝑛 ∈ ℕ∗, 𝑠𝑛 = 𝑛
𝑛+1 . We have

(𝑠𝑛) = 0, 12 ,
2
3 ,
3
4 ,
4
5 ,
5
6 , . . . .

Define 𝑛𝑘 = 𝑘2, then the sequence

(𝑠𝑛𝑘) = 0, 12 ,
4
5 ,

9
10 ,

16
17 ,

25
26 , . . .

is a subsequence of (𝑠𝑛), sincewe have taken the 0th, 1st, 4th, 9th, 16th, 25th, etc. terms
of (𝑠𝑛). ♦

Notice that the terms of a subsequence are always “moving out” in the original
sequence. In the notation (𝑠𝑛𝑘) for a subsequence of (𝑠𝑛), the label 𝑛𝑘 is the position in
the original sequence and the 𝑘 is the position in the subsequence, as Figure 11.1. In
that figure, observe that

𝑛0 = 1
𝑛1 = 4
𝑛2 = 5
𝑛3 = 8
𝑛4 = 10.

2Ludovico Ariosto (1474–1573) was an influential poet of the Italian Renaissance. This quotation is from the 1831
translation of Orlando Furioso by William Stuart Rose, although Harington’s 1591 translation is better, if you can get over
the Elizabethan spelling and typography.
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(𝑠𝑛) = 𝑠0 𝑠1 𝑠2 𝑠3 𝑠4 𝑠5 𝑠6 𝑠7 𝑠8 𝑠9 𝑠10 𝑠11 . . .

(𝑠𝑛𝑘) = 𝑠1 𝑠4 𝑠5 𝑠8 𝑠10 . . .

= 𝑠𝑛0 𝑠𝑛1 𝑠𝑛2 𝑠𝑛3 𝑠𝑛4 . . .

Figure 11.1. Creating a subsequence from the 1st, 4th, 5th, 8th, 10th, etc., terms of a sequence.

Example 11.7 (Nonsubsequence). Let (𝑠𝑛) be the sequence in ℝ defined by 𝑠𝑛 =
1/(𝑛 + 1) for all 𝑛 ∈ ℕ∗. Then

(𝑦𝑘) =
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 , . . .

is not a subsequence of (𝑠𝑛) because 𝑦𝑘 = 1
2 for all 𝑘 and so

(𝑦𝑘) = 𝑥1, 𝑥1, 𝑥1, 𝑥1, . . . .
The sequence (𝑦𝑘) is not perpetually moving outward in (𝑠𝑛). ♦

The next example emphasizes the important point that to specify a subsequence,
we need to do more than just say what each term of the subsequence is.

Example 11.8. Let

(𝑠𝑛) =
1
2 , 0,

1
2 , 1,

1
2 , 2,

1
2 , 3,

1
2 , 4,

1
2 , 5,

1
2 , 6,

1
2 , . . .

(i.e., 𝑠𝑛 = 1
2 for all odd 𝑛 ∈ ℕ and 𝑠𝑛 = 𝑛/2 − 1 for all even 𝑛 ∈ ℕ). Is

(𝑦𝑗) =
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 , . . .

a subsequence of (𝑠𝑛)?
Answer: Yes and no.
Yes, becausewe can define 𝑛𝑘 = 2𝑘 for all 𝑘 ∈ ℕ∗. Since (2𝑘) is a strictly increasing

sequence in ℝ, (𝑠𝑛𝑘) = (𝑦𝑗) is a subsequence of (𝑠𝑛).
No, because we can define 𝑛𝑘 = 0 for all 𝑘 ∈ ℕ∗. Then, as in the previous example

(𝑠𝑛𝑘) = (𝑦𝑗) is not a subsequence of (𝑠𝑛) since (𝑛𝑘) is not a strictly increasing sequence
in ℝ. ♦

Warning 11.1.1 (Subsequences are defined by location, not just terms.). We
insist that when specifying a subsequence (𝑠𝑛𝑘) of a sequence (𝑠𝑛), we specify
not just the terms 𝑠𝑛𝑘 of the subsequence, but also the indices 𝑛𝑘.

The reason for the warning is that it doesn’t make sense to say that (𝑠𝑛) is a subse-
quence without specifying what it is a subsequence of. This is similar to how it doesn’t
make sense to say that 𝑌 is a subset without specifying what it is a subset of. Further-
more, as we’ve seen in the previous examples, we need to not only say what (𝑠𝑛) is a



11.1. Subsequences 357

subsequence of but also how it sits inside the original sequence. This is similar to how
when we say that a subset 𝐻 ⊂ 𝐺 of a group 𝐺 is a subgroup, we insist that the group
operation for 𝐻 is the same as the group operation for 𝐺.

We often construct subsequences recursively. Here is an example.

Theorem 11.9. Suppose that (𝑥𝑛) is an increasing sequence in ℝ. Then either
(𝑥𝑛) is eventually constant or (𝑥𝑛) has a subsequence which is strictly increasing.

Proof. Assume that (𝑥𝑛) is an increasing sequence inℝ and that (𝑥𝑛) is not eventually
constant. We will show that (𝑥𝑛) has a subsequence (𝑥𝑛𝑘) which is strictly increasing.

Define 𝑛0 = 0 so that 𝑥𝑛0 = 𝑥0. (The starting term of the subsequence is also the
starting term of the sequence.) Now assume that we have defined 𝑛0, . . . , 𝑛𝑘 (for a fixed
𝑘) so that the following hold:

(i) 𝑛0 < 𝑛1 < . . . < 𝑛𝑘,

(ii) 𝑥𝑛0 < 𝑥𝑛1 < . . . < 𝑥𝑛𝑘 .

Condition (i) guarantees that as we build our subsequence, it is actually a subsequence
of (𝑥𝑛). Condition (ii) guarantees that we are building a strictly increasing subse-
quence.

We will show that we can define 𝑛𝑘+1 so that

(i′) 𝑛0 < 𝑛1 < . . . < 𝑛𝑘 < 𝑛𝑘+1,

(ii′) 𝑥𝑛0 < 𝑥𝑛1 < . . . < 𝑥𝑛𝑘 < 𝑥𝑛𝑘+1 .

We consider the set of indices that are strictly larger than the last index we’ve de-
fined (namely 𝑛𝑘) and whose terms are larger than any of the terms we’ve selected so
far. Let

𝑆 = {𝑚 ∈ ℕ∗ ∶ 𝑚 > 𝑛𝑘 and 𝑥𝑚 > 𝑥𝑛𝑘 }.

Claim: 𝑆 ≠ ∅.
Suppose, to the contrary, that 𝑆 = ∅. Then for all 𝑚 > 𝑛𝑘, 𝑥𝑚 ≤ 𝑥𝑛𝑘 . Since the

sequence (𝑥𝑛) is increasing and𝑚 > 𝑛𝑘, 𝑥𝑚 ≥ 𝑥𝑛𝑘 . Hence, 𝑥𝑚 = 𝑥𝑛𝑘 . Since 𝑥𝑚 = 𝑥𝑛𝑘
for all𝑚 ≥ 𝑛𝑘+1, the sequence (𝑥𝑛) is eventually constant. This contradicts our initial
assumption, so 𝑆 ≠ ∅.

Let 𝑛𝑘+1 ∈ 𝑆. Then, by the definition of 𝑆, 𝑛𝑘+1 > 𝑛𝑘. Thus, by (i), condition (i′)
also holds. Similarly, by the definition of 𝑆, 𝑥𝑛𝑘+1 > 𝑥𝑛𝑘 and so (ii′) also holds.

Consequently, by induction, we have defined a subsequence (𝑥𝑛𝑘) of (𝑥𝑛)which is
strictly increasing. □
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The organization of the proof above is typical. Here is a summary.

To construct a subsequence satisfying certain properties

To show: Let (𝑥𝑛) be a sequence such that ⟨ certain properties hold ⟩. Construct
a subsequence (𝑥𝑛𝑘) such that ⟨ certain other properties ⟩ hold.
We define the subsequence inductively.
Base case: Define 𝑛0 ∈ ℕ∗ so that 𝑥𝑛0 could be the start of the desired sub-
sequence. (For example if we are trying to define a subsequence where every
term is positive, be sure that 𝑥𝑛0 is positive.)
Inductive step: Assume that we have defined 𝑛0, . . . , 𝑛𝑘 so that
(i) 𝑛0 < 𝑛1 < 𝑛2 < ⋯ < 𝑛𝑘,
(ii) 𝑥𝑛0 , . . . , 𝑥𝑛𝑘 could be the start to the desired subsequence.
Show that we can define 𝑛𝑘+1 so that
(i′) 𝑛0 < 𝑛1 < 𝑛2 < ⋯ < 𝑛𝑘 < 𝑛𝑘+1,
(ii′) 𝑥𝑛0 , . . . , 𝑥𝑛𝑘 , 𝑥𝑛𝑘+1 could be the start to the desired subsequence.

⟨ Do the necessary work to show 𝑛𝑘+1 exists! ⟩
By recursion, we will have constructed a subsequence (𝑥𝑛𝑘).

⟨ Explain why (𝑥𝑛𝑘) has the desired properties. ⟩ □

The next two theorems provide some practice. The second theorem is reminiscent
of Theorem 9.50. It can be proved similarly.

Theorem 11.10. Suppose that (𝑥𝑛) is a sequence in a finite set 𝑌 =
{𝑦1, 𝑦2, . . . , 𝑦𝑚}. Prove that (𝑥𝑛) has a constant subsequence.

Theorem 11.11. Suppose that (𝑎𝑛) is a sequence in a set 𝑋 such that range (𝑎𝑛)
is infinite. Then (𝑎𝑛) has an injective subsequence (𝑎𝑛𝑘) with the same range as
(𝑎𝑛).

11.2. Convergent sequences

. . .my labours have gone on increasing link by link until they are past count-
ing.

—Miguel de Cervantes Saavedra3

A standard result from calculus says that bounded, increasing sequences inℝ con-
verge. It’s desirable to apply these notions in other settings, in particular ℝ𝑛 for 𝑛 ≥ 2.
In this section we adapt our terminology tometric spaces. Figure 11.2 indicates the ba-
sic idea of convergence. Recall that in a set 𝑋 with metric 𝑑, a ball (or disc) of radius

3The quotation is from the second volume ofTheHistory of DonQuixote (1615) in the 1885 translation by JohnOrmsby.
Don Quixote is the story of a hapless knight attempting to right all wrongs, in a world where chivalry is dead. More modern
translations make for very funny reading.
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Figure 11.2. The sequence of toast people converges to the point 𝑎 if, no matter what
𝜖 > 0, eventually all the toast people lie in the disc 𝐵𝜖(𝑎). In this case, maybe after
𝑁 = 5, all toast people are within this particular 𝜖 of 𝑎.

𝜖 > 0 centered at 𝑎 ∈ 𝑋 is the set
𝐵𝜖(𝑎) = {𝑥 ∈ 𝑋 ∶ 𝑑(𝑥, 𝑎) < 𝜖}.

Definition 11.12. Suppose that (𝑠𝑛) is a sequence in a metric space 𝑋 with
metric 𝑑. Then:

• (𝑠𝑛) is bounded if there exists 𝑀 ∈ ℝ such that for all 𝑛 ∈ ℕ∗, 𝑠𝑛 ∈
𝐵𝑀(𝑠0). That is, the sequence is contained in some ball centered at the
initial term.

• The sequence (𝑠𝑛) diverges to infinity if for every 𝑀 ∈ ℕ∗, there exists
𝑁 ∈ ℕ∗ such that for all 𝑛 ≥ 𝑁, 𝑠𝑛 ∉ 𝐵𝑀(𝑠0). That is, eventually the
sequence is outside any given ball centered at the initial term.

• (𝑠𝑛) converges or is convergent if there exists 𝑎 ∈ 𝑋 such that for all
𝜖 > 0, there exists 𝑁 ∈ ℕ∗ such that for all 𝑛 ≥ 𝑁, 𝑠𝑛 ∈ 𝐵𝜖(𝑎). That is,
eventually the sequence is contained in any given ball centered at 𝑎. We
say that 𝑎 is a limit of (𝑠𝑛) and write 𝑎 = lim(𝑠𝑛). If a sequence does not
converge, it diverges.

Exercise 11.13. Sketch a picture of a bounded sequence in ℝ2 (using the Euclidean
metric) and also sketch a picture of a sequence in ℝ2 which diverges to infinity.

Exercise 11.14. In Definition 11.3 we gave a definition of what it means for a sequence
in ℝ to be bounded. The set ℝ is also a metric space with the Euclidean metric 𝑑, so
we now have two definitions of what it means for a sequence in ℝ to be bounded.
Are there any sequences which are bounded with respect to one definition but not the
other? Why or why not?

Even though, from calculus, we likely have an intuitive sense for what “conver-
gence” means, we need to be sure that our intuition is connected to the reality of what
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the definition actually says. We begin by considering sequences as a sampling process
which has the aim of approximating some number. As usual in mathematics, our goal
is to have approximations which are arbitarily close to the item being approximated.

Suppose that a hot paella has just been removed from the oven and is now cooling
on the kitchen counter. The young scientist in the house measures the temperature of
the paella every minute. Let (𝑠𝑛) be the temperature of the paella 𝑛 minutes after it
is taken out of the oven. If 𝑅 is the room temperature, then no matter what 𝜖 > 0 we
choose, eventually the temperature 𝑠𝑛 of the paella will be within 𝜖 of 𝑅. That is, (𝑠𝑛)
converges to 𝑅.

The number 𝜖 > 0 can be thought of as the allowable error tolerance when we
approximate the point 𝑎 by the terms of the sequence (𝑠𝑛). Thus, the phrase “for every
𝜖 > 0” means “no matter what positive error tolerance we set”. The number 𝑁 tells us
how far out in the sequence (𝑠𝑛) we need to go before our approximations are guaran-
teed to be within the allowable error tolerance. Thus, the phrase “there is 𝑁 ∈ ℕ” says
that no matter what error tolerance we set, we can go far enough out in the sequence
so that good things happen. What are those good things? For every 𝑛 ≥ 𝑁, 𝑑(𝑠𝑛, 𝑎) < 𝜖.
Figure 11.3 gives another example of a convergent sequence.
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Figure 11.3. An example of a sequence (𝑥𝑛) in ℝ2 (with the Euclidean metric) con-
verging to the origin. The first 15 terms of the sequence have been labeled, while the
others continue in the obvious pattern spiralling toward the origin. The sizes of the
points have been scaled for readability. The sequence is convergent since, for any 𝜖 > 0,
eventually all the remaining terms of the sequence are within distance 𝜖 of the origin.

Example 11.15. Consider the sequence (𝑥𝑛)∞𝑛=0 = 1, 1/2, 1/3, 1/4, 1/5, . . . inℝ defined
by 𝑥𝑛 = 1

𝑛+1 . This sequence samples certain real numbers and seems to eventually
provide good approximations to the number 0. Indeed, if 𝜖 > 0 is our acceptable error,
then for large enough 𝑛, we are guaranteed that 𝑥𝑛 is within 𝜖 of 0. That is, for large
enough 𝑛, we are guaranteed that |𝑥𝑛 − 0| < 𝜖. That is, lim(𝑥𝑛) = 0. ♦

Whenmaking approximations, it would be surprising if we could approximate two
different limits equally well with the same sequence of samplings. The next theorem
makes this precise. It shows that the limit of a sequence in a metric space, if it exists,
is unique.
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Theorem 11.16 (Limits are unique). Suppose that a sequence (𝑥𝑛) in a metric
space (𝑋, 𝑑) converges to both 𝑎 ∈ 𝑋 and 𝑏 ∈ 𝑋 . Then 𝑎 = 𝑏.

Exercise 11.17. Suppose that (𝑥𝑘) is a sequence in a metric space 𝑋 and that (𝑥𝑘)
converges to some 𝑎 ∈ 𝑋 . Let (𝑥𝑛𝑘) be a subsequence. Show that (𝑥𝑛𝑘) also converges
to 𝑎.

We can also think of a sequence in a metric space 𝑋 as being like a path: a way of
moving around in the space. Thinking of a sequence (𝑥𝑛) in a metric space as a kind of
“discrete path”, we see that it converges if, for all practical purposes, the path arrives at
some destination. The phrase “for all practical purposes” means that the terms of the
sequence are guaranteed eventually to be as close as we could possibly wish to the limit
point, even though the limit point itself may not be one of the terms of the sequence.
You may not be exactly standing on the destination, but you can touch it (no matter
how short your arms are).

In calculus, you have likely studied infinite series. These are helpful in our context
as they allow us to define the total length of a sequence in a metric space in a way that
is analogous to the definition of length of a curve using integrals. We begin with a
reminder of how to work with infinite series.

Definition 11.18 (Series). Suppose that 𝑎 = (𝑎𝑛) is a sequence in ℝ. The 𝑛th
partial sum of the sequence 𝑎 is

𝑠𝑛 = 𝑎1 +⋯+ 𝑎𝑛 =
𝑛
∑
𝑘=1

𝑎𝑘.

The serieswith terms (𝑎𝑘) is the sequence (𝑠𝑛) of partial sums. We let∑
∞
𝑘=1 𝑎𝑘

denote both the sequence (𝑠𝑛) and, if it converges, its limit. If the sequence
(𝑠𝑛) = ∑∞

𝑘=1 𝑎𝑘 diverges to∞ (i.e., if for all 𝑀 ∈ ℕ, there exists 𝑁 ∈ ℕ such

that for all 𝑛 ≥ 𝑁, we have 𝑠𝑛 ≥ 𝑀), then we write
∞
∑
𝑘=1

𝑎𝑘 = ∞.

Example 11.19. Consider the series
∞
∑
𝑘=1

1
𝑘2 . The terms of this series are 1, 1/4, 1/9,

1/16, etc. The partial sums of this series are
𝑠1 = 1,

𝑠2 = 1 + 1
4 = 5

4 ,

𝑠3 = 1 + 1
4 +

1
9 = 49

36 ,

𝑠4 = 1 + 1
4 +

1
9 +

1
16 =

205
144 ,

etc. ♦
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Definition 11.20 (Total length of a sequence). Suppose that (𝑥𝑛) is a sequence
in a metric space 𝑋 with metric 𝑑. The total length is defined to be the limit
of the series

ℓ(𝑥𝑛) =
∞
∑
𝑘=1

𝑑(𝑥𝑘, 𝑥𝑘+1).

The total length of a sequence may be infinite, even when the sequence of points
converges, as the next example shows.
Example 11.21. See Figure 11.4. Let (𝑥𝑘) in ℝ2 be the sequence defined by

𝑥𝑘 = {(
2
𝑘 ,

2
𝑘 ) 𝑘 even

( 2
𝑘+1 , 0) 𝑘 odd.

Observe that the sequence (𝑥𝑘) converges to the origin. Consider the partial sum 𝑠𝑛 =
∑𝑛

𝑘=1 𝑑(𝑥𝑘, 𝑥𝑘+1). This sum is realized by the sum of the lengths of the line segments
in ℝ2 from each 𝑥𝑘 to 𝑥𝑘+1. Looking at just the vertical line segments (i.e., when 𝑘 is
odd), we see that, for even 𝑛 = 2𝑚

𝑠𝑛 ≥
𝑚
∑
𝑗=1

𝑑(𝑥2𝑗−1, 𝑥2𝑗) =
𝑛
∑
𝑗=1

1
𝑗 .

Since the harmonic series∑∞
𝑗=1 1/𝑗 diverges to∞, the sequence (𝑠𝑛) diverges to infinity.

Thus, ℓ(𝑥𝑘) = ∞. ♦
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Figure 11.4. A sequence of points in ℝ2 converging to the origin, but with infinite length.

The next theorem is helpful for studying total length, but it relies on Theorem
11.44, which we prove later.
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Theorem 11.22. If (𝑥𝑛) is a sequence in a metric space 𝑋 with metric 𝑑, then
either the total length of (𝑥𝑛) is a nonnegative real number or it is∞.

Proof. Consider the sequence of partial sums (𝑠𝑛) defined by
𝑠𝑛 = 𝑑(𝑥0, 𝑥1) + 𝑑(𝑥1, 𝑥2) +⋯+ 𝑑(𝑥𝑛−1, 𝑥𝑛)

for all 𝑛. Since each term of the sum is nonnegative, 𝑠𝑛 ≥ 0. Since
𝑠𝑛+1 − 𝑠𝑛 = 𝑑(𝑥𝑛, 𝑥𝑛+1) ≥ 0,

the sequence (𝑠𝑛) is increasing and, therefore, monotonic. By Theorem 11.44, if (𝑠𝑛)
is bounded above, then it converges to a real number (which by definition is the total
length of (𝑥𝑛)). Otherwise, it diverges to∞ since for any given𝑁 ∈ ℕ the terms 𝑠𝑛 ≥ 𝑁
for large enough 𝑛. □

Exercise 11.23. Let 𝐿 be a line segment in ℝ𝑚 for some 𝑚 ≥ 1. Suppose that (𝑥𝑛) is
a sequence in 𝐿 such that no term of the sequence is between any two previous terms
of the sequence. Prove that ℓ(𝑥𝑛) is finite and is, in fact, at most the length of 𝐿. A
curve in ℝ𝑚 is the image of a continuous injective function from [0, 1] to ℝ𝑚. Can
you generalize the previous task to consider sequences that lie in a curve? Can you use
these ideas to define the length of a curve in ℝ𝑚 without using integrals?

Exercise 11.24. Suppose that (𝑥𝑘) is a sequence in a metric space 𝑋 and that (𝑥𝑘)
has finite total length. Let (𝑥𝑛𝑘) be a subsequence. Show that (𝑥𝑛𝑘) also has finite total
length and that ℓ(𝑥𝑛𝑘) ≤ ℓ(𝑥𝑛). (Hint: Youmaywish to use the fact that every bounded
monotonic sequence in ℝ converges.)

11.3. Completeness

The true work, it is done from within. The little grey cells
—remember always the little grey cells,mon ami!

—Agatha Christie4

In our examples and pictures of convergent sequences, we’ve seen how the terms
far out in the sequence cluster together around the limit point. What happens if the
terms cluster together, but it’s not clear if they are clustering around any one point in
particular? A little more precisely, what can we say about a sequence with the property
that for all 𝜖 > 0, eventually the terms of the sequence lie in some ball of radius 𝜖,
but the center of the ball might vary, depending on the choice of 𝜖? If the sequence
converges, we can always choose the center of the balls to be the limit of the sequence,
in which case the centers won’t vary. But what can we do if we don’t know the limit
point or if the sequence is not convergent, but still exhibits the clustering property?
What can we say about sequences that should converge, but may not? We begin by
formalizing the property we will study.

4Agatha Christie (1890–1976) is the creator of the detective Hercule Poirot, with whom these words are famously
identified. [28]
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Definition 11.25 (Cauchy property). Suppose that 𝑋 is a metric space with
metric 𝑑. A sequence (𝑥𝑛) in 𝑋 isCauchy (or has the Cauchy property) if for
every 𝜖 > 0, there exists 𝑎 ∈ 𝑋 and 𝑁 ∈ ℕ, such that for all 𝑛 ≥ 𝑁, 𝑥𝑛 ∈ 𝐵𝜖(𝑎).
That is, eventually the terms of the sequence are contained in some ball of any
given radius; the center of the ball may depend on the radius.

Figure 11.5 depicts the main features.
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Figure 11.5. The sequence of toast people is Cauchy if, no matter what 𝜖 > 0 is given,
there is a disc of radius 𝜖 such that eventually all the toast people are within the disc.
Unlike in the definition of convergence, the center of the discmay depend on the choice
of 𝜖.

Warning 11.3.1 (Cauchy vs. converge). Don’t confuse a sequence being con-
vergent with a sequence being Cauchy! The distinction is subtle, but impor-
tant. In both cases, we have a center 𝑎 and a radius 𝜖 such that eventually the
sequence is within the radius of the center (i.e., in 𝐵𝜖(𝑎)). For convergence,
the center is independent of the radius, while for the Cauchy property it may
depend on the radius. The definition of convergence, is of the form,
“There exists a center 𝑎 ∈ 𝑋 , such that for all radii 𝜖 > 0 . . . ”
while the definition of the Cauchy property is of the form,
“For all radii 𝜖 > 0, there exists a center 𝑎 ∈ 𝑋 . . . ”.

The definition of the Cauchy property we gave is not the standard phrasing. The
next exercise shows that it is equivalent to the standard definition.

Exercise 11.26. Suppose that (𝑋, 𝑑) is a metric space and that (𝑥𝑛) is a sequence in 𝑋 .
Prove that (𝑥𝑛) is Cauchy if and only if for every 𝜖 > 0, there exists𝑁 ∈ ℕ such that for
all 𝑛,𝑚 ≥ 𝑁

𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖.
(Hint: Use the triangle inequality for 𝑑 and notice there are two meanings for 𝜖: one
from Definition 11.25 and one in the statement of this exercise. Use different symbols
to represent them.)

Our definition has the advantage of making the proof of the next theorem easy.
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Theorem 11.27. Suppose that (𝑥𝑛) is a sequence in a metric space (𝑋, 𝑑) which
converges to 𝑎 ∈ 𝑋 . Then (𝑥𝑛) is Cauchy.

The Cauchy property is very powerful: if a Cauchy sequence has a convergent sub-
sequence, then the entire sequence converges. Informally, this is because the terms of
the entire sequence are eventually very close together and the terms of some subse-
quence are eventually very close to a limit point, so eventually all the terms of the
sequence must be close to that limit point. Here is your chance to write a formal proof.

Theorem 11.28. Suppose that 𝑋 is a metric space and that (𝑥𝑘) is a Cauchy
sequence in 𝑋 . If (𝑥𝑘) has a subsequence (𝑥𝑛𝑘) which converges to 𝑎 ∈ 𝑋 , then
(𝑥𝑘) also converges to 𝑎.

Observe that the standard definition (as in Exercise 11.26) of the Cauchy property
requires that for any 𝑛 and𝑚 that are large enough, the distance from 𝑥𝑛 to 𝑥𝑚 is small
enough. It it tempting to replace that requirement with the less restrictive requirement
that, for 𝑛 large enough, adjacent terms are close enough. The next exercise shows that
the less restrictive requirement does not imply the Cauchy property.

Exercise 11.29. Let 𝑎𝑛 = 1/𝑛 for all 𝑛 ∈ ℕ and let 𝑠𝑛 = 𝑎1 + ⋯ + 𝑎𝑛. Then the
sequence (𝑠𝑛) in ℝ (with the usual metric) is not Cauchy, but has the property that for
all 𝜖 > 0, there exists 𝑁 ∈ ℕ such that 𝑑(𝑠𝑛, 𝑠𝑛+1) < 𝜖, for all 𝑛 ≥ 𝑁.

The sequence (𝑠𝑛) in the previous example, being the harmonic series, does not
converge. The next theorem, on the other hand, shows that every sequence of finite
total length is Cauchy.

Corollary 11.30. If (𝑥𝑛) is a sequence in a metric space (𝑋, 𝑑) of finite total length, then
(𝑥𝑛) is Cauchy.

Proof. Let 𝛼 = (𝑥𝑛) be a sequence in 𝑋 . Assume that length(𝛼) < ∞. Let 𝜖 > 0. We
will show that there is an 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁, we have 𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖.
By definition of series convergence, if we let 𝑠𝑘 = ∑𝑛

𝑛=0 𝑑(𝑥𝑖, 𝑥𝑖+1), the sequence (𝑠𝑘)
converges to some 𝑎 ∈ ℝ. Since convergent sequences are Cauchy, By Theorem 11.27,
this implies that there is an 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁 − 1 with𝑚 ≥ 𝑛, we have
𝑠𝑚−1 − 𝑠𝑛−1 < 𝜖. However,

𝑠𝑚−1 = 𝑠𝑛−1 +
𝑚−1
∑
𝑖=𝑛

𝑑(𝑥𝑖, 𝑥𝑖+1),

so by the polygon inequality (see Exercise (2) in Section 9.9)

0 ≤ 𝑑(𝑥𝑚, 𝑑𝑛) ≤
𝑚−1
∑
𝑖=𝑛

𝑑(𝑥𝑖, 𝑥𝑖+1) = 𝑠𝑚−1 − 𝑠𝑛−1 < 𝜖,

as desired. □
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Example 11.31. Example 11.21 gave an example of a sequence (𝑥𝑛) in ℝ2 of infinite
total length which converged to the origin in ℝ2. Since it converges, that sequence is
Cauchy by Theorem 11.27. Thus, not every Cauchy sequence has finite total length.
Notice in that example, however, that the infinite length of the sequence came from a
lot of zig-zagging. The next theorem shows that if you cut out the zig-zags (so to speak)
from a Cauchy sequence, we end up with a subsequence of finite total length. ♦

Theorem 11.32. Suppose that (𝑥𝑛) is a sequence in a metric space 𝑋 having
metric 𝑑 such that (𝑥𝑛) is Cauchy. Then (𝑥𝑛) has a subsequence of finite total
length.

(Hint: Having chosen 𝑛𝑘, choose 𝑛𝑘+1 so that 𝑑(𝑥𝑛𝑘 , 𝑥𝑛𝑘+1) <
1
2𝑘 . Then use the

comparison test, which is Theorem 11.45 below, and standard facts about geometric
series.)

On the other hand, there is no guarantee that Cauchy sequences or even sequences
of finite total length converge.
Exercise 11.33. Let 𝑋 = ℝ ⧵ {0} have the standard Euclidean metric and let 𝑥𝑛 = 1/𝑛
for all 𝑛 ∈ ℕ. Then (𝑥𝑛) is Cauchy, but does not converge to a point in 𝑋 .

Of course, the key point in the previous exercise is that (𝑥𝑛) does not converge in
𝑋 . It does, however, converge in ℝ. The reason that not every Cauchy sequence in
𝑋 = ℝ ⧵ {0} converges is that 𝑋 has a hole. Thinking of the sequence 𝛼 = (1/𝑛) in 𝑋 as
a discrete path, we can calculate its length as

ℓ(𝛼) =
∞
∑
𝑘=1

1
𝑘 −

1
𝑘 + 1 = 1.

In a sense, in the space 𝑋 we can go for a finite length walk along the path 𝛼 and end
up outside the space. Spaces without such holes are called complete. We formalize this
in Definition 11.34.

Definition 11.34. Ametric space 𝑋 is complete if for every Cauchy sequence
(𝑥𝑛) in 𝑋 , there exists 𝑎 ∈ 𝑋 such that (𝑥𝑛) converges to 𝑎.

Exercise 11.35. Show that ℚ with the Euclidean metric is not complete.

Finally, we reinterpret completeness in terms of lengths of discrete paths. It shows
that complete spaces are exactly those spaces where taking a walk of finite length will
always make you arrive at a point in the space. Consequently, we think of incomplete
spaces as missing points that should be there, but aren’t. The proof of the next theorem
involves piecing together previous results.5

Theorem 11.36. Let 𝑋 be a metric space. Then 𝑋 is complete if and only if every
sequence of finite total length converges.

5I first learned of this result from [17].
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11.4. Sequences and subsequences in ℝ

Every theorem is a complex of hidden possibilities.
—Gian-Carlo Rota6

In the first section of this chapter, we defined what it meant for a sequence inℝ to
be increasing or decreasing (i.e., monotonic). Closely related to monotonic sequences
are the infima and suprema of subsets ofℝ. These are like maxima andminima except
they may not belong to the subset or they may be +∞ or −∞.

Definition 11.37 (Inf and Sup). The extended real numbers is the set ℝ∗ =
ℝ ∪ {−∞,∞}, and we define, for all 𝑥 ∈ ℝ: 𝑥 < ∞ and −∞ < 𝑥. Of course,
−∞ < ∞, as well.
Suppose that 𝐴 ⊂ ℝ. An element 𝛼 ∈ ℝ∗ is a lower bound for 𝐴 if for all
𝑎 ∈ 𝐴, 𝛼 ≤ 𝑎. Similarly, 𝛽 ∈ ℝ∗ is an upper bound for𝐴 if for all 𝑎 ∈ 𝐴, 𝑎 ≤ 𝛽.
The number 𝛼 is the infimum of 𝐴 (and we write 𝛼 = inf 𝐴) if 𝛼 is a lower
bound for 𝐴 and if whenever 𝛼′ is a lower bound for 𝐴, 𝛼′ ≤ 𝛼 (that is, 𝛼 is the
greatest lower bound for 𝐴).
The number 𝛽 is the supremum of 𝐴 (and we write 𝛽 = sup𝐴) if 𝛽 is an upper
bound for 𝐴 and if whenever 𝛽′ is an upper bound for 𝐴, 𝛽′ ≥ 𝛽 (that is, 𝛽 is the
least upper bound for 𝐴).

We should consider ∞ and −∞ to be symbols with certain properties. They are
not real numbers and should not be treated as such. Our use of these symbols should
not be imbued with any particular philosophical meaning, though the choice of these
particular symbols is influenced by philosophical conceptions of infinity.
Example 11.38. As a partial explanation of why we must be careful in our usage of
the symbol∞, consider the following bogus “proof” that 2 = 1.

Many people might agree that 2 ⋅ ∞ = ∞ and that∞/∞ = 1. Then, assuming the
normal rules of arithmetic,

1 = ∞
∞ = 2∞

∞ = 2 ⋅ ∞∞ = 2. ♦
Example 11.39. For the following sets 𝐴 ⊂ ℝ, we specify inf 𝐴 and sup𝐴.
(1) 𝐴 = (0, 1); sup𝐴 = 1, inf 𝐴 = 0. Note that neither sup𝐴 nor inf 𝐴 is an element

of 𝐴.
(2) 𝐴 = [0, 1); sup𝐴 = 1, inf 𝐴 = 0. Note that sup𝐴 ∉ 𝐴 but inf 𝐴 ∈ 𝐴.
(3) 𝐴 = (0, 1]; sup𝐴 = 1, inf 𝐴 = 0. Note that sup𝐴 ∈ 𝐴 but inf 𝐴 ∉ 𝐴.
(4) 𝐴 = [0, 1]; sup𝐴 = 1, inf 𝐴 = 0. Note that both sup𝐴, inf 𝐴 ∈ 𝐴.
(5) 𝐴 = (−2, 3] ∪ (4, 17]; sup𝐴 = 17, inf 𝐴 = −2.
(6) 𝐴 = {1/𝑛 ∶ 𝑛 ∈ ℕ}; sup𝐴 = 1, inf 𝐴 = 0.
(7) 𝐴 = {3, 3.1, 3.14, 3.141, 3.1415, 3.14159, . . .} (the truncations of the decimal expan-

sion for 𝜋). Then sup𝐴 = 𝜋 and inf 𝐴 = 3.
6Quotation usedwith permission of Springer, from Indiscrete Thoughts, Gian-Carlo Rota ©1997; permission conveyed

through Copyright Clearance Center, Inc. [109]
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(8) 𝐴 = ℝ; inf 𝐴 = −∞, sup𝐴 = ∞.
(9) 𝐴 = ∅; inf 𝐴 = ∞, sup𝐴 = −∞. ♦

The fundamental property of the real numbers is that infima and suprema exist as
real numbers for bounded sets.

Theorem11.40 (Fundamental theoremof the real numbers). Suppose that𝐴 ⊂
ℝ is nonempty and has an upper bound that is a real number. Then sup𝐴 exists
and sup𝐴 ∈ ℝ. Similarly, if 𝐴 ⊂ ℝ is nonempty and has a lower bound that is a
real number, then inf 𝐴 exists and inf 𝐴 ∈ ℝ.

The proof of this theorem relies on a precise definition ofℝwhich we have not yet
given.

Proof.

⟨ The proof that the supremum exists is deferred to Theorem 12.49. ⟩

Once we know that suprema exist, it is easy to deduce the existence of infima. We
do this by reflecting ℝ so that infima become suprema and vice versa.

Suppose that𝐴 ⊂ ℝ is nonempty and has a lower bound𝑚which is a real number.
Let−𝐴 = {𝑎 ∈ ℝ ∶ −𝑎 ∈ 𝐴}. Let 𝑏 ∈ −𝐴. Then−𝑏 ∈ 𝐴 and so𝑚 ≤ −𝑏. Consequently,
−𝑚 ≥ 𝑏. Hence, −𝐴 has an upper bound which is a real number. By the previous
(unproved) result, sup(−𝐴) ∈ ℝ. Let 𝛽 = − sup(−𝐴). Since −𝑚 is an upper bound for
−𝐴, sup(−𝐴) ≤ −𝑚. Thus, 𝛽 ≥ 𝑚. This is true for all lower bounds 𝑚 for 𝐴 and so,
𝛽 = inf 𝐴 is a real number. □

Lemma 11.41. Suppose that 𝐴 ⊂ 𝐵 ⊂ ℝ. Then inf 𝐵 ≤ inf 𝐴 and sup𝐴 ≤ sup𝐵.

We will need the next result later; there is a similar result for infima.

Theorem 11.42. Suppose that (𝑥𝑛) is a sequence in ℝ and let 𝐴 be the range of
the sequence. Then either sup𝐴 ∈ 𝐴 or (𝑥𝑛) has a subsequence which is strictly
increasing.

Proof. Let 𝐴 be the range of (𝑥𝑛) and suppose that sup𝐴 ∉ 𝐴. We will construct a
strictly increasing subsequence of 𝐴. Let 𝑛0 = 0, so that 𝑥𝑛0 = 𝑥0. Now assume that
wehave defined𝑛0, . . . , 𝑛𝑘 so that𝑛0 < 𝑛1 < ⋯ < 𝑛𝑘 and so that𝑥𝑛0 < 𝑥𝑛1 < ⋯ < 𝑥𝑛𝑘 .
We will define 𝑛𝑘+1 so that 𝑛0 < 𝑛1 < ⋯ < 𝑛𝑘+1 and so that 𝑥𝑛0 < 𝑥𝑛1 < ⋯ < 𝑥𝑛𝑘+1 .
By induction we will then have our desired subsequence.

Consider 𝑆 = {𝑚 ∈ ℕ ∶ 𝑚 > 𝑛𝑘 and 𝑥𝑚 > 𝑥𝑛𝑘 }. If 𝑆 = ∅, then for all 𝑚 > 𝑛𝑘 we
have𝑥𝑚 ≤ 𝑥𝑛𝑘 . Since there are only finitelymany terms of (𝑥𝑛)which come before𝑥𝑛𝑘 ,
either one of those terms or 𝑥𝑛𝑘 is the supremumof𝐴. This contradicts the assumption
that sup𝐴 ∉ 𝐴. Consequently, 𝑆 ≠ ∅. Let 𝑛𝑘+1 ∈ 𝑆. Then 𝑛𝑘+1 > 𝑛𝑘 > ⋯ > 𝑛0 and
𝑥𝑛𝑘+1 > 𝑥𝑛𝑘 > ⋯ > 𝑥0, so we are done. □
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We use the existence of suprema and infima to prove that all sequences in ℝ have
monotonic subsequences.

Theorem 11.43. Suppose that (𝑥𝑛) is a sequence in ℝ. Then (𝑥𝑛) has a mono-
tonic subsequence, i.e., a subsequence which is either increasing or decreasing.

Proof. Suppose that (𝑥𝑛) is a sequence in ℝ such that no subsequence of (𝑥𝑛) is in-
creasing. We will prove that (𝑥𝑛) has a subsequence which is strictly decreasing.

Let 𝐴 be the range of (𝑥𝑛). By Theorem 11.42, sup𝐴 ∈ 𝐴. Let 𝑛0 ∈ ℕ∗ be the
number such that 𝑥𝑛0 = sup𝐴0. Assume that we have defined 𝑛0, . . . , 𝑛𝑘 so that the
following hold.

(i) 𝑛0 < ⋯ < 𝑛𝑘
(ii) 𝑥𝑛0 > ⋯ > 𝑥𝑛𝑘
(iii) For each 𝑗 ∈ {0, . . . , 𝑘}, 𝑥𝑛𝑗 = sup𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑗−1 }.
We will show that there exists 𝑛𝑘+1 so that
(i′) 𝑛0 < ⋯ < 𝑛𝑘 < 𝑛𝑘+1
(ii′) 𝑥𝑛0 > ⋯ > 𝑥𝑛𝑘 > 𝑥𝑛𝑘+1
(iii′) For each 𝑗 ∈ {0, . . . , 𝑘 + 1}, 𝑥𝑛𝑗 = sup𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑗−1 }.
By induction we will have created the desired subsequence (𝑥𝑛𝑘).

Let 𝑆 = 𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑘 }. Since (𝑥𝑛) does not have an increasing subsequence, it
does not have a constant subsequence. Thus, by Theorem 11.10, 𝐴 is an infinite set.
Since {𝑥0, . . . , 𝑥𝑛𝑘 } is finite, the set 𝑆 is nonempty. By Theorem 11.42, sup 𝑆 ∈ 𝑆. Let
𝑛𝑘+1 ∈ ℕ be the number such that 𝑥𝑛𝑘+1 = sup 𝑆. Thus, (iii’) holds.

If 𝑛𝑘+1 ≤ 𝑛𝑘, then 𝑥𝑛𝑘+1 ∈ {𝑥0, . . . , 𝑥𝑛𝑘 } = 𝐴⧵𝑆. This is impossible since 𝑥𝑛𝑘+1 ∈ 𝑆.
Thus, (i) holds.

Finally, note that
{𝑥0, . . . , 𝑥𝑛𝑘−1 } ⊂ {𝑥0, . . . , 𝑥𝑛𝑘 },

which implies that
𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑘−1 } ⊃ 𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑘 }.

Hence, by Lemma 11.41,

𝑥𝑛𝑘 = sup𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑘 } ≥ 𝐴 ⧵ {𝑥0, . . . , 𝑥𝑛𝑘 } = 𝑥𝑛𝑘+1 .
Since 𝑥𝑛𝑘 ≠ 𝑥𝑛𝑘+1 , we have (ii’). □

Theorem 11.44 (Monotonic bounded sequences converge). Suppose that (𝑥𝑛)
is a monotonic sequence in ℝ and that there exists 𝑎 < 𝑏 such that for all 𝑛,
𝑥𝑛 ∈ [𝑎, 𝑏]. Then (𝑥𝑛) converges to some real number 𝑟 ∈ [𝑎, 𝑏]. Furthermore,
if (𝑥𝑛) is increasing, then 𝑟 is the supremum of the range of (𝑥𝑛), and if (𝑥𝑛) is
decreasing, then 𝑟 is infimum of the range of (𝑥𝑛).
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Proof. Let 𝐴 be the range of the monotonic sequence (𝑥𝑛) and assume that 𝐴 ⊂ [𝑎, 𝑏].
Since 𝐴 is bounded, sup𝐴 and inf 𝐴 exist and are real numbers.

Assume, first, that (𝑥𝑛) is increasing. Let 𝛽 = sup(𝑥𝑛). We claim that (𝑥𝑛) con-
verges to 𝛽. To prove that, we must show that for all 𝜖 > 0 there exists 𝑁 ∈ ℕ such that
𝑑(𝑥𝑛, 𝛽) < 𝜖 if 𝑛 ≥ 𝑁.

Suppose that there exists 𝑛0 ∈ ℕ with 𝑑(𝑥𝑛0 , 𝛽) < 𝜖. Since (𝑥𝑛) is an increasing
sequence and since 𝛽 is an upper bound for𝐴, we have that for all 𝑛 ≥ 𝑛0, 𝑑(𝑥𝑛, 𝛽) < 𝜖,
implying that (𝑥𝑛) converges to 𝛽. Assume, therefore, that no such 𝑛0 exists. Thus,
𝐴 ∩ (𝛽 − 𝜖, 𝛽) = ∅. This implies that 𝛽 − 𝜖/2 is also an upper bound for 𝐴. However, 𝛽
was the infimum (least upper bound) for𝐴, and so we contradict the choice of 𝛽. Thus,
(𝑥𝑛)must converge to 𝛽.

Now assume that (𝑥𝑛) is decreasing. Let 𝛼 = inf(𝑥𝑛). We will show that (𝑥𝑛)
converges to 𝛼. The sequence (−𝑥𝑛) is an increasing sequence and−𝛼 is the supremum
of its range. Thus, by the previous paragraph (−𝑥𝑛) converges to −𝛼. That is, for every
𝜖 > 0, there exists 𝑁 ∈ ℕ such that

𝜖 > 𝑑(−𝑥𝑛, −𝛼) = | − 𝛼 + 𝑥𝑛| = |𝛼 − 𝑥𝑛| = 𝑑(𝑥𝑛, 𝛼).

Thus, by the definition of convergence, (𝑥𝑛) converges to 𝛼. □

Here is an example of how Theorem 11.44 can be applied. This theorem should be
familiar to you from calculus.

Theorem 11.45 (Comparison test). Suppose that the sequences (𝑎𝑘) and (𝑏𝑘)
are sequences of nonnegative real numbers and that for all 𝑘, 𝑎𝑘 ≤ 𝑏𝑘. If the
series∑∞

𝑘=0 𝑏𝑘 converges, then so does the series∑
∞
𝑘=0 𝑎𝑘.

(Hint: Remember that you need to show that the sequence (𝑠𝑛) = 𝑎1, 𝑎1 +𝑎2, 𝑎1 +
𝑎2 + 𝑎3, . . . converges. Use that fact that each 𝑎𝑘 is nonnegative to conclude that (𝑠𝑛)
is monotonic. Use the hypothesis that the sequence of partial sums 𝑏1, 𝑏1 + 𝑏2, . . .
converges to show that (𝑠𝑛) is bounded.)

As another application, we can combine Theorems 11.43 and 11.44 to produce the
following very useful result.

Theorem 11.46 (Bolzano–Weierstrass). Suppose that (𝑥𝑛) is a sequence in
[𝑎, 𝑏] ⊂ ℝ. Then (𝑥𝑛) has a convergent subsequence.

The Bolzano-Weierstrass theorem plays such an important role in analysis and
topology that it gives rise to the concept of compactness. Although compactness is a
crucial concept in mathematics, we do not explore it in this text.

One of the most important results in mathematics is that ℝ with the Euclidean
metric is complete. In Chapter 12, we give a definition ofℝ so that this holds. Themore
traditional route is to define the set ℝ so that Theorem 11.40 holds (using a different
method from Chapter 12). The Bolzano-Weierstrass theorem is then used to show that
ℝ is complete. (Do you see how?)
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11.5. Application: Circular billiards

To use a cue at billiards well is like using a pencil, or a German flute, or a
small-sword—you cannot master any one of these implements at first, and
it is only by repeated study and perseverance, joined to a natural taste, that
a [person] can excel in the handling of either.

—William Makepeace Thackeray7

Have you ever played billiards or some other traditional pool-table game? Perhaps
as you did so you wondered if it was possible to hit the ball in a certain direction so
that, if there were enough energy, the ball would bounce off of every point on the wall
of the table (except for the pockets in the corners)? The considerations of Chapter 10
show the answer to is “no”—even with an infinite amount of energy, the ball (thought
of as a point mass) would never hit every point on the walls. Of course, pool balls aren’t
point masses and so we might ask:

Is it possible to hit the ball from some initial position and in some direction
so that, if it had infinite energy, it will come arbitrarily close to each of the
points on the walls?

In this sectionwe explore this question for circular pool tableswithout pockets. For
the casewhen the pool table is a rectangle and has pockets andmany other possibilities,
see [123]. We begin by revisiting rotations of a circle.

11.5.1. Rotations of a Circle. In this section, we elaborate on the example of
Section 8.4. Let 𝜃 ∈ ℝ be thought of as an angle and let 𝑅𝜃 be the rotation of the circle
𝑆1 = {(𝑎, 𝑏) ∈ ℝ2 ∶ 𝑎2 + 𝑏2 = 1} counterclockwise about the origin by an angle of 𝜃.
If 𝜃 is negative, this means that we rotate 𝑆1 clockwise by an angle of |𝜃|. Since two
real numbers which differ by an integer multiple of 2𝜋 are the same angle, we have
𝑅𝜃 = 𝑅𝜃+2𝜋𝑘 for all 𝑘 ∈ ℤ. Also, since rotations don’t change the distance between
points in ℝ2, if there is a point 𝑥 ∈ 𝑆1 such that 𝑅𝜃(𝑥) = 𝑅𝜓(𝑥), then there is 𝑘 ∈ ℤ
such that 𝜃 = 𝜓+2𝜋𝑘. As a consequence, observe that 𝑅𝜃+𝜓 = 𝑅𝜓 ∘𝑅𝜃 for all 𝜃, 𝜓 ∈ ℝ.
For 𝑛 ∈ ℕ, we define 𝑅𝑛𝜃 to be the composition of 𝑅𝜃 with itself 𝑛 times. Similarly,
𝑅−𝑛𝜃 is the composition of 𝑅−𝜃 with itself 𝑛 times.

Given the initial point 𝑥0 = (1, 0) ∈ 𝑆1 and the real number 𝜃, we can create an
iterated function sequence (𝑥𝑛) by letting

𝑥𝑛 = 𝑅𝑛𝜃(𝑥0) = 𝑅𝜃(𝑅(𝑛−1)𝜃(𝑥0))

be the point obtained by rotating 𝑥0 counterclockwise 𝑛-times by an angle 𝜃. In The-
orem 8.31, we found that the sequence (𝑥𝑛) has repeated terms if and only if 𝜃 is a
rational multiple of 𝜋. In the remainder of this section, we consider what happens
when 𝜃 is an irrational multiple of 𝜋. We show that the terms of the sequence (𝑥𝑛) get
as close as we could possibly wish to every point on the circle.

7William Makepeace Thackeray (1811–1863) was an English satirist. His novel Vanity Fair (1848), from which the
quote was taken, explores the moral and social dangers of gambling at cards and billiards.
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Theorem 11.47. If 𝜃 is an irrational multiple of 𝜋, then for every 𝑝 ∈ 𝑆1 and
every 𝜖 > 0, there exists 𝑛 ∈ ℕ such that 𝑑(𝑥𝑛, 𝑝) < 𝜖.

The distance measure 𝑑 we use in the statement of the theorem is the absolute
value of the smaller of the two angles between the point 𝑥𝑛 and the point 𝑝. Since the
circle has unit radius, this is equal to the length of the shorter arc of the circle between
𝑥𝑛 and 𝑝. Our proof is modeled on that in [123].

Proof. We begin by showing that the theorem holds if 𝑝 = 𝑥0 and that for all 𝑘 ∈ ℕ,
there exists 𝑛𝑘 ∈ ℕ such that 𝑑(𝑥0, 𝑥𝑛𝑘) <

|𝜃|
2𝑘 . We prove this by induction on 𝑁.

We say that a point 𝑐 ∈ 𝑆1 is between points 𝑎, 𝑏 ∈ 𝑆1 if 𝑑(𝑎, 𝑏) < 𝜋 and the arc
of 𝑆1 between 𝑎 and 𝑏 of length less than 𝜋 contains 𝑐.

Base case: 𝑘 = 1.
Since 𝜃 is an irrational multiple of 𝜋, by Theorem 8.31, none of the points in the

sequence 𝑥1, 𝑥2, 𝑥3, . . . is equal to 𝑥0. Since the distance along 𝑆1 between adjacent
points in the sequence is equal to 𝜃, by the well-ordering principle, there exists a small-
est𝑚 ∈ ℕ such that the point 𝑥0 is between 𝑥𝑚 and 𝑥𝑚+1.

⟨ Show that 𝑑(𝑥0, 𝑥𝑚) ≠ 𝑑(𝑥0, 𝑥𝑚+1). ⟩

Let 𝑛𝑘 = 𝑛1 be either 𝑚 or 𝑚 + 1 so that 𝑥𝑛1 is whichever of 𝑥𝑚 or 𝑥𝑚+1 is closer
to 𝑥0.

⟨ Explain why 𝑑(𝑥0, 𝑛1) < |𝜃|/2. ⟩

Inductive step: Assume that for some 𝑘 ∈ ℕ, there exists 𝑛𝑘 ∈ ℕ such that
𝑑(𝑥𝑛𝑘 , 𝑥0) <

|𝜃|
2𝑘 . We will show that there exists 𝑛𝑘+1 ∈ ℕ such that 𝑑(𝑥𝑛𝑘+1 , 𝑑(𝑥0)) <

|𝜃|
2𝑘+1 .

Let 𝜓 be the angle from 𝑥0 to 𝑥𝑛𝑘 , chosen so that |𝜓| < 𝜋. Observe that 𝑅𝜓 = 𝑅𝑛𝑘𝜃,
since the two rotations applied to 𝑥0 both produce 𝑥𝑛𝑘 . Thus, 𝜓 and 𝑛𝑘𝜃 differ by an
integer multiple of 2𝜋. In particular, this means that 𝜓 is an irrational multiple of 𝜋
and that for all 𝑎 ∈ ℕ, the rotation 𝑅𝑎𝑛𝑘𝜃 = 𝑅𝑎𝜓. See Figure 11.6 for the case when
𝑘 = 1.

Let 𝑥0 and 𝑦𝑚 be the result of applying 𝑅𝜓 to 𝑥0, 𝑚-times, for each 𝑚 ∈ ℕ. By
applying the base case to the rotation 𝑅𝜓 instead of 𝑅𝜃, we see that there exists𝑚1 ∈ ℕ
such that 𝑑(𝑦𝑚1 , 𝑥0) < |𝜓|/2.

Let 𝑛𝑘+1 = 𝑚1𝑛𝑘. We claim that 𝑑(𝑥𝑛𝑘+1 , 𝑥0) < |𝜃|/2𝑘+1. To see this, recall that
𝑥𝑛𝑘+1 is equal to the result of rotating 𝑥0 by an angle of 𝑛𝑘+1𝜃. Since 𝑛𝑘+1𝜃 = 𝑚1𝑛𝑘𝜃
is the same angle as 𝑚1𝜓, we have that 𝑅𝑛𝑘+1𝜃(𝑥0) = 𝑅𝑚1𝜓(𝑥0). Thus, 𝑥𝑛𝑘+1 = 𝑦𝑚1 .
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Consequently,
𝑑(𝑥𝑛𝑘+1 , 𝑥0) = 𝑑(𝑦𝑚1 , 𝑥0)

< |𝜓|/2 = 1
2𝑑(𝑥𝑛𝑘 , 𝑥0)

< 1
2 ⋅

|𝜃|
2𝑘

= |𝜃|
2𝑘+1 .

Since the base case and inductive hypothesis hold, for all 𝑘 ∈ ℕ, there exists𝑛𝑘 ∈ ℕ
such that 𝑑(𝑥𝑛𝑘 , 𝑥0) < |𝜃|/2𝑘.

Now suppose that 𝑝 ∈ 𝑆1 and 𝜖 > 0 are given. There exists 𝑘 ∈ ℕ, such that
|𝜃|/2𝑘 < 𝜖. Hence, by the claim, there exists 𝑛𝑘 ∈ ℕ such that 𝑑(𝑥𝑛𝑘 , 𝑥0) < 𝜖. As in the
inductive step, let𝜓 be the angle between from 𝑥0 to 𝑥𝑛𝑘 , chosen so that |𝜓| < 𝜋. Recall
that 𝜓 is the same angle as 𝑛𝑘𝜃. Let 𝐼 ⊂ 𝑆1 be the closed interval of length |𝜓| and with
endpoints 𝑥0 and 𝑥𝑛𝑘 . Applying 𝑅𝜓 = 𝑅𝑛𝜃 to 𝐼 produces an interval 𝐼1 of length |𝜓|,
having the point 𝑥𝑛𝑘 = 𝑅𝜓(𝑥0) as an endpoint and with 𝐼1 ∩ 𝐼 = {𝑥𝑛𝑘 }. Recursively
define 𝐼𝑚+1 to be the result of applying 𝑅𝜃 to 𝐼𝑚. It is an interval of length |𝜓| and
having 𝐼𝑚 ∩ 𝐼𝑚+1 = {𝑅𝑚𝜓(𝑥0)}. Let 𝑁 be the natural number such that 𝑁|𝜓| < 2𝜋 and
(𝑁 + 1)|𝜓| > 2𝜋. The union of the intervals 𝐼1, 𝐼2, . . . , 𝐼𝑁+1 is, therefore, equal to 𝑆1.
Hence, there exists 𝑎 ∈ {1, . . . , 𝑁 + 1} such that 𝑝 ∈ 𝐼𝑎. The endpoints of 𝐼𝑎 are points
in the sequence 𝑥0, 𝑥1, 𝑥2, . . . and so there exists one of those endpoints 𝑥𝑛, with 𝑛 ∈ ℕ
such that

𝑑(𝑥𝑛, 𝑝) < |𝜓| < 𝜖. □
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xn1+1
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Figure 11.6. The angles and points appearing in the proof of Theorem 11.47.

Exercise 11.48. Explain how to adapt the previous proof to show that, when 𝜃 is an
irrational multiple of 𝜋, there is a subsequence (𝑥𝑛𝑘) of 𝑛𝑘 converging to 𝑥0.
Exercise 11.49. Using the statement, but not the proof, of Theorem 11.47, prove that
when 𝜃 is an irrational multiple of 𝜋, for every 𝑝 ∈ 𝑆1, the sequence (𝑥𝑛) has a subse-
quence converging to 𝑝.
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Exercise 11.50. In the previous proof, we used, as our measurement of distance, the
distance along the circle 𝑆1. Is the result still true if we were instead to use the Eu-
clidean metric on ℝ2? Why or why not?

11.5.2. Circular pool tables. In this section, consider the disc 𝐷 = {(𝑎, 𝑏) ∈
ℝ2 ∶ 𝑎2 + 𝑏2 ≤ 1} as an idealized model of a circular pool table without pockets. We
will consider a point 𝑃 inside 𝐷 as an idealized ball. If the ball 𝑃 is propelled in some
direction, it will hit the wall 𝑆1 = {(𝑎, 𝑏) ∈ ℝ2 ∶ 𝑎2 + 𝑏2 = 1} of the table and bounce.
It bounces according to the law of reflection: the angle of reflection is equal to the angle
of incidence. Angles at a point 𝑥 ∈ 𝑆1 are defined with respect to the tangent line to
the circle 𝑆1 at the point 𝑥. We will assume that there is no loss of energy as 𝑃 travels
across 𝐷 and bounces off the wall. We arrive at an infinite sequence of points (𝑥𝑛) in
𝑆1. The point 𝑥1 is the first place where 𝑃 hits the wall; the point 𝑥2 the second place,
etc.

Theorem 11.51. Suppose that the ball 𝑃 starts at a position 𝑥0 ∈ 𝑆1 and that
it is initially propelled in a direction forming an angle 𝛽 ∈ (−𝜋/2, 𝜋/2) with the
diameter of 𝑆1. If 𝛽 is an irrationalmultiple of𝜋, then, for all𝑝 ∈ 𝑆1, the sequence
(𝑥𝑛) of points in 𝑆1 hit by 𝑃 has a subsequence converging to 𝑝. In other words,
the ball will come arbitarily close to each point on the wall of the table.

x0

x1

x2

β

β

θ

Figure 11.7. The angles and points appearing in the proof of Theorem 11.51.

Proof sketch. Recall that 𝑥0 ∈ 𝑆1 is the starting point of 𝑃 and that 𝑥1 is the first place
on 𝑆1 where 𝑃 bounces. Let 𝑂 be the center of the circle. The triangle with corners 𝑥0,
𝑥1, and 𝑂 is an isoceles triangle with the angles at 𝑥0 and 𝑥1 having measure |𝛽| and
the angle 𝜃 at 𝑂 having measure |𝜃| = 𝜋 − 2|𝛽|. Observe that since 𝛽 is an irrational
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multiple of 𝜋, so is 𝜃. The point 𝑥1 is, therefore, obtained from 𝑥0 by rotating by the
angle 𝜃. (We choose the sign of 𝜃 so that if we rotate counterclockwise to get from 𝑥0
to 𝑥1, then 𝜃 is positive. Otherwise 𝜃 is negative.) See Figure 11.7.

Since the diameter of a circle is perpendicular to the lines tangent to the circle
at its endpoints, by the law of reflection, as 𝑃 bounces of 𝑆1 at 𝑥1, it bounces at an
angle 𝛽 with respect to the diameter of the circle with endpoint 𝑥1. Consequently, 𝑥2
is obtained from 𝑥1 by rotating 𝑥1 by an angle of 𝜃. A proof by induction shows that,
in general, 𝑥𝑘+1 is obtained from 𝑥𝑘 by rotating 𝑆1 by an angle of 𝜃.

Without loss of generality, by rotating the circle, we may assume that 𝑥0 = (1, 0).
Thus, by Theorem 11.47 and Exercise 11.49, the sequence (𝑥𝑛) has a subsequence con-
verging to any given 𝑝 ∈ 𝑆1. □

Exercise 11.52. Turn the previous proof sketch into a complete proof. In particular,
write the induction proof with a correctly stated base case and inductive hypothesis.

11.6. Additional problems

Don’t add new injuries to the long, long list of injuries you have done me!
—Charles Dickens8

(1) Suppose that (𝑥𝑛) and (𝑦𝑛) are convergent sequences in ℝ. Prove the following
(a) If 𝑟 ∈ ℝ, then (𝑟𝑥𝑛) also converges.
(b) The sequence (𝑥𝑛+𝑦𝑛) converges and lim(𝑥𝑛+𝑦𝑛) = (lim(𝑥𝑛))+(lim(𝑦𝑛)).
(c) The sequence (𝑥𝑛 ⋅ 𝑦𝑛) converges and lim(𝑥𝑛 ⋅ 𝑦𝑛) = (lim(𝑥𝑛)) (lim(𝑦𝑛)).

(2) Suppose that (𝑥𝑛) and (𝑦𝑛) are Cauchy sequences inℝ. Prove the following, with-
out using the fact that ℝ is complete.
(a) If 𝑟 ∈ ℝ, then (𝑟𝑥𝑛) is Cauchy.
(b) The sequence (𝑥𝑛 + 𝑦𝑛) is Cauchy.
(c) The sequence (𝑥𝑛 ⋅ 𝑦𝑛) is Cauchy.

(3) Suppose that 𝑋 is a metric space with metric 𝑑 having the property that 𝑑(𝑥, 𝑦) ∈
ℕ∗ for all 𝑥, 𝑦 ∈ 𝑋 . Prove that a sequence in 𝑋 converges if and only if it is even-
tually constant.

(4) Let 𝑋 consist of all finite nonempty sets of points in ℝ2. Let 𝑑 denote the Eu-
clidean metric on ℝ2. Let 𝐴, 𝐵 ∈ 𝑋 . Define ℎ(𝐴, 𝐵) = max

𝑎∈𝐴
min
𝑏∈𝐵

𝑑(𝑎, 𝑏) and let
𝐷(𝐴, 𝐵) = max{ℎ(𝐴, 𝐵), ℎ(𝐵, 𝐴)}. Equivalently, 𝐷(𝐴, 𝐵) is the minimal number
such that for all 𝑎 ∈ 𝐴, there exists 𝑏 ∈ 𝐵 with 𝑑(𝑎, 𝑏) ≤ 𝐷(𝐴, 𝐵) and for all 𝑏 ∈ 𝐵,
there exists some 𝑎 ∈ 𝐴 with 𝑑(𝑎, 𝑏) ≤ 𝐷(𝐴, 𝐵). The fact that both 𝐴 and 𝐵 are
finite ensures that 𝐷(𝐴, 𝐵) exists. The function 𝐷 is a measurement of how “dif-
ferent” two finite subsets of 𝑋 are. Versions of it are used in computer graphics
for comparing images [73].
(a) Prove that 𝑋 is a metric space with metric 𝐷.
(b) Give an example of a convergent sequence in 𝑋 that is not eventually con-

stant.

8Quotation from David Copperfield (1850).
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(c) Give an example of a Cauchy sequence in 𝑋 that is not convergent; hence, 𝑋
is not complete.

(5) Suppose that 𝑋 and 𝑌 are completemetric spaces withmetrics 𝑑𝑋 and 𝑑𝑌 , respec-
tively. Give 𝑋 × 𝑌 the product metric

𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max (𝑑𝑋(𝑥1, 𝑥2), 𝑑𝑌 (𝑦1, 𝑦2)).
Prove that 𝑋 × 𝑌 is complete.

(6) Do the same as the previous problem, but with the product metric

𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = √(𝑑𝑋(𝑥1, 𝑥2)2 + 𝑑𝑌 (𝑦1, 𝑦2)2).
(7) Prove that ℝ𝑛 is complete for all 𝑛 ≥ 2.



Chapter 12

New Numbers from
Completed Spaces

[T]wixt which regions
There is some space. A space whose ev’ry cubit
Seems to cry out

—William Shakespeare, The Tempest (ca. 1610).

Earlier in this book, we sawhowwe can start with the empty set ∅ and construct all
the extended natural numbers ℕ∗. Using equivalence relations, we can then construct
the integersℤ and the rational numbersℚ. But how canwe construct the real numbers
ℝ? We’ve discovered that ℝ is uncountable, whereas ℕ, ℤ, and ℚ are all countable.
Our results on countable sets suggest that we need some new idea to createℝ as simply
putting different copies of rationals togetherwill likely only endup creating a countable
set, rather than the uncountable set we are hoping for.

The key is to remember that real numbers can be approximated by rationals. That
is, for every real number 𝑟 ∈ ℝ there exists a sequence of rationals (𝑥𝑛) converging
to 𝑟. That is, for every 𝜖 > 0, as long as 𝑛 is large enough |𝑥𝑛 − 𝑟| < 𝜖. This sug-
gests that notions of distance will be important. For example, the sequence of rational
numbers 3, 3.1, 3.14, 3.141, 3.1415, . . . converges to 𝜋 and 𝜋 = 3.14159⋯. Similarly, the
sequence of rational numbers 1, 1.4, 1.41, 1.414, 1.4142, . . . (continued in the appropri-
ate way) converges to√2 and√2 = 1.4142⋯. So if the rationals are all we know about,
perhaps we can consider 𝜋 to be the sequence 3, 3.1, 3.14, 3.1415, . . .. Perhaps we can
consider√2 to be the sequence 1, 1.4, 1.41, 1.414, . . ..

But, there’s a problem. For a given real number 𝑟 there is more than one sequence
of rationals converging to it. For example,

𝛼 = 1, 1.4, 1.41, 1.414, 1.4142, 1.41421, . . .

377
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converges to√2, but so does
𝛽 = 1.5, 1.42, 1.415, 1.4143, 1.41422, . . . .

We can’t consider√2 to be both 𝛼 and 𝛽 since 𝛼 ≠ 𝛽—they are different sequences!
How can we consider 𝛼 and 𝛽 to be equal, even though they are different? Equiv-

alence relations! The basic strategy for creating ℝ from ℚ will be to impose an equiv-
alence relation on a set of sequences in ℚ and then consider ℝ to be the quotient set.
The key to coming upwith the right equivalence relation is to use the distance function
on ℚ. Essentially, the distance function 𝑑 will tell us where the holes in the rationals
are. For one of these holes, we’ll look at the sequences that converge to it and declare
these sequences to be equivalent. The real number that fills the hole is then defined to
be the equivalence class of those sequences.

This line of inquiry is remarkably productive, for by changing our notion of dis-
tance, we can create new number systems, different from ℝ. We discover that the spa-
tial properties of the rationalsℚ determine the arithmetic properties of the newnumber
systems.

12.1. Metric completions

Now come, my Ariel, bring a corollary.
—William Shakespeare, The Tempest

We begin by working more generally. Throughout this section assume that 𝑋 is a
metric space with metric 𝑑. Recall from the definition of metric, that the metric is a
function 𝑑∶ 𝑋 × 𝑋 → [0,∞). Notice that this means we are already working with the
reals. We’ll explain how to avoid this later, but for now assume that we do have the real
numbers and understand their usual arithmetic properties. Recall also that for 𝑎 ∈ 𝑋
and 𝜖 > 0, we define the ball of radius 𝜖 centered at 𝑎 to be the set of points of distance
less than 𝜖 from 𝑎. That is,

𝐵𝜖(𝑎) = {𝑥 ∈ 𝑋 ∶ 𝑑(𝑥, 𝑎) < 𝜖}.
When 𝜖 is small, we think of points in 𝐵𝜖(𝑎) as being not only close to 𝑎, but also close
to each other.
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In 𝑋 , a Cauchy sequence is a sequence (𝑥𝑛) with the property that given an
error threshold 𝜖 > 0, there is a ball 𝐵𝜖(𝑎) (for some 𝑎 ∈ 𝑋) such that, as long as 𝑛
is large enough, 𝑥𝑛 ∈ 𝐵𝜖(𝑎). That is, the terms of the sequence are eventually arbi-
trarily close together. The point 𝑎 can depend on 𝜖. This means that if we shrink 𝜖, the
corresponding point 𝑎 can change. If we can choose 𝑎 so that it does not need to change
as 𝜖 shrinks, then the sequence will converge to that 𝑎. That is, Cauchy sequences are
the sequences that should converge. By definition, in a complete space (Section 11.3)
every Cauchy sequence converges. That is, a complete space has no holes. Compare to
the discussion of sequences of finite total length in Theorem 11.32.

We have seen how ℚ is an example of an incomplete space (Exercise 11.35) and
alluded to how ℝ is a complete space (Section 11.4). We may think of ℝ as a way of
filling the (uncountablymany) holes inℚ using the irrationals. In this sectionwe show
how given anymetric space wemay fill in the holes. The challenge, however, is that for
an arbitrary metric space (unlike for ℚ) we do not know what the holes are—so how
can we fill them in? We consider the Cauchy sequences themselves to be the holes, and
we add in those sequences as new points in our space!

Recalling that 𝑋 is a metric space with metric 𝑑, let 𝒞 denote the set of Cauchy
sequences in 𝑋 . We define an equivalence relation, called Cauchy equivalence and
denoted ∼, on 𝒞 as follows. Informally, two Cauchy sequences are equivalent if even-
tually all the terms of both sequences are close to each other.

Definition 12.1. Suppose that (𝑟𝑘) and (𝑠𝑘) are two Cauchy sequences in a
metric space (𝑋, 𝑑). We define (𝑟𝑘) ∼ (𝑠𝑘) if and only if for all 𝜖 > 0, there exists
𝑎 ∈ 𝑋 and 𝑁 ∈ ℕ such that for all 𝑘 ≥ 𝑁, both 𝑟𝑘 ∈ 𝐵𝜖(𝑎) and 𝑠𝑘 ∈ 𝐵𝜖(𝑎).

Exercise 12.2. Let (𝑟𝑘) and (𝑠𝑘) be two Cauchy sequences in a metric space (𝑋, 𝑑).
Show that the following are equivalent:

(1) (𝑟𝑘) ∼ (𝑠𝑘);

(2) for every 𝜖 > 0, there exists 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁, we have
𝑑(𝑟𝑘, 𝑠𝑚) < 𝜖; and

(3) the sequence (𝑡𝑛) defined by letting 𝑡2𝑘−1 = 𝑟𝑘 and 𝑡2𝑘 = 𝑠𝑘 for 𝑘 ∈ ℕ is Cauchy.

Theorem 12.3. The relation ∼ is an equivalence relation on 𝒞.

We let𝑋 = 𝑋/ ∼ be the quotient set. Wewant to show that𝑋 has ametric 𝑑 relative
to which it is complete and, furthermore, that there is a way to make 𝑋 sit inside 𝑋 in
a way similar to how the rationals sit inside the reals. The metric space (𝑋, 𝑑) is called
themetric completion of 𝑋 . Here’s how we do it.

We begin by observing that pairs of sequences of points in 𝑋 give us a sequence of
distances.
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Theorem 12.4. Let 𝑎 = (𝑎𝑘) and 𝑏 = (𝑏𝑘) be Cauchy sequences in 𝑋 . Then the
sequence (𝑑(𝑎𝑘, 𝑏𝑘)) is a Cauchy sequence in ℝ.

Proof. Let 𝑑𝑘 = 𝑑(𝑎𝑘, 𝑏𝑘). According to Definition 11.25, we must show that for all
𝜖 > 0, there exists 𝑟 ∈ ℝ such that for large enough 𝑘, |𝑟 − 𝑑𝑘| < 𝜖.

Let 𝜖 > 0 be given. Since, by hypothesis, 𝑎 is Cauchy, there exists𝑝 ∈ 𝑋 and𝑁𝑝 ∈ ℕ
such that for 𝑘 ≥ 𝑁𝑝, 𝑑(𝑎𝑘, 𝑝) < 𝜖/2. Similarly, since 𝑏 is Cauchy, there exists 𝑞 ∈ 𝑋
and 𝑁𝑞 ∈ ℕ, such that for 𝑘 ≥ 𝑁𝑏, 𝑑(𝑏𝑘, 𝑞) < 𝜖/2. Let 𝑟 = 𝑑(𝑝, 𝑞) and observe that, for
𝑘 ≥ max(𝑁𝑝, 𝑁𝑞), this implies that the distance from 𝑎𝑘 to 𝑏𝑘 (namely 𝑑𝑘) differs by at
most 𝜖 from the distance from 𝑝 to 𝑞. More formally, assuming 𝑘 ≥ max(𝑁𝑝, 𝑁𝑞), we
apply the triangle inequality to see that

𝑑𝑘 = 𝑑(𝑎𝑘, 𝑏𝑘) ≤ 𝑑(𝑎𝑘, 𝑝) + 𝑑(𝑝, 𝑞) + 𝑑(𝑞, 𝑏𝑘) < 𝑟 + 𝜖.

Thus, 𝑑𝑘 − 𝑟 < 𝜖. On the other hand, applying the triangle inequality again,

𝑟 = 𝑑(𝑝, 𝑞) ≤ 𝑑(𝑝, 𝑎𝑘) + 𝑑(𝑎𝑘, 𝑏𝑘) + 𝑑(𝑏𝑘, 𝑞) < 𝑑𝑘 + 𝜖.

Thus, 𝑟 − 𝑑𝑘 < 𝜖. Consequently, |𝑟 − 𝑑𝑘| < 𝜖, as desired. □

Since ℝ is complete, the sequence (𝑑(𝑎𝑘, 𝑏𝑘)) converges whenever 𝑎 = (𝑎𝑘),
𝑏 = (𝑏𝑘) ∈ 𝒞. Let 𝑑(𝑎, 𝑏) be its limit. It turns out this limit is independent of the
representatives from the equivalence classes.

Theorem 12.5. Suppose that 𝑎 = (𝑎𝑘), 𝑎′ = (𝑎′𝑘), 𝑏 = (𝑏𝑘), 𝑏′ = (𝑏′𝑘) are
elements of 𝒞 with 𝑎 ∼ 𝑎′ and 𝑏 ∼ 𝑏′. Then 𝑑(𝑎, 𝑏) = 𝑑(𝑎′, 𝑏′).

(Hint: Let 𝜖 > 0 be arbitrary. Show that for 𝑘 large enough, 𝑑(𝑎𝑘, 𝑏𝑘) is within 𝜖 of
𝑑(𝑎′𝑘, 𝑏′𝑘). Explain why this suffices to show the result.)

Consequently, we can declare 𝑑([𝑎], [𝑏]) = 𝑑(𝑎, 𝑏) for all 𝑎, 𝑏 ∈ 𝒞 and have a
concept that is well defined. The next step shows that 𝑑 is a metric.

Theorem 12.6. The space 𝑋 is a metric space with metric 𝑑.

We now consider how to make 𝑋 sit inside 𝑋 . We define a function 𝜄 ∶ 𝑋 → 𝑋
which does not change distance. In particular, for 𝑥 ∈ 𝑋 , let ̂𝑥 be the equivalence class
of the constant sequence 𝑥 = (𝑥). Define 𝜄 ∶ 𝑋 → 𝑋 by 𝜄(𝑥) = ̂𝑥. The function 𝜄 is
called an embedding, and it turns out that the range of 𝜄 is dense in 𝑋 . That is, every
open ball in 𝑋 contains a point of range 𝜄.

Theorem 12.7. The function 𝜄 is distance-preserving. That is, for all 𝑥, 𝑦 ∈ 𝑋 ,
we have 𝑑(𝑥, 𝑦) = 𝑑( ̂𝑥, ̂𝑦). Furthemore, the range of 𝜄 is dense in 𝑋 .
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Proof. We have
𝑑( ̂𝑥, ̂𝑦) = 𝑑(𝑥, 𝑦) = lim𝑑(𝑥, 𝑦) = 𝑑(𝑥, 𝑦)

since 𝑥 and 𝑦 are constant sequences.
Now suppose that 𝛼 = [(𝑟𝑘)] ∈ 𝑋 . Let 𝜖 > 0. Wemust show that there exists 𝑥 ∈ 𝑋

such that 𝑑(𝛼, ̂𝑥) < 𝜖. Since 𝛼 is Cauchy, there exists 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁,
we have 𝑑(𝑟𝑛, 𝑟𝑚) < 𝜖. Let 𝑥 = 𝑟𝑁 . Then,

𝑑(𝛼, ̂𝑥) = 𝑑((𝑟𝑘), 𝑥) = lim𝑑(𝑟𝑘, 𝑥) = lim𝑑(𝑟𝑘, 𝑟𝑁) < 𝜖. □

Finally, we need to prove that𝑋 is complete. Thismeans that we need to show that
a Cauchy sequence of equivalence classes of Cauchy sequences converges! We begin
with a restricted class of Cauchy sequences. Consider a Cauchy sequence (𝑥𝑘) ∈ 𝒞.
Each term of the sequence is an element of 𝑋 . We convert each of those elements 𝑥𝑘
into a constant sequence 𝑥𝑘. We then have a sequence of constant sequences, namely
(𝑥𝑘). Taking equivalence classes, we arrive at a sequence in 𝑋 , namely ([𝑥𝑘]). Recall
that ̂𝑥𝑘 = [𝑥𝑘], so we can also write this sequence as ( ̂𝑥𝑘).
Example 12.8. Consider the situationwhen𝑋 = ℚ and𝑑 is the usual Euclideanmetric
on 𝑋 . The set 𝒞 consists of all Cauchy sequences in 𝑋 . The sequence (1/𝑘) for 𝑘 ∈ ℕ
is one such sequence. For each 𝑘 ∈ ℕ, the term 𝑥𝑘 = 1/𝑘 ∈ ℚ. Convert each term of
(𝑥𝑘) into a constant sequence. This gives us a sequence (𝑥𝑘) of constant sequences:

𝑥1 = 1, 1, 1, 1, . . .
𝑥2 = 1

2 ,
1
2 ,

1
2 ,

1
2 , . . .

𝑥3 = 1
3 ,

1
3 ,

1
3 ,

1
3 , . . .

⋮
Considering equivalence classes, we have the sequence ([𝑥𝑘]) = ( ̂𝑥𝑘). The first term of
this sequence is the equivalence class

̂𝑥1 = [𝑥1] = [1, 1, 1, . . .] = [1.1, 1.01, 1.001, 1.0001, . . .],
for example. ♦

We claim that this sequence [(𝑥𝑘)] in 𝑋 converges to [(𝑥𝑘)], which is the equiva-
lence class of our original sequence in 𝑋 . To see this, let 𝜖 > 0. We must show that
there exists 𝑁 ∈ ℕ such that for all 𝑘 ≥ 𝑁,

𝑑([(𝑥𝑘)], [(𝑥𝑚)]) < 𝜖.

Since (𝑥𝑘) is Cauchy, there exists 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁 we have
𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖. Hence, for all 𝑛 ≥ 𝑁,

𝑑(𝑥𝑛, (𝑥𝑚)) < 𝜖.
Thus by the definition of 𝑑 on 𝑋 , we have, for all 𝑛 ≥ 𝑁,

𝑑([𝑥𝑛], [(𝑥𝑚)]) < 𝜖,
as desired.

It is now relatively easy to prove that 𝑋 is complete.
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Theorem 12.9. 𝑋 is complete.

Proof. Let (𝛼𝑘) be a Cauchy sequence in 𝑋 . We must show that there exists 𝛼 ∈ 𝑋
such that for all 𝜖 > 0, there exists 𝑁 ∈ ℕ so that for all 𝑘 ≥ 𝑁,

𝑑(𝛼𝑘, 𝛼) < 𝜖.
By Theorem 12.7, for each 𝑘, there exists a point 𝑥𝑘 ∈ 𝑋 , such that 𝑑(𝛼𝑘, 𝑥𝑘) < 1

2𝑘 .

⟨ Show that (𝑥𝑘) is Cauchy. ⟩

Let 𝛽 = [(𝑥𝑘)] ∈ 𝑋 .

⟨ Show that (𝛼𝑘) converges in 𝑋 to 𝛽. ⟩ □

12.2. The 10-adic numbers

O wonder! How many goodly creatures are there here!
—William Shakespeare, The Tempest

Why is
0.123123123123⋯

a number, but
⋯123123123123.0

not?
The answer is provided by calculus. The decimal representation

0.123123123123⋯
refers to the infinite series

1
10 +

2
100 +

3
1000 +

1
104 +⋯ .

This series converges since the sequence of partial sums converges (it is an increasing,
bounded sequence).

The decimal representation
⋯123123123123.0

on the other hand refers to the infinite series
3 + 2 ⋅ 10 + 1 ⋅ 102 + 3 ⋅ 103 + 2 ⋅ 104 + 1 ⋅ 105 +⋯

which diverges to infinity, since the sequence of partial sums diverges to infinity.
However, if we change our metric (and, thus, our notion of convergence), we can

create a number system where
⋯123123123123.0

is, in fact, a genuine number. We do this by imposing a new distance metric on ℚ to
get a metric space we callℚ10 and then taking themetric completion to obtain ametric
space ℚ10.
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Definition 12.10. For 𝑎 ∈ ℤ ⧵ {0}, let 𝑣(𝑎) be the number 𝑛 ∈ ℕ∗ such that
𝑎 = 10𝑛𝑚, where𝑚 ∈ ℤ is not a multiple of 10. For a fraction 𝑎

𝑏 ∈ ℚ ⧵ {0}, let
𝑣(𝑎/𝑏) = 𝑣(𝑎) − 𝑣(𝑏).

Example 12.11. We have the following.
• 𝜈(7) = 𝜈(100 ⋅ 7) = 0
• 𝜈(700) = 𝜈(102 ⋅ 7) = 2
• 𝜈(20/37) = 𝜈(20) − 𝜈(37) = 1 − 0 = 1
• 𝜈(− 19

700 ) = 0 − 2 = −2 ♦
Exercise 12.12. Show that 𝑣 is well defined on ℚ ⧵ {0}.

We now define a version of absolute value, called the 10-adic norm.

Definition 12.13. For 𝑟 ∈ ℚ, let

|𝑟|10 = {10
−𝑣(𝑟) 𝑟 ≠ 0

0 𝑟 = 0.

Example 12.14. We have the following.
• |7|10 = 100 = 1
• |700|10 = 10−2 = .01
• |20/37|10 = 10−1 = .1
• | − 19

700 |10 = 102 = 100 ♦
Exercise 12.15. Prove the following for all 𝑞, 𝑟 ∈ ℚ.

• |𝑞|10 ≥ 0 with equality if and only if 𝑞 = 0
• |𝑞𝑟|10 ≤ |𝑞|10|𝑟|10
• |𝑞 + 𝑟|10 ≤ |𝑞|10 + |𝑟|10

Exercise 12.16. Let 𝑠𝑛 = 1 + 10 + 100 +⋯+ 10𝑛. Show that for all 𝑛 ∈ ℕ,

|𝑠𝑛 − 𝑠𝑛−1|10 =
1
10𝑛 .

Now, as we do with absolute value, we can turn the 10-adic norm into a metric on
ℚ.

Definition 12.17 (10-adic metric). For 𝑞, 𝑟 ∈ ℚ. Let
𝑑10(𝑞, 𝑟) = |𝑞 − 𝑟|10.

Theorem 12.18. The function 𝑑10 is a metric on ℚ.

Henceforth, we let ℚ10 denote the metric space (ℚ, 𝑑10).
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Exercise 12.19. Let 𝑠𝑛 = 1+10+100+⋯+10𝑛. Show that (𝑠𝑛) is a Cauchy sequence
in ℚ10.

The next two exercises give an example of the very different behavior ofℚwith the
metric 𝑑10 from ℚ with the usual metric.

Exercise 12.20. Let 𝑠𝑛 = 1+10+100+⋯+10𝑛. Prove that the sequence (𝑠𝑛) converges
in ℚ10 to − 1

9 . Conclude that in ℚ10, we have

⋯1111.0 = −19 .

Exercise 12.21. Let 𝑠𝑛 = 1
10+

1
100+⋯+ 1

10𝑛 . Prove that the sequence (𝑠𝑛) is unbounded
in (ℚ, 𝑑10) and is therefore not Cauchy. Conclude that the series

0.11111⋯
diverges to∞.

The next exercise shows that the usual way of comparing rational numbers does
not correspond to distances in ℚ10.

Exercise 12.22.
(1) Give examples of 𝑎, 𝑏 ∈ ℕ such that 𝑎 < 𝑏 and 𝑏 is closer inℚ10 to 0 than is 𝑎, i.e.,

𝑑10(0, 𝑏) < 𝑑10(0, 𝑎).
(2) Give examples of 𝑎, 𝑏 ∈ ℕ such that 𝑎 < 𝑏 and 𝑎 is closer inℚ10 to 0 than is 𝑎, i.e.,

𝑑10(0, 𝑎) < 𝑑10(0, 𝑏).
(3) Give examples of 𝑎, 𝑏 ∈ ℕ such that 𝑎 < 𝑏 and

𝑑10(0, 𝑎) = 𝑑10(0, 𝑏).
Exercise 12.23. Show that for all 𝑛 ∈ ℤ,

𝑑10(0, 𝑛) ≤ 1.
That is, the copy of ℕ sitting inside of ℚ10 is bounded.

We let ℚ̂10 denote the metric completion of ℚ10.

Theorem 12.24. For each 𝑖 ∈ ℕ, let 𝑑𝑖 ∈ {0, 1, 2, . . . , 9}. Prove that the sequence
(𝑠𝑛) defined by

𝑠𝑛 = 𝑑1 + 𝑑2 ⋅ 10 + 𝑑3 ⋅ 103 +⋯+ 𝑑𝑛10𝑛

is a Cauchy sequence in (ℚ, 𝑑10) and thus
⋯𝑑4𝑑3𝑑2𝑑1.0 ∈ ℚ̂10.

For ℚ̂10 to be considered a new number system and not just a new space, we must
genuinely be able to add, subtract, multiply, etc. It is not difficult to show that since
we can add, subtract, multiply Cauchy sequences inℚ10 to get new Cauchy sequences
in ℚ̂10 these operations carry over to 𝑄10. We then have then a new number system,
containing the rationals, that is complete but which is genuinely different from ℝ.
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Exercise 12.25. Theusual absolute value onℝ (orℚ) has the property that |𝑎𝑏| = |𝑎||𝑏|
for all 𝑎, 𝑏. Show that | ⋅ |10 does not have this property.

Looking back at what we’ve done, we can see that there was nothing special about
the number 10—we could have replaced it with any 𝑝 ∈ ℕ such that 𝑝 ≥ 2 to obtain
a new number system ℚ̂𝑝, called the 𝑝-adics. These number systems are extremely
useful in number theory, especially when 𝑝 is chosen to be a prime number, for in that
case | ⋅ |𝑝 does function more like an absolute value. For more, see [55].

12.3. Constructing ℝ

Miranda: You have often
Begun to tell me what I am, but stopp’d
And left me to a bootless inquisition,
Concluding, “Stay: not yet.”

Prospero: The hour’s now come.
—William Shakespeare, The Tempest

We have discussed how to build the rationals from the integers using an equiva-
lence relation on pairs of integers and how to complete a metric space using an equiv-
alence relation on Cauchy sequences. This suggests that we might be able to construct
ℝ from ℚ using an equivalence relation on Cauchy sequences in ℝ. The difficulty, as
we have already noted, is that in the construction of the completed 𝑋 from 𝑋 , we used
the fact that ℝ was complete. Here we sketch how to overcome this logical bind. Ac-
cording to [39], this approach is originally due to Cantor. We begin by reframing our
definitions in such a way that we only start with the algebraic and metric properties of
ℚ. We let 𝑑 denote the Euclideanmetric 𝑑(𝑎, 𝑏) = |𝑎−𝑏| onℚ for all 𝑎, 𝑏 ∈ ℚ. Observe
that the distance between two rationals is always a rational. The following definitions
are nearly the same as before, except that we consider only rational values for 𝜖.

Definition 12.26. Let (𝑎𝑛) be a sequence inℚ. It converges to 𝑎 ∈ ℚ if for all
𝜖 ∈ ℚ such that 𝜖 > 0, there exists 𝑁 ∈ ℕ so that for all 𝑛 ≥ 𝑁,

𝑑(𝑎𝑛, 𝑎) < 𝜖.
Similarly, the sequence (𝑎𝑛) is Cauchy if a for all 𝜖 ∈ ℚ with 𝜖 > 0, there exist
𝑎 ∈ ℚ and 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁 we have

𝑑(𝑎𝑛, 𝑎) < 𝜖.
Let 𝒞 denote the set of Cauchy sequences in ℚ.
aRather than using this definition, we could also use the more traditional definition that for all 𝜖 > 0 there exists
𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁 we have 𝑑(𝑎𝑛, 𝑎𝑚) < 𝜖.
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Definition 12.27. For (𝑎𝑛), (𝑏𝑛) ∈ 𝒞, define (𝑎𝑛) ∼ (𝑏𝑛) if and only if for all
𝜖 ∈ ℚ with 𝜖 > 0 there exists 𝑎 ∈ ℚ and 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁,
both 𝑎𝑛, 𝑏𝑛 ∈ 𝐵𝜖(𝑎). As before ∼ is an equivalence relation. Let ℝ be the set of
equivalence classes. For 𝑎 ∈ ℚ, we let 𝑎 = (𝑎) be the constant sequence and ̂𝑎
its equivalence class in ℝ.

Exercise 12.28. Suppose that (𝑎𝑛), (𝑏𝑛) ∈ 𝒞. Then the sequence (𝑑(𝑎𝑛, 𝑏𝑛)) ∈ 𝒞.
Furthermore, if (𝑎𝑛) ∼ (𝑎′𝑛) and (𝑏𝑛) ∼ (𝑏′𝑛), then (𝑑(𝑎𝑛, 𝑏𝑛)) ∼ (𝑑(𝑎′𝑛, 𝑏′𝑛)).

Definition 12.29. Suppose that [(𝑎𝑛)], [(𝑏𝑛)] ∈ ℝ. Define 𝑑([(𝑎𝑛)], [(𝑏𝑛)]) to
be the equivalence class of the sequence (𝑑(𝑎𝑛, 𝑏𝑛)).

At this point for two elements 𝑎 and 𝑏 of ℝ, we can calculate another element
𝑑(𝑎, 𝑏) of ℝ. Clearly, this will be our distance. Before we can consider convergence
properties, we need to develop more of the algebraic structure of ℝ. We begin with its
ordering.

Definition 12.30. Let [(𝑠𝑘)] ∈ ℝ = 𝒞/ ∼. We say that [(𝑠𝑘)] is positive if
there exists a rational number 𝜅 > 0 and 𝑁 ∈ ℕ such that for all 𝑘 ≥ 𝑁, we
have 𝑠𝑘 > 𝜅. Similarly, we say that [(𝑠𝑘)] is negative if there exists a rational
number 𝜅 < 0 and 𝑁 ∈ ℕ such that for all 𝑘 ≥ 𝑁, we have 𝑠𝑘 < 𝜅.

In other words, an equivalence class of Cauchy sequences of rational numbers is
positive if eventually all the terms are positive and are bounded away from 0 by some
rational 𝜅.

Exercise 12.31. Give two distinct examples of Cauchy sequences in ℚ which have
positive equivalence classes.

Of course, we need to check that our definitions are well defined.

Theorem 12.32. Suppose that (𝑟𝑘), (𝑠𝑘) ∈ 𝒞 with (𝑟𝑘) ∼ (𝑠𝑘). Then, [(𝑟𝑘)] is
positive (resp., negative) if and only if [(𝑠𝑘)] is positive (resp., negative).

Proof. Suppose that [(𝑟𝑘)] is positive. We will show that [(𝑠𝑘)] is positive. By defini-
tion, there exists 𝜅 > 0 and 𝑁 ∈ ℕ such that for all 𝑘 ≥ 𝑁, 𝑟𝑘 > 𝜅. We will show that
there exists𝑀 ∈ ℕ such that for all 𝑘 ≥ 𝑀, 𝑠𝑘 > 𝜅/2.

Let 𝜖 = 𝜅/4. Since (𝑟𝑘) ∼ (𝑠𝑘), there exists 𝑁′ ∈ ℕ such that for all 𝑘 ≥ 𝑁′,
𝑑(𝑠𝑘, 𝑟𝑘) < 2𝜖 = 𝜅/2. Thus, when 𝑘 ≥ 𝑀 = max(𝑁,𝑁′), we have both 𝑠𝑘 > 𝜅 and
|𝑠𝑘 − 𝑟𝑘| < 𝜅/2. In which case, for all 𝑘 ≥ 𝑀, we have

𝑠𝑘 > 𝑟𝑘 − 𝜅/2 > 𝜅 − 𝜅/2 = 𝜅/2.
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Thus, if [(𝑟𝑘)] is positive, so is [(𝑠𝑘)]. Interchanging the roles of (𝑟𝑘) and (𝑠𝑘) proves
the converse.

⟨ Prove [(𝑟𝑘)] < 0 ⇔ [(𝑠𝑘)] < 0. ⟩ □

The next theorem shows we have a trichotomy:

Theorem 12.33. Suppose that [(𝑟𝑘)] ∈ ℝ. Then exactly one of the following
holds:
(1) [(𝑟𝑘)] is positive.
(2) [(𝑟𝑘)] is negative.
(3) [(𝑟𝑘)] = 0̂.

If (𝑟𝑘) and (𝑠𝑘) are Cauchy sequences in ℚ, we let (𝑟𝑘) ± (𝑠𝑘) = (𝑟𝑘 ± 𝑠𝑘) and
(𝑟𝑘) ⋅ (𝑠𝑘) = (𝑟𝑘 ⋅ 𝑠𝑘). These operations make sense since addition and multiplication
in ℚ has already been defined.

Exercise 12.34. Show that if (𝑟𝑘), (𝑠𝑘) ∈ 𝒞, then (𝑟𝑘) ± (𝑠𝑘) ∈ 𝒞 and (𝑟𝑘) ⋅ (𝑠𝑘) ∈ 𝒞.

We wish to show that these definitions preserve our notion of equivalence.

Theorem 12.35. Suppose that (𝑟𝑘), (𝑟′𝑘), (𝑠𝑘), (𝑠′𝑘) ∈ 𝒞 and that (𝑟𝑘) ∼ (𝑟′𝑘) and
(𝑠𝑘) ∼ (𝑠′𝑘), then (𝑟𝑘 + 𝑠𝑘) ∼ (𝑟′𝑘 + 𝑠′𝑘) and (𝑟𝑘 ⋅ 𝑠𝑘) ∼ (𝑟′𝑘 ⋅ 𝑠′𝑘).

Consequently, we may give well-defined definitions +, −, and ⋅ on ℝ.

Definition 12.36. Suppose that [(𝑟𝑘)], [(𝑠𝑘)] ∈ ℝ. Define
• [(𝑟𝑘)] ± [(𝑠𝑘)] = [(𝑟𝑘 ± 𝑠𝑘)].
• [(𝑟𝑘)] ⋅ [(𝑠𝑘)] = [(𝑟𝑘 ⋅ 𝑠𝑘)].

Exercise 12.37. Show that the operations+ and ⋅ onℝ satisfy the usual commutative,
associative, and distributive properties. Also show that for all [(𝑠𝑘)] ∈ ℝ,

• [(𝑠𝑘)] + 0̂ = [(𝑠𝑘)]
• [(𝑠𝑘)] − [(𝑠𝑘)] = 0̂.

Exercise 12.38. Define division on ℝ ⧵ {0̂}. Remember that a sequence other than 0
(the constant zero sequence) may still have terms that are zero and that you should
never divide by them.

We may now define our ordering on ℝ.

Definition 12.39 (Ordering). For [(𝑟𝑘)], [(𝑠𝑘)] ∈ ℝ. Define [(𝑟𝑘)] > [(𝑠𝑘)] if
[(𝑠𝑘)] − [(𝑟𝑘)] is positive.
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Exercise 12.40. Explain why the definition of ≤ on ℝ is well defined.

Suppose that 𝑟 ∈ ℝ. We have definedwhat it means for 𝑟 to be positive andwe now
have a definition for what it means for 𝑟 > 0̂. We should confirm that these definitions
are equivalent.

Theorem 12.41. Let 𝑟 ∈ ℝ. Then 𝑟 is positive if and only if 𝑟 > 0̂.

Proof. Suppose first that 𝑟 = [(𝑟𝑘)] is positive. We will show that 𝑟 > 0̂. By the
definition of positive, there exists a rational 𝜅 > 0 such that for large enough 𝑘, 𝑟𝑘 > 𝜅.
Thus, for large enough 𝑘, 𝑟𝑘 − 0 > 𝜅. Thus, for large enough 𝑘, the 𝑘th term of the
sequence (𝑟𝑘 − 0) = (𝑟𝑘) − 0 is greater than 𝜅. By definition of positive, the class
[(𝑟𝑘)] − 0̂ is positive and so, by definition 𝑟 = [(𝑟𝑘)] > 0̂.

Now suppose that 𝑟 = [(𝑟𝑘)] > 0̂. By definition, this means that 𝑟 − 0̂ is positive.
Thus, there exists a rational 𝜅 > 0 such that for large enough 𝑘, 𝑟𝑘 − 0 > 𝜅. Conse-
quently, for large enough 𝑘, 𝑟𝑘 > 𝜅, and this is what is required for 𝑟 to be positive. □

Exercise 12.42. Let 𝑟 ∈ ℝ. Then 𝑟 is negative if and only if 𝑟 < 0̂.

Theorem 12.43 (Total order on ℝ). For 𝑟, 𝑠 ∈ ℝ exactly one of the following
holds: 𝑟 = 𝑠, 𝑟 < 𝑠, or 𝑟 > 𝑠. Furthermore, if 𝑟, 𝑠, 𝑡 ∈ ℝ and 𝑟 ≤ 𝑠 and 𝑠 ≤ 𝑡, then
𝑟 ≤ 𝑡.

We can now show that 𝑑 is a metric on ℝ.

Theorem 12.44. The following hold.
(1) For 𝑟, 𝑠 ∈ ℝ, 𝑑(𝑟, 𝑠) ≥ 0̂ with equality if and only if 𝑟 = 𝑠.
(2) For 𝑟, 𝑠 ∈ ℝ, 𝑑(𝑟, 𝑠) = 𝑑(𝑠, 𝑟).
(3) For all 𝑟, 𝑠, 𝑡 ∈ ℝ, 𝑑(𝑟, 𝑡) ≤ 𝑑(𝑟, 𝑠) + 𝑑(𝑠, 𝑡).

Proof. Let 𝑟 = [(𝑟𝑘)] and 𝑠 = [(𝑠𝑘)] and 𝑡 = [(𝑡𝑘)].
Proof of (1): By definition, 𝑑(𝑟, 𝑠) is the equivalence class of the Cauchy sequence

(𝑑(𝑟𝑘, 𝑠𝑘)). For all 𝑘, 𝑑(𝑟𝑘, 𝑠𝑘) ≥ 0, since 𝑑 is a rational-valuedmetric onℚ. Thus, there
does not exist a rational 𝜅 < 0 so that for large enough 𝑘, 𝑑(𝑟𝑘, 𝑠𝑘) < 𝜅. Thus, the class
𝑑(𝑟, 𝑠) = [(𝑑(𝑟𝑘, 𝑠𝑘))] is not negative. Hence, 𝑑(𝑟, 𝑠) > 0̂ or 𝑑(𝑟, 𝑠) = 0̂. Suppose that
𝑑(𝑟, 𝑠) = 0̂. This means that (𝑑(𝑟𝑘, 𝑠𝑘)) ∼ 0. Hence, for all 𝜖 > 0, there exists 𝑁 ∈ ℕ
such that

𝑑(𝑟𝑘, 𝑠𝑘) = ||𝑑(𝑟𝑘, 𝑠𝑘) − 0| < 𝜖
whenever 𝑘 is large enough. But this is exactly what is required for (𝑟𝑘) ∼ (𝑠𝑘). Con-
sequently, 𝑟 = [(𝑟𝑘)] = [(𝑠𝑘)] = 𝑠, as desired.

Proof of (2): The real number 𝑑(𝑟, 𝑠) is, by definition, the equivalence class of
the sequence (𝑑(𝑟𝑘, 𝑠𝑘)). Likewise, 𝑑(𝑠, 𝑟) is the equivalence class of the sequence
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(𝑑(𝑠𝑘, 𝑟𝑘)). Since 𝑑 is a rational-valued metric on ℚ, for all 𝑘 we have 𝑑(𝑟𝑘, 𝑠𝑘) =
𝑑(𝑠𝑘, 𝑟𝑘). Thus the sequences (𝑑(𝑟𝑘, 𝑠𝑘)) and (𝑑(𝑠𝑘, 𝑟𝑘)) are equal. Consequently, their
equivalence classes are equal.

Proof of (3): For all 𝑘, we have

𝑑(𝑟𝑘, 𝑡𝑘) ≤ 𝑑(𝑟𝑘, 𝑠𝑘) + 𝑑(𝑠𝑘, 𝑡𝑘),

since 𝑑 is a rational-valued metric on ℚ. Thus, the class of sequence

(𝑑(𝑟𝑘, 𝑠𝑘) + 𝑑(𝑠𝑘, 𝑡𝑘) − 𝑑(𝑟𝑘, 𝑡𝑘))

is nonnegative. Hence,

𝑑(𝑟, 𝑠) + 𝑑(𝑠, 𝑡) − 𝑑(𝑟, 𝑡) = [(𝑑(𝑟𝑘, 𝑠𝑘))] + [(𝑑(𝑠𝑘, 𝑡𝑘))] − [(𝑑(𝑟𝑘, 𝑡𝑘))] ≥ 0̂.

By definition, therefore,

𝑑(𝑟, 𝑡) ≤ 𝑑(𝑟, 𝑠) + 𝑑(𝑠, 𝑡). □

We can now consider convergence properties. We begin by showing that ℚ sits
inside ℝ as a dense subset.

Theorem 12.45. For all 𝑞, 𝑝 ∈ ℚ, we have 𝑑( ̂𝑞, 𝑝) = 𝑑(𝑞, 𝑝). Furthermore,
suppose that 𝑟 ∈ ℝ and that 𝜖 > 0̂ is real. Then there exists 𝑞 ∈ ℚ such that
𝑑(𝑟, ̂𝑞) < 𝜖.

The proof is similar to what we’ve done before.

Proof. Let 𝑞, 𝑝 ∈ ℚ. Then 𝑑(𝑞, 𝑝) is the equivalence class of the constant sequence
(𝑑(𝑞, 𝑝)). On the other hand, 𝑑( ̂𝑞, 𝑝) is the equivalence class of the sequence whose
𝑘th term is the rational distance between the 𝑘th term of the constant sequence ̂𝑞 and
the 𝑘th term of the constant sequence 𝑝. Since those sequences are constant, 𝑑( ̂𝑞, 𝑝) is
also the equivalence class of the constant sequence 𝑑(𝑞, 𝑝). Thus, 𝑑( ̂𝑞, 𝑝) = 𝑑(𝑞, 𝑝).

Let 𝑟 = [(𝑟𝑘)], 𝜖 = [(𝜖𝑘)] ∈ ℝ with 𝜖 > 0̂. By definition, there exists a rational
𝜅 > 0 such that for large enough 𝑘, 𝜅 < 𝜖𝑘. Thus, if we produce 𝑞 ∈ ℚwith 𝑑(𝑟, ̂𝑞) < ̂𝜅,
we will also have 𝑑(𝑟, ̂𝑞) < 𝜖.

Since (𝑟𝑘) is Cauchy, there exists 𝑁 ∈ ℕ such that for all 𝑛, 𝑘 ≥ 𝑁, we have
𝑑(𝑟𝑛, 𝑟𝑘) < 𝜅. Thus, for all 𝑘 ≥ 𝑁, we have 𝑑(𝑟𝑁 , 𝑟𝑘) < 𝜅. Consequently, 𝑑(𝑟𝑁 , 𝑟) < ̂𝜅,
as desired. □

Henceforth, we identify each element 𝑞 ofℚwith its image 𝜄(𝑞) ∈ ℝ. In particular,
we will write 0 instead of 0̂ for the additive identity in ℝ. Note that a sequence in ℝ is
a sequence of equivalence classes of sequences in ℚ.
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Definition 12.46 (Convergence/Cauchy sequence in ℝ). A sequence (𝑟𝑘) =
([(𝑟𝑘,𝑛)𝑛]) in ℝ converges to 𝑟 ∈ ℝ if for every real 𝜖 > 0̂, there exists 𝑁 ∈ ℕ
such that for all 𝑘 ≥ 𝑁, we have

𝑑(𝑟𝑘, 𝑟) < 𝜖.
A sequence (𝑟𝑘) = ([(𝑟𝑘,𝑛)𝑛]) inℝ isCauchy if for every real 𝜖 > 0̂, there exists
𝑁 ∈ ℕ such that for all 𝑘, ℓ ≥ 𝑁, we have

𝑑(𝑟𝑘, 𝑟ℓ) < 𝜖.

The proof of the next theorem is similar to what we did in the previous section
when we showed that given a metric space 𝑋 , the completed metric space 𝑋 is a com-
plete metric space.

Theorem 12.47 (ℝ is complete). If (𝑟𝑘) is a Cauchy sequence in ℝ, then there
exists 𝑟 ∈ ℝ such that (𝑟𝑘) converges to 𝑟.

A fundamental property of ℝ is the existence of infima and suprema. We now set
about showing that our construction of ℝ has these properties.

Definition 12.48 (Supremum, infimum). Suppose that 𝑆 ⊂ ℝ. An upper
bound for 𝑆 is an element𝑀 ∈ ℝ such that for all 𝑠 ∈ 𝑆, 𝑠 ≤ 𝑀. The number
𝑀 is the supremum of 𝑆 (and we write 𝑀 = sup 𝑆) if whenever 𝑥 ∈ ℝ is an
upper bound for 𝑆, we have𝑀 ≤ 𝑥.
A lower bound for 𝑆 is an element𝑚 ∈ ℝ such that for all 𝑠 ∈ 𝑆, 𝑠 ≥ 𝑚. The
number𝑚 is the infimum of 𝑆 (and we write𝑚 = inf 𝑆) if whenever 𝑥 ∈ ℝ is
a lower bound for 𝑆, we have 𝑥 ≤ 𝑚.

Theorem 12.49. Suppose that 𝑆 ⊂ ℝ has an upper bound. Then there exists
𝛼 ∈ ℝ such that 𝛼 = sup 𝑆.

Proof. We do a proof by contradiction. Assume that whenever 𝑀 is an upper bound
for 𝑆, there exists another upper bound𝑀′ such that𝑀′ < 𝑀.

⟨ Show that if𝑀 is an upper bound for 𝑆, then𝑀 ∉ 𝑆. ⟩
Consequently, if 𝑥 ∈ 𝑆, then there exists 𝑥′ ∈ 𝑆, with 𝑥 < 𝑥′. We now construct

two sequences (𝑀𝑘) and (𝑥𝑘) recursively. Choose 𝑥0 ∈ 𝑆 and𝑀0 an upper bound for
𝑆. Recall that 𝑥0 < 𝑀0. Assume, therefore, that we have defined 𝑀0 ≥ ⋯ ≥ 𝑀𝑘 and
𝑥0 ≤ ⋯ ≤ 𝑥𝑘 with each 𝑀𝑖 an upper bound for 𝑆 and each 𝑥𝑖 ∈ 𝑆. Also assume that
one of the following holds for each 𝑖 > 0:

• 𝑀𝑖 = (𝑀𝑖−1 + 𝑥𝑖−1)/2 and 𝑥𝑖 = 𝑥𝑖−1.
• 𝑥𝑖 > (𝑀𝑖−1 + 𝑥𝑖−1)/2 and𝑀𝑖 = 𝑀𝑖−1.

Let 𝛼 = (𝑀𝑘 + 𝑥𝑘)/2. Observe that 𝑥𝑘 < 𝛼 < 𝑀𝑘. If 𝛼 is an upper bound for 𝑆, let
𝑀𝑘+1 = 𝛼 and 𝑥𝑘+1 = 𝑥𝑘. Otherwise, there exists 𝑥𝑘+1 ∈ 𝑆 such that 𝛼 ≤ 𝑥𝑘+1 and let
𝑀𝑘+1 = 𝑀𝑘. By induction we have sequences (𝑥𝑘) and (𝑀𝑘).
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Notice that for all 𝑘 ∈ ℕ, 𝑑(𝑀𝑘, 𝑥𝑘) ≤ 1
2𝑘 𝑑(𝑀0, 𝑥0), and if ℓ ≥ 𝑘, then 𝑑(𝑀ℓ, 𝑥ℓ) ≤

𝑑(𝑀ℓ, 𝑥𝑘).
Claim: (𝑀𝑘) is a Cauchy sequence in ℝ.
Let 𝜖 > 0. For 𝑘, ℓ ∈ ℕ with ℓ ≥ 𝑘, we have

𝑑(𝑀𝑘,𝑀ℓ) ≤ 𝑑(𝑀𝑘, 𝑥𝑘) + 𝑑(𝑀ℓ, 𝑥𝑘)
≤ 𝑑(𝑀𝑘, 𝑥𝑘) + 𝑑(𝑀ℓ, 𝑥ℓ)
≤ ( 1

2𝑘 +
1
2ℓ )𝑑(𝑀0, 𝑥0)

≤ 1
2𝑘−1 𝑑(𝑀0, 𝑥0).

Since the sequence ( 1
2𝑘−1 ) in ℚ converges to 0 ∈ ℚ, the corresponding sequence in ℝ

converges to 0̂. In particular, for 𝑘 large enough, we will have
1

2𝑘−1 𝑑(𝑀0, 𝑥0) < 𝜖.

Thus, (𝑀𝑘) is Cauchy.
Claim: For all 𝜖 > 0, there exists 𝑁 ∈ ℕ such that for all 𝑘, ℓ ≥ 𝑁, we have

𝑑(𝑥𝑘,𝑀ℓ) < 𝜖.

⟨ Prove the Claim. ⟩

Since ℝ is complete, the sequence (𝑀𝑘) converges to some 𝛼.
Claim: The sequence (𝑥𝑘) converges to 𝛼.

⟨ Prove the Claim. ⟩

Claim: 𝛼 is an upper bound for 𝑆.
Let 𝑥 ∈ 𝑆. We must show that 𝑥 ≤ 𝛼. Suppose, for a contradiction that 𝑥 > 𝛼. Let

𝜖 = 𝑑(𝑥, 𝛼) > 0. By the definition of converge, there exists 𝑘 ∈ ℕ such that 𝑑(𝑀𝑘, 𝛼) <
𝜖. Thus,𝑀𝑘 < 𝑥. But this contradicts the fact that𝑀𝑘 is an upper bound for 𝑆.

Claim: 𝛼 = sup 𝑆.
Let𝑀 < 𝛼. Let 𝜖 = 𝑑(𝑀, 𝛼). By the definition of converge, there exists 𝑘 ∈ ℕ such

that 𝑑(𝑥𝑘, 𝛼) < 𝜖. Hence, 𝑀 < 𝑥𝑘 < 𝛼. But this means that 𝑀 is not an upper bound
for 𝑆. Consequently, for all upper bounds𝑀 of 𝑆, we have 𝛼 ≤ 𝑀 and so 𝛼 = sup 𝑆. □

Exercise 12.50. Prove that if 𝑆 ⊂ ℝ has a lower bound, then there exists inf 𝑆 ∈ ℝ.
Remark 12.51. We have outlined how to use the standard metric on ℚ to construct
ℝ via completing Cauchy sequences. To complete the project we should show that ℝ
satisfies all of the axioms of a totally ordered field. Also, there are other ways (most
notably Dedekind cuts) of constructing ℝ from ℚ. It would be nice to know that any
two such ways of constructing ℝ give essentially the same theory. This can be done,
but we will not embark on that project here.

Be cheerful, our revels now are ended.
—William Shakespeare, The Tempest





Appendix A

Axioms

In this chapter, we collectmany of the axioms that are used throughout the text. Do not
worry about understanding them until you have encountered them in the main body
of the text.

Group. Aset𝐺, togetherwith an element 𝟙 ∈ 𝐺 (called the identity of the group),
and away (denoted ∘) of combining elements of the set, is a group if the following hold:
(G1) Closure. For every 𝑎 ∈ 𝐺 and 𝑏 ∈ 𝐺 there is a some element 𝑐 ∈ 𝐺 such that

𝑐 = 𝑎∘𝑏. Furthermore, this combination is unique. In other words, if 𝑎 = 𝑎′ and
𝑏 = 𝑏′, then:

𝑎 ∘ 𝑏 = 𝑎′ ∘ 𝑏′.
(G2) Identity. The following hold:

• For every 𝑎 ∈ 𝐺, 𝑎 ∘ 𝟙 = 𝑎.
• For every 𝑎 ∈ 𝐺, 𝟙 ∘ 𝑎 = 𝑎.

(G3) Inverses. For every 𝑎 ∈ 𝐺 there exists 𝑏 ∈ 𝐺 (more traditionally denoted 𝑎−1)
such that the following hold:
• 𝑎 ∘ 𝑏 = 𝟙.
• 𝑏 ∘ 𝑎 = 𝟙.

(G4) Associativity. For every 𝑎, 𝑏, 𝑐 ∈ 𝐺
(𝑎 ∘ 𝑏) ∘ 𝑐 = 𝑎 ∘ (𝑏 ∘ 𝑐).

Metric Space. A set 𝑋 is ametric space withmetric 𝑑 if the following hold:
(M1) Positive. For every 𝑥, 𝑦 ∈ 𝑋 , there exists a unique real number 𝑑(𝑥, 𝑦) ∈ ℝ with

𝑑(𝑥, 𝑦) ≥ 0.
(M2) Definite. For every 𝑥, 𝑦 ∈ 𝑋 , 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦.
(M3) Symmetry. For every 𝑥, 𝑦 ∈ 𝑋 , 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥).
(M4) Triangle inequality. For every 𝑥, 𝑦, 𝑧 ∈ 𝑋 ,

𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧).
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Natural number system (the Peano axioms). Suppose that 𝑁 is a set, that
𝟎 ∈ 𝑁 is a particular element (called the initial object), and that 𝑆 is a successor
function on 𝑁. A subset 𝐴 ⊂ 𝑁 is a counting subset if for every 𝑛 ∈ 𝐴, 𝑆(𝑛) ∈ 𝐴. We
say that the triple (𝑁, 𝟎, 𝑆) is a natural number system if the following axioms are
satisfied:

(P1) The initial object𝟎 does not have a predecessor. That is, there does not exist𝑛 ∈ 𝑁
such that 𝑆(𝑛) = 𝟎.

(P2) No element hasmore than one predecessor. That is, for every 𝑛,𝑚 ∈ 𝑁, if 𝑆(𝑚) =
𝑆(𝑛) then𝑚 = 𝑛.

(P3) If 𝐴 ⊂ 𝑁 is a counting subset such that 𝟎 ∈ 𝐴, then 𝐴 = 𝑁.

The function 𝑆 is called a successor function for ℕ.

Event space. Let 𝑋 be a set. An event space on 𝑋 is a subset ℰ ⊂ 𝒫(𝑋) such that
the following hold:

(E1) ∅ ∈ ℰ.
(E2) If 𝐴 ∈ ℰ then 𝐴𝑐 ∈ ℰ.
(E3) If 𝐴𝑖 ∈ ℰ for all 𝑖 ∈ ℕ, then ⋃

𝑖∈ℕ
𝐴𝑖 ∈ ℰ.

Elements of ℰ are called events.
A function 𝑃 ∶ ℰ → [0, 1] is a probability function if the following hold:

(1) 𝑃(∅) = 0. (“The probability of nothing happening is zero.”)
(2) 𝑃(𝑋) = 1. (“The probability of something happening is one.”)
(3) If 𝐸𝑖 is an event for all 𝑖 ∈ ℕ and if for all 𝑖, 𝑗 ∈ ℕ with 𝑖 ≠ 𝑗, we have 𝐸𝑖 ∩ 𝐸𝑗 = ∅,

then

𝑃(⋃
𝑖∈ℕ

𝐸𝑖) =
∞
∑
𝑖=1

𝑃(𝐸𝑖).

A triple (𝑋, ℰ, 𝑃)where 𝑋 is a set, ℰ is an event space, and 𝑃 is a probability function is
said to be a probability space.

Set theory. These are some of the ZFC axioms for set theory; some of them are
imprecisely stated and not all of them are traditionally included as axioms.

(1) Extensionality. Sets 𝐴 and 𝐵 are equal if and only if 𝐴 ⊂ 𝐵 and 𝐵 ⊂ 𝐴.
(2) Existence. There exists a set.
(3) Subset selection. Let 𝑋 be a set and let 𝑃(𝑎) be a predicate in one free variable.

Then there is a set
𝑌 = {𝑎 ∈ 𝑋 ∶ 𝑃(𝑎)}.

(4) Power sets. If 𝑋 is a set, then there is a set 𝒫(𝑋) such that 𝐴 ∈ 𝒫(𝑋) if and only if
𝐴 ⊂ 𝑋 .
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(5) Unions. Suppose that ℋ is a set. Then there exists a set ⋃
𝐻∈ℋ

𝐻 such that 𝑥 ∈

⋃
𝐻∈ℋ

𝐻 if and only if there exists 𝐻 ∈ ℋ such that 𝑥 ∈ 𝐻.

(6) Replacement. Suppose that 𝑃(𝑎, 𝑏) is a predicate in two variables and that Λ is a
set. Suppose that for each 𝜆 ∈ Λ, there is a unique set 𝐴𝜆, such that 𝑃(𝜆, 𝐴𝜆) is
true. Then {𝐴𝜆 ∶ 𝜆 ∈ Λ} is a set.

(7) Infinity. There is a set 𝑁 such that ∅ ∈ 𝑁 and for all 𝐴 ∈ 𝑁, we have that 𝑆(𝐴) =
𝐴 ∪ {𝐴} is a set and 𝑆(𝐴) ∈ 𝑁.

(8) Foundation. If 𝑋 is a nonempty set, then there is an 𝐴 ∈ 𝑋 such that 𝐴 ∩ 𝑋 = ∅.
(9) Choice. Suppose thatℋ is a nonempty set such that ∅ ∉ ℋ. Then for each𝑈 ∈ ℋ,

there exists 𝑎𝑈 ∈ 𝑈 such that 𝐴 = {𝑎𝑈 ∶ 𝑈 ∈ ℋ} is a set.





Appendix B

A Summary of Proof
Techniques

Proof of Existence

To show: There exists 𝑎 satisfying property 𝑃.
Structure of Proof: Let 𝑎 = ⋯

⟨ State exactly what 𝑎 is. ⟩
We now show that 𝑎 has property 𝑃.

⟨ Do work to show that 𝑎 has the required property 𝑃. ⟩ □

Proof of Uniqueness (version 1)

To show: The element 𝑎 ∈ 𝑋 is the unique element of 𝑋 satisfying property 𝑃.
Structure of Proof: First, we show that 𝑎 has the property 𝑃.

⟨ Do work to show that 𝑎 has property 𝑃. ⟩
Now we show there is a unique element of 𝑋 satisfying property 𝑃. Assume
that 𝑦 ∈ 𝑋 and 𝑧 ∈ 𝑋 both have property P.

⟨ Show that 𝑦 = 𝑧. ⟩
Alternatively, we could simply show that if 𝑦 ∈ 𝑋 has property 𝑃, then 𝑦 =
𝑎. □
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Proof of Uniqueness (version 2)

To show: The element 𝑎 ∈ 𝑋 is the unique element of 𝑋 satisfying property 𝑃.
Structure of Proof: First, we show that 𝑎 has property 𝑃.

⟨ Do work to show that 𝑎 has property 𝑃. ⟩
Now we show that 𝑎 is unique. We do a proof by contradiction. Suppose that 𝑎
satisfies property 𝑃, but is not unique. Then there exists 𝑏 ∈ 𝑋 with 𝑏 ≠ 𝑎 also
satisfying property 𝑃.

⟨ Do work to encounter a contradiction. ⟩
Since we have encountered a contradiction, if 𝑎 satisfies property 𝑃, then it is
the unique element of 𝑋 satisfying property 𝑃. □

Element Argument version 1

To show: Every element 𝑥 of a set 𝑋 has a particular property.
Structure of Proof:
Assume 𝑥 ∈ 𝑋 is arbitrary.

⟨ Do a bunch of work to show 𝑥 has the desired property. ⟩
Hence, 𝑥 has the desired property. Since 𝑥 was arbitrary, every element of 𝑋
has the desired property. □

Element Argument version 2

To show: 𝑋 ⊂ 𝑌
Structure of Proof:
Assume 𝑥 ∈ 𝑋 is arbitrary.

⟨ Do a bunch of work. ⟩
Hence, 𝑥 ∈ 𝑌 . Since 𝑥 ∈ 𝑋 was arbitrary, 𝑋 ⊂ 𝑌 . □

Proving Set Equality

To show: 𝐴 = 𝐵 where 𝐴 and 𝐵 are sets.
Structure of Proof:
Claim 1: 𝐴 ⊂ 𝐵.
Assume 𝑎 ∈ 𝐴. We will show 𝑎 ∈ 𝐵.

⟨ Do it! ⟩
Claim 2: 𝐵 ⊂ 𝐴.
Assume 𝑏 ∈ 𝐵. We will show 𝑏 ∈ 𝐴.

⟨ Do it! ⟩
Since 𝐴 ⊂ 𝐵 and 𝐵 ⊂ 𝐴, we have shown 𝐴 = 𝐵. □
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Direct Proof of an Implication

To show: 𝑃 ⇒ 𝑄
Structure of Proof:
We assume 𝑃 and we will show that 𝑄 holds.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done. At some point, possibly at the be-
ginning or possibly later on, the assumption that 𝑃 is true is used.
Usually at the end, we encounter a statement which shows us,
without any additional work, that 𝑄 is true.

⟩
Thus, 𝑄 is true. □

Proof by Contraposition

To show: 𝑃 ⇒ 𝑄
Structure of Proof: We prove the statement by contraposition. We assume
that 𝑄 is false and will show that 𝑃 is also false.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done. ⟩

Thus, 𝑃 is false. Since we have show that ¬𝑄 ⇒ ¬𝑃, it must be the case that
𝑃 ⇒ 𝑄. □

Proof by Contradiction

To show: 𝑃 is true.
Structure of Proof: We prove the statement by contradiction and so assume
that 𝑃 is false.

⟨ Sequence of tightly reasoned statements, each following from
what has already been done and concludingwith a contradiction.⟩

Since we have encountered a contradiction, 𝑃 cannot be false. Hence, 𝑃 is true.
□

Definition of a function satisfying certain properties

To Define: A function 𝑓∶ 𝑋 → 𝑌 satisfying certain properties.
Structure of Definition and Proof: For each 𝑥 ∈ 𝑋 , define

𝑓(𝑥) = ⟨ formula or description saying what 𝑓(𝑥) is ⟩.
To verify that 𝑓∶ 𝑋 → 𝑌 is a function we show the following.
(1) Domain condition. that 𝑓(𝑥) exists and that 𝑓(𝑥) ∈ 𝑌 for every 𝑥 ∈ 𝑋 .
(2) Well-defined condition. that, for all 𝑎, 𝑏 ∈ 𝑋 , if 𝑎 = 𝑏, then 𝑓(𝑎) = 𝑓(𝑏).

⟨ Prove all of the previous statements unless completely obvious. ⟩ □
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Proving Injectivity

To show: 𝑓∶ 𝑋 → 𝑌 is injective.
Structure of Proof: Assume 𝑎, 𝑏 ∈ 𝑋 and that 𝑓(𝑎) = 𝑓(𝑏). We will show that
𝑎 = 𝑏.

⟨ Apply the definition of 𝑓 and then do work. ⟩
Thus, 𝑎 = 𝑏. Since this is true for all 𝑎, 𝑏 ∈ 𝑋 , the function 𝑓 is injective. □

Proving Surjectivity

To show: 𝑓∶ 𝑋 → 𝑌 is surjective.
Structure of Proof: Assume 𝑦 ∈ 𝑌 . We will show that there exists 𝑥 ∈ 𝑋 such
that 𝑓(𝑥) = 𝑦.

⟨ Define a particular 𝑥 ∈ 𝑋 . ⟩
⟨ Show 𝑓(𝑥) = 𝑦. ⟩

Thus, 𝑓 is surjective. □

Proof by Induction

To show: 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.
Structure of Proof: We do a proof by induction on 𝑛.
Base Case: Let 𝑛 = 𝑛0.

⟨ Prove that the statement is true when 𝑛 = 𝑛0. ⟩
Inductive Step: Assume that 𝑃(𝑘) is true. We will show that 𝑃(𝑘 + 1) is true.

⟨ Rephrase 𝑃(𝑘 + 1) as a statement about 𝑘. Use the inductive hy-
pothesis (emphasizingwhere you do so) for𝑃(𝑘)and then do some
work to show that 𝑃(𝑘 + 1) is true. ⟩

Since we have shown both the base case and the inductive step, mathematical
induction implies that 𝑃(𝑛) is true for all 𝑛. □
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Proof by Complete Induction

To show: 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0.
Structure of Proof: We do a proof by complete induction on 𝑛.
Base Case: Let 𝑛 = 𝑛0.

⟨ Prove that 𝑃(𝑛0) is true. ⟩
Inductive Step: Assume that there is some integer 𝑘 ≥ 𝑛0 such that for all
integers 𝑗 with 𝑛0 ≤ 𝑗 ≤ 𝑘, the statement 𝑃(𝑗) is true. We will show that
𝑃(𝑘 + 1) is true.

⟨ Rephrase 𝑃(𝑘+1) as a statement about 𝑗 for some 𝑗 ∈ {𝑛0, . . . , 𝑘}.
Use the inductive hypothesis (emphasizing where you do so) for
𝑃(𝑗) and then do some work to show that 𝑃(𝑘 + 1) is true. ⟩

Since we have shown both the base case and the inductive step, mathematical
induction implies that 𝑃(𝑛) is true for all integers 𝑛 ≥ 𝑛0. □

Proof using the Well-Ordering Principle

To show: There exists 𝑎 ∈ ℕ∗ such that properties 𝑃(𝑎) and 𝑄(𝑎) hold for 𝑎.
Structure of Proof: Let 𝑆 = {𝑛 ∈ ℕ∗ ∶ 𝑃(𝑛) is true.}.

⟨ Prove that 𝑆 ≠ ∅. ⟩
Since 𝑆 ≠ ∅, by the Well-Ordering Principle, 𝑆 has a least element 𝑎.

⟨ Prove that 𝑄(𝑎) is true using the fact that 𝑎 is the least element of𝑆. ⟩ □

Proof by Minimal Counterexample

To show: A statement 𝑃(𝑠) is true for all elements 𝑠 of some set 𝑆.
Structure of Proof: Assume that the theorem is false. That is, assume that
there exists some 𝑠 ∈ 𝑆 so that 𝑃(𝑠) is false. We will show that we encounter a
contradiction.

⟨ Define some function 𝑐∶ 𝑆 → ℕ which measures the complexity
of the elements of 𝑆. ⟩

Out of all elements of 𝑆 which are counterexamples to the theorem, choose one
𝑠0 for which 𝑐(𝑠0) is as small as possible.

⟨ Find a contradition by either showing how to create a counterex-
ample with strictly small complexity or by using the fact that if
𝑠 ∈ 𝑆 has 𝑐(𝑠) < 𝑐(𝑠0), then 𝑠 is not a counterexample. ⟩

Thus, we encounter a contradiction and so 𝑃(𝑛) is true for all 𝑛 ∈ ℕ. □
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Defining a sequence recursively

To define: A sequence (𝑥𝑛) in a nonempty set 𝑋 so that 𝑥1 ∈ 𝑋 and so that
(𝑥𝑛) has a property 𝑃.
Structure of Definition and Proof: We define (𝑥𝑛) recursively. Choose some
𝑥1 ∈ 𝑋 . Assume that we have defined 𝑥𝑘 ∈ 𝑋 for all 𝑘 ∈ {1, . . . , 𝑛} in such a
way that we haven’t yet contradicted the possiblity of the final sequence having
property 𝑃. We now define 𝑥𝑛+1.

⟨ Define 𝑥𝑛+1 ∈ 𝑋 in terms of 𝑥1, . . . , 𝑥𝑛. ⟩
By induction, we have a sequence (𝑥𝑛) in 𝑋 .

⟨ Verify that 𝑓 satisfies 𝑃. ⟩ □



Appendix C

Typography

Mathematics draws on awide range of alphabets to encapsulate various concepts. Here
we list some of the more common ones.

Symbol Name Alphabet/Font LATEX
𝛼 lower-case alpha Greek \alpha
𝛽 lower-case beta Greek \beta
𝛾, Γ lower-case, upper-case gamma Greek \gamma, \Gamma
𝛿, Δ lower-case, upper-case delta Greek \delta \Delta
𝜖 lower-case epsilon Greek \epsilon
𝜁 lower-case zeta Greek \zeta
𝜂 lower-case eta (“ay-tah”) Greek \eta
𝜃, Θ lower-case, upper-case theta Greek \theta , \Theta
𝜅 lower-case kappa Greek \kappa
𝜆, Λ lower-case, upper-case lambda Greek \lambda , \Lambda
𝜇 lower-case mu Greek \mu
𝜈 lower-case nu Greek \nu
𝜉, Ξ lower-case, upper-case xi (“ek-see”) Greek \xi , \Xi
𝜋, Π lower-case, upper-case pi Greek \pi , \Pi
𝜌 lower-case rho Greek \rho
𝜎, Σ lower-case, upper-case sigma Greek \sigma , \Sigma
𝜏 lower-case tau Greek \tau
𝜙, Φ lower-case, upper-case phi (“fee”) Greek \phi , \phi
𝜒 lower-case chi (“k-eye”) Greek \chi
𝜓, Ψ lower-case, upper-case psi (“p-see”) Greek \psi , \Psi
𝜔, Ω lower-case, upper-case omega Greek \omega , \Omega
ℵ Aleph Hebrew \aleph
𝒜 script “A” caligraphic \mathcal{A}
ℝ blackboard bold “R” blackboard bold \mathbb{R}
𝔞, 𝔟, etc. fraktur “a”, “b”, etc. fraktur \frak{a} , \frak{b}
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transcendental, 315

odd, 10, 81, 241
one-to-one, 206
one-to-one correspondence, 206
onto, 206
open
disc, 119
interval, 10
set, 119, 318

or, 51
order
dictionary, 176
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